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PREFACE 


The author’s object in writmg this book has been to provide a 
practical statement of the principles of Mechanics. The arrangement 
adopted is similar to that of his Applied Mechanics far Beginners. 
Great pains have been taken to make the treatment adequate ; prin- 
ciples have been illustrated by numerous fully worked-out examples, 
and exercises for home or class work have been provided at the ends 
of the chapters. The working out of typical exercises must be done 
by every student of Mechanics, but the mere ability to solve examina- 
tion questions is not the only service the study of Applied Mechanics 
can render the Engineer. The problems met with in actual engineer- 
ing practice often differ greatly from the text-book form of exercise, 
and the student of Mechanics, in addition to a sound knowledge of 
principles, must learn to appreciate the assumptions involved and the 
consequent limitations which arise in their practical applications. 

Consequently, the student must be provided with frequent oppor- 
tunities for performing suitable experiments under workshop condi- 
tions. In the mechanical laboiatory he must come into touch with 
practical problems, and there learn to test and apply his knowledge of 
principles, and in this work he should have the assistance of a teacher 
and the criticism of fellow-students. But if the whole value of such 
laboratory work is to be secured, no slip-shod working out of results 
must be tolerated. In recognition of the supreme importance of the 
experience gained in the laboratory, many suitable experiments have 
been described, ajid these have been arranged on p. xi to provide a 
connected course of practical work. The nature and scope of the 
apparatus available in different laboratories vary greatly, and some of 
the experiments included are given as suggestions only, so as to be 
applicable to any form of machine or instrument. 

Students using the book must have a knowledge of Algebra up to 
quadratic equations, and of Trigonometry to the simple properties of 
triangles. They should be acquainted also with about half-a dozen 
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rules of the Calculus, and these are given in Chapter I. Students 
able to integrate and to differentiate or" sinjc, and cosjc, will be 
able to understand practically the whole volume. 

Though no particular examination syllabus has been followed, the 
book should be of service to students preparing for Universi^ degrees 
in Engineering, for the examinations of the Institutions of Civil 
Engineers and of Mechanical Engineers, and for the higher examina- 
tions of the Board of Education and the City and Guilds of London 
Institute. 

Exercises marked B.E. are from recent examination papers of the 
Board of Education, and are reprinted by permission of the Con- 
troller of H.M. Stationery Office ; those marked I.C.E. are taken 
from recent examination papers of the Institution of Civil Engineers, 
and are reprinted by permission of the publishers, Messrs. W. Clowes 
& Sons. Exercises marked L.U. are reprinted, with permission, from 
recent examination papers for B.Sc. (Eng.) of I^ndon University. 

It is impossible to give in a book of moderate size a complete state- 
ment of all subjects of Applied Mechanics. For fuller information on 
special matters the student is referred to separate treatises ; the names 
of some of these are noted in the text, and the author takes the 
opportunity of aqjcnowledging his own indebtedness to them, especially 
to Strength of Materials^ by Sir J. A. Ewing (Cambridge University 
Press), and to Machine Design^ by Prof. W. C. Unwin (Longmans). 

Sir Richard Gregory and Mr. A. T. Simmons have read the proofs, 
and to their expert knowledge of books and book production the 
author owes a heavy debt of gratitude. Thanks are also due to Mr. 
L. Wyld, B.Sc., Assistant Lecturer at West Ham Institute, who has 
read the proofs and checked the whole of the mathematical work and 
the answers to the exercises \ it is hoped that his care has had the 
effect of reducing the number of errors to a minimum. 

The apparatus represented in Figs. 706, 707 and 715 is made by 
Mr. A. Macklow-Smith, Queen Anne^s Chambers, Westminster, and 
the illustrations have been reproduced from working drawings kindly 
supplied by^'him. The illustration of a chain (Fig. 585) is inserted 
by permission of Messrs, Hans Renold, Ltd. The Tables of 
Logarithms and Trigonometrical Ratios are reprinted from Mr. F. 
Castle's Machine Construction and Drawing (Macmillan). 

J. DUNCAN 

Wbst Ham, September, 1913. 
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COURSE OF LABORATORY EXPERIMENTS 

INSTRUCTIONS FOR CARRYING OUT 
LABORATORY WORK 

Goneral Instructions. — Two Laboratory Note-books are required ; in 
one rough notes of the experiments should be made, and in the other a 
fair copy of them in ink rhould be entered. 

Before commencing any experiment, make sure that you understand 
what its object is, and also the construction of the apparatus and instru- 
ments employed. 

Reasonable care should be exercised in order to avoid damage to 
apparatus, and to secure fairly accurate results. 

In writing up the results, enter the notes in the following order : 

(1) The title of the experiment and the dale on which it was 
performed. 

(2) Sketches and descriptions of any special apparatus or instrument;? 
used. 

t3) The object of the experiment. 

(4) Dimensions, weights, etc., required for wwking out the results j 
from these values calculate any constants required. 

(5) Log of the experiment, entered in tabular form where possible, 
together with any remarks necessary. 

(6) Work out the results of the experiment and tabulate them where 
possible. 

(7) Plot any curves required. 

(8) Work out an'V general equations required. 

{9) Where possible, state any general conclusions which may be 
deduced from the results, and compare the results obtained with those 
which may be derived from theory. Account for any discrepancies. 

Notes should not be left in the rough form for several days ; it is much 
better to work out the results and enter them directly after the experiments 
have been performed. 
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MATERIALS AND STRUCTURES. 


CHAPTER I. 

INTRODUCTORY PRINCIPLES. 

Definition of terms. Applied mechanics treats of those laws 
of force and the effects of force upon matter which apply to works 
of human art. It will suffice to define sistter as anything which 
occupies space. Matter exists in many different forms, and can 
often be changed from one form to another, but man cannot create 
it, nor can he annihilate it. Any given piece of matter, occupying 
a definite space, is called a body. Fore# may exert push or pull 
on a body ; force may change or tend to change a body’s state of 
rest or of motion. 

Statlas is that part of the subject embracing all questions in 
which the forces applied to a body do not produce a disturbance 
in its state of rest or motion. When we speak of a body’s motion 
we mean its motion relative to other bodies. Rest is merely a 
relative term ; no body, so far as we are aware, is actually at rest ; 
but if its position is not changing in relation to other neighbouring 
bodies, we say it is at rest. In the same way, when we speak of 
a body’s motion we mean the change of position which is being 
effected relative to neighbouring bodies. Change of the state of rest 
or of motion may be secured by the application of a force or forces, 
but if the forces applied are self-equilibrating, ue. balance among 
themselves, no change of motion will occur. Sinetios includes all 
problems in which change of motion occurs as a consequence of 
the application of forces. 

There is another division of the subject called IdiwmattoB. This 
division may be defined as the geometry of motion, and has no 
reference to the forces which may be required for- the production 

D.M. * 
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of the motion. Problems arise in kinematics such as the curves 
described by moving points in a mechanism, and the velocities of 
these points at any instant. 

Measurenient of matter. Matter is measured by the mass, or 
quantity of matter, it contains. The standard unit of mass for this 
country is the pound mass, which may be defined as the quantity of 
matter contained in a certain piece of platinum preserved in the 
Exchequer Office. A gallon of water at 62'* F. has a mass of 10 
pounds. In cases where a larger unit is desirable, the ton, contain- 
ing 2240 pounds, or the tiandredwelirlit, containing 112 pounds, 
may be used. Generally speaking, it is best to state results in tons 
and decimals of a ton, or in pounds and decimals of a pound. 

In countries using the metric system, the unit of mass employed 
is the gram. 'Phis may be defined as the quantity of matter con- 
tained in a cubic centimetre of pure water at the temperature of 
4** C. Where a larger unit is required, the kilogn^am may be used, 
being a mass of 1000 grams. 

The term density refers to the mass of unit volume of a substance. 
Thus, in the British system, the density of water is about 62*5, there 
being 62*5 pounds mass in one cubic foot of water. The density of 
cast iron in the same system is about 450 pounds per cubic foot. 
The density of water in the metric system is i, and of cast iron 7-2, 
these numbers giving the mass in grams in one cubic centimetre 
of water and cast iron respectively. 

Measurement of force. Forres may be measured by com- 
parison with the weight of the unit of mass. Thus, the weight of 
the one pound mass, or that of the gram, may be taken as units of 
force, and as these depend on gravitational efibrt they are referred 
to as gravitational units of force. The attraction exerted by the 
earth in producing the effect known as the weight of a body varies 
in different latitudes, hence gravitational units of force have the 
disadvantage of possessing variable magnitudes. The variation can 
be disregarded in many engineering calculations, as it affects the 
result to a very small extent only. Other practical gravitational units 
of force are the weight of one ton (2240 lb.) and the weight of 
a kilogram (1000 grams or 2*2 lb. nearly). 

An absolute unit of force does not vary, as it is defined in relation 
to the invariable units of mass, length and time belonging to the 
system. In the British system, the absolute unit of force is called 
the ponndal, and has such a magnitude that, if it acts on one pound 
mass, assumed to be perfectly free to move, for one second, it will 
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produce a velocity of one foot per second. The metric absolute 
unit of force is the dsme, and will produce a velocity of one centi- 
metre per second if it acts for one second on a gram mass which 
is perfectly free to move. The poundal is equal roughly to the 

weight of half-an-ounce, or, accurately, it is equal to - lb. weight, 

^ being the rate at which a body falling freely increases its speed. 
For all parts of Britain may be taken as 32*2 in feet and second 
units, or 981 in centimetre and second units. On this basis, the 


dyne will be -- gram weight, or 981 dynes equal one gram weight 
nearly. ^ 

Newton’s laws of motion. In connection with the above 
definitions, it is useful to study the laws of motion laid down by 
Newton. These laws form the basis of all principles in mechanics, 
and are three in number. 

First law. Every body continues in its state of rest or of uniform 
motion in a straight line except in so far as it is compelled by forces 
to change that state. 

Second law. Change of momentum is proportional to the applied 
force, and takes place in the direction in which the force acts. 

Tliird law. To every action there is alw’ays an equal and contrary 
reaction ; or, the mutual actions of any two bodies are alw'ays equal 
and oppositely directed. 

The first law expresses what is called the inertia of a body, f.<?. that 
property whereby it resists any effort made to change either the 
magnitude of its velocity or the direction of its motion. In the 
second law, the term momentum may be licre understood to mean 
quantity of motion, measured by the ])roduct of the body’s mass 
and velocity. The law expresses the observed facts that change 
in the magnitude of the velocity of a given body is proportional 
to the force applied, and change in tlie direction of motion lakes 
place in the line of the force. The third law’ also expresses 
observed facts. It is impossible to apply a single force ; there 
must always be^ an equal opposite force. One end of a string 
cannot be pulled unless an equal opposite pull be applied to the 
other end. If the body used be free to move and an effort be 
applied, the velocity will change continuously and the inertia of 
the body provides the resistance equal and opposite to the force 
applied. 

Experimental measurement of mass and force. Masses may 
be compared by means of a common balance (Fig. 1). In this 
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appliance, a beam AB, pivoted at its centre, will become horizontal, 
or will describe small equal angles on each side of the horizontal 
when equal forces are applied at A and B. Such equal forces will 

arise when bodies C and D, having equal 
masses, are placed in the pans. This 
follows as a consequence of the fact that 
equal masses have equal weights at the 
same part of the earth's surface. Further, 
no matter at what part of the earth the 
balance is used, it will always indicate 
equal masses. It therefore follows that such a balance could not 
be used to indicate the variation of a body's weight in different 
places. 

Spring balances (Fig. 2) may be used to measure forces by 
observation of the extensions produced in a spring. As equal 
masses have equal weights, such balances will indicate 
the same scale reading for equal masses, but as it is the 
weight of the body which produces the extension of 
the spring, and as it is known that the extension is 
proportional to the force applied, it follows that change 
of weight, such as would be produced by taking the 
balance to another part of the earth's surface, will be 
evidenced by a different scale reading. As has been 
already mentioned, such difference is very small. Spring 
balances are generally calibrated in a vertical position, 
as shown in Fig. 2, and will not indicate quite the same 
force when the balance is used in an inclined or inverted 
position. This is owing to zero on the scale being 
marked for the spring extension corresponding to the 
weights of the parts of the balance suspended from the 
spring, but no load on the hook or scale pan. Con- 
sequently the zero will change if the balance is used 
in any position other than that shown. 

Specific gravity. The specific gravity of a substance is the 
weight of a given volume of the substance as compared with the 
weight of an equal volume of pure water. Specific gravities are 
usually measured at a temperature of 60” Fahrenheit. 

Let V = volume of a given body in cubic feet, 
p = specific gravity of material, 

W = weight of body in lb. 




Fig. I.— Common balance. 
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Then W = 62 •5V lb. weight if the material is water, 

W«62-5Vp lb. weight for the given substance. 

W 

Hence 

62-5V 

This expression enables the specific gravity of a given body to be 
found roughly by first weighing it, then calculating its volume from 
the measured dimensions. 

The following table gives the weights and specific gravities of 
some common substances : 


Weights and Specific Gravities. 


Material. 

Weight of 

Weiglit of a sheet 
i" thick, 

X sq. foot area. 

Specific 

Gravity. 

One cub. foot. 

One cub. inch. 


lb. 

lb. 

lb. 


Wrought iron - 

480 

0-28 

40 

7*7 

Steel 

490 

0-28 

41 

7-8 

Cast iron 

450 

0-26 

37 i 

7-2 

Copper - 

550 

032 

46 

8*8 

Brass 

525 

030 

44 

8*4 

Gun metal 

540 

0*31 

45 

86 

Aluminium 

165 

0095 

14 

2-6 

Zinc 

450 

0-26 

37 h 

7*2 

Tin 

465 

0-27 

39 

7*4 

Lead 

710 

0-41 

59 

1 1-4 

Fresh water - 

625 

0036 

— 

I-O 

Sea water 

64 

0037 

— 

1-024 


Mathematical fomulae. The following mathematical notes are 
given for reference. It is assumed that the reader has studied the 
principles involved, or that he is doing so conjointly with his course 
in mechanics. It may be noted here that a knowledge of the 
elementary rules of the calculus given below is not required in 
reading the first five chapters of this book. 

Mensuration. 

Determination of areas. 

Square^ side s ; area = 

Rectangle^ adjacent sides a and b ; area — ab. 

Triangle^ base b^ perpendicular height h ; areas=^^x A. 

• Triangle^ sides b and c, is — a + b + c. 

Area = s/s{s - a)(s - b)(s - V). 
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Parallelogram ; area = one side x perpendicular distance from that 
side to the opposite one. 

Any irregular figure bounded by straight lines ; split it up into 
triangles, find the area of each separately and take the sum. 

Trapezoid \ area = half the sum of 
the end ordinates x the base. 

A trapezoidal figure having equal 
intervals (Fig. 3) ; 

Simpson's rule for the area bounded by a curve (Fig. 4) ; take an 
odd number (say 7) of equidistant ordinates ; then 

area = ^ (^i + + 2^3 + 4^4 2//^ + 4^6 + ^t)* 



Fig. 3. —Trapezoidal figure. 


area = 



Circle^ radius r, diameter d\ area = 7rr2 = 




(Circumference = zirr^^ird.) 


Parabola^ vertex at O (Fig. 5); area OBC= |<7^. 

Cylinder^ diameter d^ length /; area of curved 
surface = irdl. 

Sphere^ diameter d^ radius r \ area of curved 
surface = rd- = 477 A 

Cone\ area of curved surface = circumference ® 
of base x \ slant height. 

Determination of volumes. 




Cube^ edge s ; volume — s^. 

Cylinder or prism, having its ends perpendicular ^i^r; 7 

to its axis; volume -area of one end x length of ^ ^ ^ 

cylinder or prism. 

Sphere, radius r ; volume = 

Cone or pyramid', volume == area of ba.se x ^ perpendicular height. 


Trigonometry. 

A degrree is the angle subtended at the centre of a circle by an arc 
of the circumference. 
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A xadiaii is the angle subtended at the centre of a circle by an arc 
equal to the radius of the circle. 

There are 2ir radians in a complete circle, hence 
27 r radians — 360 degrees. 
fTT „ =270 „ 

TT „ — 180 „ 

3f — 9 ® >» 

Let I be the length of arc subtended by an angle, and let r be the 
radius of the circle, both in the same units ; then angle — - radians. 

T 


Trleronoxnetrlcal ratios. In Fig. 6 let OB revolve anti-clockwise 
about O, and let it stop successively in positions OP^, OPg, OP3, 
OP4 \ the angles described by OB are said to be as follows : 

PjOB, in the first quadrant COB. 

PgOB, in the second quadrant CO A. 

P3OB (greater than 180“), in the third quadrant AOD. 

P4OB (greater than 270**), in the fourth quadrant BOD. 

Drop perpendiculars such as PjM, from each position of P on to 
AB. OP is always regarded as positive; OM is positive if on the 
right and negative if on the left of O ; PM is positive if above and 
negative if below AB. 


Name of 

Ratio as 

Vatue of 

Algebraic sigri of ratio. 

ratio. 

written. 

ratio. 

I St quad. 

2nd quad. 

3rd quad. 

4th quad. 

sine POM 

sin POM 

PM 

OP 

+ 


- 

- 

cosine POM - 

cos POM 

OM 

OP 

■f 

- 

-- 

+ 

tangent POM - 

tan POM 

PM 

OM 

+ 

- 


- 

cosecant POM 

cosec POM 

OP 
PM 1 

+ 

+ 

- 

- 

secant POM - 

sec POM 

OP 1 
OM 

+ 

- 

- 

+ 

cotangent POM | 

i 

«cot POM 

OM 

PM 

H- 

- 

+ 

- 


The values of the ratios are not affected by the length of the 
radius OP ; taking OP to be unity, we have 
sin POM -PM (Fig. 6), 
cos POM -OM (Fig. 6), 

tan POM — P'B or P'A, depending on the quadrant (Fig. 7), 





MATERIALS AND STRUCTURES 


Figs. 6 and 7 show clearly both the sign and the varying viUues 
of these ratios, and enable the following table to be deduced : 



sin POM 
cos POM 
tan POM 




' - +/ 


ft''--. 


Fig. 6.'-~Trigonometrical ratios. 


1? 

H 

/ X 

i 


_\ 

9 ^ +• 

\ 


Pi ''-J 

c 



Fig. 7.— Tangents of angles 


The following formulae are given for reference : 


cosec A = 


sec A = — ; cot A = . 

cos A ' tan A 


^ . sin A ^ . cos A 9 A . • o A 

tan A = 7- : cot A = — r : cos^A + sin^ A = 

cos A sin A 

tan^A + I - sec^A ; col^A + i = cosec^A. 

sin A = cos (90" - A) ; sin A = sin ( 1 80" - A). 

sin (A + B) = sin A cos B + cos A sin B. 

cos (A + B) = cos A cos B *- sin A sin 

sin (A - B) = sin A cos B - cos A sin B. 

cos(A - B) = cos A cos B + sin A sin B 

^ tan A + tan B 

^ y. ...v tan A - tan B 
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If the angles of a triangle are A, B and C, and the sides opposite 
these angles are a, d and c respectively, the following relations hold ; 

a — d cos C + cos B. 


a ^ ^ 

sin A ~ sin B sin C’ 

-- ^2 ^ ^ cos A. 


Algebra. 

Solution of simple simultaneous equations. If the given equations are 


(i) 

+ (2) 


then 


V = £iA zf iA. 


j;= _ 

Solution of a quadratic equation. If 

ax- + /^x + c Oy 

then 

2a 


Calculus. 

Differential calculus. Let AB (Fig. 8) represent the relation 
of two quantities x and y which are connected in some definite 



Fig. 8. — Graphic illustration of a diHerential coefficient. 


manner. Consider two points and P.^ on AB separated by a 
short distance PiP2; then 

OMj=sa;|; 

. 0M2 = A*2; 

The difference between the abscissae OM^ and OMg will be 



lO 


materials and structures 


and may be written Sx^ the symbol 5 signifying *‘the 
difference in ” ; similarly with the ordinates PiMj and P2M2. Hence 
— MjM 2 *= PjK. 

^J'=^3 -J'l = ^’ 2 ^. 

The ratio of these will be 

8 x X2-X1 PjK’ 

The value of this ratio depends on the proximity of P^ and P2. 
If these points are taken indefinitely close together, the ratio tends 
to take a definite value which depends on the given relationship of 
X and y. This value is called a differential coefficient, and serves 
to measure the rate of growth of y with x. 

If Pj and Po are very close together, P^Pg is practically a straight 
line, and we have p 

J5^ = tan PgPjK. 

If P| and P2 are indefinitely close together, Pj Pg is in the direction 
of the tangent P^T drawn to touch the curve at P^ ; in this case 8 y 
and 8 x are written cfy and dx, and the final value of the ratio is 


l-tanP.TM,- 


ZiMi 

TMi 


For example, suppose a graph such as AB in F'ig. 8 to have been plotted 
from the equation, y=:x^. (i) 

Then y+8y=(v + 8xy 

— ^-i‘2x.8x+ (8xy^ (2) 

Taking the difference between (2) and (i) gives 
8y = 2x . 8x + ( 5 -rp. 

Now (8xy is the square of a quantity which ultimately becomes very 
small, and therefore becomes negligible. Hence we may write 

dy==2x,dx, 


dy 

or ^ = 2.r. 

dx 


(3) 


Suppose, as another example, we take 

(4) 

when is a constant It will be evident, on repeating the above process, 


that 


dy 


(s) 


thus giving the rule that any constant factor appears unaltered in 
the value of the differential coefificient. 
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Take now the following equation ; 

( 6 ) 


The effect of the addition of a constant a to the right-hand side 
of (i) is simply to raise the graph to a higher level above OX in 
Fig. 8 ; its shape will be exactly as before, and hence the tangent at 
any point will make the same angle with OX. Therefore the 
differential coefficient will have the same value as (3), viz. 


dx 


2.x. 


(7) 


It will also be clear that, if the equation is 


y — ax"^-\-b^ ( 8 ) 

^=2'** (9) 


The rule may be expressed that a constant quantity added to the 
right-hand side disappears from the differential coefficient. 

The following differential coefficients are useful ; the methods of 
obtaining them may be studied in any book dealing with the calculus. 
The symbol e represents the base of the Naperian or hyperbolic 
system of logarithms, viz. 2*71828, 


Differential Coefficients. 


jv=jr» 

dx 

y~ax^ 

dx 

II 

dx 

y=:ae^ 

dx 

^=log<,.r 

-IH 

II 

y^alogex 

II 

^=sin;r 

-y- =cos,r 
dx 

y = a sin bx 

^ =ab cos bx 
dx 

^=cas;r 

dy 

= - sm X 
dx 

y — acos bx 

~ — —ab sin bx 
dx 

V = tan X 

^ = sec2jir 

/ — atan bx 

^^-^ab sec2//jr 
dx 

y^a 

£-» 




Differentiation rules. The following rules may also be stated 
here. 

If the right-hand side takes the form of the sum of a number of 
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terms each depending on ar, then the differential coefficient is the sum 
of the differential coefficients of the terms taken separately. Thus ; 
y =: ax^ + ^x^ ^-cx + dy 

^ = ^ax^ + 2bx -H c. 

To differentiate the product of a number of factors, each of which 

depends on Xy multiply the differential coefficient of each factor by 

all the other factors and take the sum. Thus : 

y=^x^sm Xy 

dy . 5 

-^=^ 2 xsmx-\‘ x^cos X, 
dx 


To differentiate a fraction in which both numerator and denomi- 
nator depend on Xy proceed thus : 

diff. coeff. of numerator x denominator 
dy ^ - diff. coeff. of denominator x numerator 

dx square of denominator 


Example. Let 


'^””sin;r* 


The differential coefficient of the numerator is 2x and that of the 
denominator is cosjt, hence, by the above rule : 

dy 2x sin x - cos x 
dx' sin^x 


Supposing we have to find the differential coefficient of 

y = sin^x, 

it should be noticed that the given expression, viz. the cube of sin x, 
depends on another function of The rule to be followed is to 
differentiate the expression as given, viz. (sinjc)^, the result being 
3 (sin x)^ ; then multiply this result by the differential coefficient of 
the function on which the given expression depends, viz. sin^r, for 
which the differential coefficient is cos x. 

Hence, ^ 

= 3 sin^:^ cos x. 

In suooessiye differentiatioii, the differential coefficient of the given 
function is taken as a new function of x and its differential coefficient 
is found ; the latter is called the second differential coefficient, and is 
• d^y r 

wntten The operation may be repeated as many times as may 

be necessary. 
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Example. L«Jt 


= 50*:*,' 
« 


The maximum value of a given function of x may often be found 
by application of the following simple method. It will be noted that, 
in Fig. 8, at the point in AB for which y has its maximum value, 

the tangent to the curve is parallel to OX, and hence ^ for this 

ax 

point will be zero. The rule therefore is, take the differential 
coefficient and equate to zero ; this will give the value of x corre- 
sponding to the maximum value of y. By inserting this value of x 
in the given equation connecting x and the maximum value of y 
may be found. Thus : 

Let y^sinx, 

dy 

^=cos.r=o for the maximum value of^'. 

Now when cos;r«=o, x is either 90** or 270% i,e, - or radians, hence 

2 2 

Maximum value of y=sin~ or sin^. 

2 2 


As the numerical value of sin - is unity, it follows that the maximum 
value ofy is also unity. 

As another example, take 


then. 


y — ax-x\ 
^=a~2x—o ; 


dx 


jir=- for the maximum value of y. 
2 


Maximum value of y— — 

•^244 


Integral calculus. In this branch of mathematics, rules are 
formed for the addition of the indefinitely small portions into which 
a quantity may be imagined to be divided. In Fig. 9, OA and OB 
are two distances measured along the same straight line from O. 
Let these be a and respectively, then the length of AB will be 

• AB=^-a (i) 

The line AB might be measured also by the process of dividing it 
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up into a large number of small portions 
total length of AB will then be 

AB = Sji?! + 8x2 + + etc. 

from (i) (2) 

The symbol 2 or j (sigma) is used to denote the phrase “the 
algebraic sum of,” and if any expression follows the symbol 2, it is 





j — j j — j — , — r 

d 

Fig. 9. 




understood to be one only of a number of terms which are all of the 
same type. Thus, 2 8x means “ the algebraic sum of all terms of 
which 8x is given as a type.” If we write 2^, it is to be understood 
that we are to begin taking small portions, such as at a distance 
a from the origin, and to finish at a distance b. Hence we may 
write (2), - (3) 


In Fig. 10 is shown another example. As before, OA = a and 
OB = 4 and the figure ABCD is constructed by making AD -a 

and BC«^, both being perpen- 
dicular to OB. The area of the 
figure ABCD may be calculated 
by deducting the area of the 
triangle OAD from that of the 
triangle OBC. Thus : 

Area of ABCD 

^{bx. lb) -(ax la) 

W- a?' , . 

= 7-- (4) 

Alternatively, the area may be 
estimated by cutting the figure 
into strips, such as the one shown 
shaded. It is evident from the 
construction that its height y is 
equal to x \ let 8x be its breadth, then 

Area of the strip (5) 

Any similar strip will have a similar expression for its area, hencp 



Total area of the strips = 2 ^a; 3 a:. 


.( 6 ) 
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The area stated in (5) is taken as that of a rectangle, and hence 
omits a small triangle at the top of the strip. If, however, the strips 
be taken indefinitely narrow, these triangles will practically vanish, 
and the area expressed in (6) will be the area of ABCD. Hence 
from (6) and (4), ^2 ^2 

(7) 


In mathematical books, it is shown that if x is raised to a power n 
in equation (7), n having any value except - i, then the result 'S as 

follows ; , /w-f 1 _ 

i^x^.dx=^- ^ . ( 8 ) 

« n^i ^ ^ 

If « is - I, then the result may be shown to be 

(9) 

Xf ft is zero, then x^= r, and w’c have 

^\x^dx — (10) 


The above are examples of definite integrals, taken between given 
limits a and h) the sum may be stated in an indefinite manner, 
leaving the limits to be inserted afterwards. Thus : 

'lx^^dx=^ — ( 11 ) 


It is also shown in mathematics that a constant term c should be 
added to the result. The value of c depends on the conditions of 
the problem, and can he found usually from the data. The com- 
plete solution of (ii) w^ould thus be 

'^x^dx^^ +r. (12) 

« -h I 

dx 

Similarly, 3 ^ =log^>A:-l-^. (13) 


If a constant factor is given on the left-hand side, it will appear 
unaltered on the right-hand side. I'hus : 

3 


If a number of terms be given, the result will be obtained by 
applying the rules to each term separately and then summing for 
the total. Thus : 


x^ 

d)dx = — I vax^rC^ 

4 3 
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up into a large number of small portions Sx2f etc. The 
total length of AB will then be 

AB = + 8x2 + + etc. 

= — from (i) (2) 

The symbol 2 or J (sigma) is used to denote the phrase “the 
algebraic sum of,” and if any expression follows the symbol 2, it is 


H 




understood to be one only of a number of terms which are all of the 
same type. Thus, 2 Sjc means “ the algebraic sum of all terms of 
which 8x is given as a type.” If we w'rite 2^, it is to be understood 
that we are to begin taking small portions, such as Sx^^ at a distance 
a from the origin, and to finish at a distance l>. Hence we may 
write (2), • = (3) 

In Fig. 10 is shown another example. As before, OA = a and 
OB = ^, and the figure ABCD is constructed by making AD = flt 

and BC = ^, both being perpen* 
dicular to OB. The area of the 
j figure ABCD may be calculated 
• by deducting the area of the 

I triangle OAD from that of the 

jT p I ^ triangle OBC. Thus : 
p I Area of ABCD 

y' i ^ I — {i> X ^6) - {a X. ^a) 

y' * ^ / \ 

' ^ ' ; =T~T ^4) 

1 ^ X J 2 2 

jA I ^ Alternatively, the area may be 

* estimated by cutting the figure 

^ ^ into strips, such as the one shown 

‘ „ shaded. It is evident from the 

rio. zo. 

construction that its height y is 
equal to x ; let 8x be its breadth, then 

Area of the strip — x.8x (5) 

Any similar strip will have a similar expression for its area, henc^ 
Total area of the strips = 2^ a; 5a: (6) 
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The area stated in (5) is taken as that of a rectangle, and hence 
omits a small triangle at the top of the strip. If, however, the strips 
be taken indefinitely narrow, these triangles will practically vanish, 
and the area expressed in (6) will be the area of ABCD. Hence 
from (6) and (4), , 32 ^2 

(7) 


In mathematical books, it is shown that if x is raised to a power n 
in equation (7), n having any value except - i, then the result as 
follows: , 

(8‘i 

If « is - I, then the result may be shown to be 

=iog«^ (9) 

If n is zero, then 1, and we have 

'^^^x^dx = dx = ~b - a (10) 


The above are examples of definite integrals, taken between given 
limits a and b ; the sum may be stated in an indefinite manner, 
leaving the limits to be inserted afterwards. Thus : 

— (11) 

It is also shown in mathematics that a constant term c should be 

added to the result. The value of c depends on the conditions of 
the problem, and can be found usually from the data. The com- 
plete solution of (ii) would thus be 

'^x^^dx = hr*. (12) 

Similarly, = \og(.x + c. (13) 


If a constant factor is given on the left-hand side, it will appear 
unaltered on the right-hand side. Thus : 

^ax“dx = ~ -h 

3 

If a number of terms be given, the result will be obtained by 
applying the rules to each term separately and then summing for 
the total. Thus : 

^{D^-^x^-\-d)dx^— H — '^-ax^'C. 

4 3 
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The rules (8), (9), (12) and (13) should be learned thoroughly. 
Some examples are given. 

Example i. Find the area of the triangle given in Fig. ii. 

Taking a narrow strip parallel to the base and at a distance 7 from O, 

let the breadth of the strip be Sy and 



Area of the strip . By, 
Now g = 


.y , 

'H* 


.*. area of the strip = g 

Any other similar strip will have a 
similar expression for its area, hence 


T otal area = 2 ” ^y dy^ 
0 rl 


”H\ 2 2/ 


2 

Example 2. Find the volume of a cone of height H and radius ot 
base R (Fig. 12). 

In this case take a thin slice parallel to the base ; let the radius of the 
slice be r and its thickness Bh . Then 

Volume of the slice “tt/-. Bh, 
y 

R’ H ’ 


Now 


volume of the slice — 

W 

Any other similar slice will have a similar 
expression for its volume, hence 



I ^^K 

H ^ 

Fig. 12.— Volume of a cone. 


Total volume = 7r77y 2 ^^d/t 
0 


R- H 3 
“’"Hi! ’‘a 
=a-Ri!xJH. 

No constant of integration need be added in either of these examples. 
Instances where a constant is necessary will occur later. 
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The following table of indefinite integrals is given here for reference. 

Integrals. 


] «+I 

j s^c^x.dx 

^tanx 

==logeX 

j cos^c^x ,dx 

= -cot.^ 

J^,dx =a\ogex 

j a cos bx . dx 

^ • z. 

==jsmbx 


j a sin bx . dx 

Ui 

8 

1 

II 

II 

.s’ 

j a bx .dx 

==^tan^.r 

f cos^.^*=sin;r 

J a cosec® bx . dx 

II 

1 

n 

s 

j sinx.dx = — cos.r 

f .dx 

J cos^x 

= sec X 

J tanx .dx^log secx 

f cos V , 

J sin®:r 

= — cosec 4r 


EXERCISES ON CHAPTER I. 


1 , A masonry wall is trapezoidal in section, one face of the wall being 
vertical. Height of wall, 20 feet ; thickness at top, 4 feet ; thickness at 
base, 9 feet. The masonry weighs 150 lb. per cubic foot. Find the 
weight of a portion of the wall i foot in length. 

2 . A trapezoidal figure, having equal intervals of 10 feet each, has 
ordinates in feet as follows : o, 100, 140, 120, 80, o. Find the total area 
in square feet. 


3 . Draw a parabolic curve on a base <i = 6ofeet ; the height feet of 
the curve at any distance x from one end of the base is given by 


jy 



Find the area by application of Simpson’s rule ; check the result by use 
of the rule : area = where b is the maximum height of the curve. 


4 . Write down the differential coefficients of the following : 

{a) y = 5 {({) = si n*;r + cos 

{b) — 7jr®. (e) _y = sin^4r+cos®jr. 

(c) ^ = 2sin.r-3cos;r. (y)>'=3 tan;r — cosjr. 

5 . In Question 3, from a point M on the base, distant 15 feet from one 
end, draw a perpendicular to cut the curve at a point P. At P draw a 
tangent to the curve cutting the base produced in a point T. Measure 

PM 

PM and MT and evaluate the ratio The result gives the differential 
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coefficient for the curve at P ; compare this result Avith that obtained by 
differentiation ofj^=2x^^ and putting ;r=i5 in the expression for 
How do you account for the discrepancy, if any ? 

6 . Take the equation j^=(4-jir)x. Find the value of x for which ^ 
attains its maximum value, and find also the maximum value of_^* Check 
your result by plotting a graph from the equation. 

7 . Write down the indefinite integrals of the following : 

(a) {d) { 2 x^ 4 - cos x)dx. 


{d) {4^-2J^)dx. 
(c) ( 2 -xydx. 


8. Find the value of the following expression when Ri=:i2 inches and 
R2=6 inches. No constant of integration is required. 


I=27r dr. 


9 . Find the value of the following expression when B =4 inches and 
H =8 inches. No constant of integration is required. 





CHAPTER II. 


FORCES ACTING AT A POINT. 

Bepresentation of a force. Any force is specified completely 
when we are given the following particulars : {a) its magnitude, (d) its 
point of application, (c) its line of direction, (d?) its sense, to state 
whether the force is pushing or pulling at the point of application. 

A straight line may be employed to represent a given force, for it 
may be drawn of any length, and so represent to a given scale the 
magnitude of the force. The end of the line shows the point of applica- 
tion, the direction of the line gives the direction, and an arrow point 
on the line will indicate the sense of the force. Thus a pull of 5 lb. 
acting at a point O in a body (Fig. 13) at 45* to the horizontal 
would be completely represented by a line OA, 
of length 2^" to a scale of to a lb., and an 
arrow point as shown. OA is called a vector ; any 
physical quantity for which a line of direction must 
be stated in order to have a complete specifica- 
tion is called a vector quantity. Other quantities, 
such as mass and volume, into which the idea of Fig. 13.— Representa- 
direction does not enter, are called scalar quantities. 

The expression “force acting at a point” must not be taken 
literally. No material is so hard that it would not be penetrated by 
even a very small force applied to it at a mathematical point. What 
is meant is that the force may be imagined to be concentrated at the 
point in question without thereby affecting the condition of the body 
as a whole. 

Forces acting in the same straight line. A body is said to 
be in equilibrium if the forces applied to it balance one another. 
Thus, if two equal and opposite pulls P, P (Fig. 14) be applied at a 
point O in a body, both in the same straight line, they will evidently 
balance one another, and the body will be in equilibrium. 

Examples of this principle occur in ties^ and in struts and columns* 
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Ties are those parts of a structure intended to be under pull (Fig, 15), 
Btaruts and oolanmB are those parts intended to be under push (Fig. 16). 
These parts remain at rest under the action of the equal and opposite 
forces applied in the same straight line. 

It l8 impoasible for a single force to act alone. To every force there 
must be an equal and opposite force, or what is exactly equivalent to 
an equal and opposite force. The term reaction is often used to 
distinguish the resistance offered by bodies to which a given body is 



Fig. 14. — Two equal Fig. 15.- Equilibrium Fig. 16. —Equilibrium 

opposite forces. of a tie. of a column. 

connected when forces are applied to the latter body. An example 
of the use of the term will be found in the reactions of the piers 
supporting a bridge girder. Lx>ads applied to the girder are balanced 
by the reactions of the piers. 

If several force.s in the same straight line act at a point, the point 
will be in equilibrium if the sum of the forces of one sen.se is equal to 
the sum of those of opposite sense. Calling those forces of one 
sense positive and those of opposite sense negative, the condition 
may be expressed by stating that the algebraic sum of the given 
forces must be zero. Thus, the forces Pj, P2, Pg, etc. (Fig. 17), will 
balance, provided 

or, i:P = o, 

the interpretation being that the algebraic sum of all the forces of 
which one only is given as a type immediately after the symbol 2 
must be equal to zero. 

Suppose in a given case it is found that the algebraic sum of the 
given forces is not zero. We may infer from this that a single force 
may be substituted for the given forces without altering the effect 
Thus, in Fig. 18, calling forces of sense from A towards B positive, 
wehave 2 + 3 + 5 _8 _ i = + i. 

The given forces can be replaced by a single force of i lb. weight of 
sense from A towards B. T'he single force which may be substituted 
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for a given system of forces without altering the effect on the body is 
called the Resultant of the system. To find the resultant R of the 
system we have been considering above, we have 

SP = R. 

The resultant R may be balanced by applying an equal opposite 
force in the same straight line, and, since R is equivalent to the given 
system of forces, the same force would also balance the given system. 



Fig. 17. — Forces in the same straight line. Fig. 18. 

Any force which balances a given sy.stem of forces is called the 
equillbrant of the system. Thus, the equilibrant E of the system 
shown in Fig. i8 is a force of i lb. weight of sense from B 
towards A. 

Two intersecting forces. To find the resultant of two intersecting 
forces, the following construction may be employed. Let P and Q 
be two pulls applied to a nail at O (Fig. 19(a)); their joint 
tendency will be to carry the nail upwards to the right, and the 
resultant must produce exactly the same tendency. Set off, in the 
direction in which P acts, OA, to sonie suitable scale, equal to P, 



Fig. 19. — Resultant and equilibrant of two intersecting forces. 


and OB, to the sp«me scale, equal to Q and in the direction in which 
Q acts. Complete the parallelogram OACB, and draw its diagonal 
OC. This diagonal will represent R completely, the magnitude being 
measured by the length of OC to the same scale. The method is 
called the parallelogram of forces. P and Q are called oomponents 
of R, 

*As R is equivalent in its effects to P and Q jointly, we may apply 
either P and Q together, or R alone, without altering the effect on the 
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nail. This may be expressed by stating that the resultant may be 
substituted for the components, or vice versa. 

Substituting R for P and Q (Fig. i9(^)), we may balance R by 
applying an equilibrant E = R as shown. Again, replacing R by P 
and Q (Fig, 19 (^)), it will be evident that P, Q and E are in 
equilibrium. 

Experimental verification. The most satisfactory proof that the 
engineering student can have of the truth of the parallelogram of 
forces is experimental. 

Expt. I. — ParallelogTam of forces. In Fig. 20 is shown a board 
attached to a wall and having three pulleys A, B and C capable of 



Fig. 2a — ^Apparatus for demonstrating the parallelogram of forces. 


being clamped to any part of the edge of the board. These pulleys 
should run very easily. Pin a sheet of drawing paper to the board. 
Clamp the pulleys A and B in any given positions. Tie two silk 
cords to a split key ring, pass a bradawl through the ring into the 
board at O, and lead the cords over the pulleys at A and B. The 
ends of the cords should have scale pans attached, in which weights 
may be placed. Thus, known forces P and Q are applied to the ring 
at O. Take care in noting these forces that the weight of the scale 
pan is added to the weight you have placed in it. Mark carefully the 
directions of P and Q on the paper, and find their resultant R by 
means of the parallelogram Oabc, Produce the line of R, and by 
means of a third cord tied to the ring apply a force E equal to R, 
bringing the cord exactly into the line of R by using the pulley C 
clamped to the proper position on the board. Note that the proper 
weight to place in the scale pan is E less the weight of the scale pan, 
so that weight and scale pan together equal E. If the method of 
construction is correct, the bradawl may be withdrawn without the 
ring altering its position. 
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In general it will be found that, after the bradawl is removed, the 
ring may be made to take up positions some little distance from O. 
This is due to the friction of the pulleys and to the stiffness of the 
cords bending round the pulleys, giving forces which cannot easily 
be taken into account in the above construction. 

Notice that, before attempting to apply the parallelogram of forces, 
botb given forces must be made to act either towards or from the point of 
application. Thus, given P' pushing and Q pulling at O (Fig. 21), 
the tendency will be to carry O downwards to the right. Substitute 
P = P', pulling at O for P' ; complete the parallelogram OACB, when 
OC will give the resultant R. 

It will also be noticed that any one of the forces P, Q and E 
(Fig. 19 (^)) will be equal and opposite to the resultant of the other 
two if the three forces are in equilibrium. 

Rectangular components of a force. Very frequently it becomes 
useful in a given problem to deal with the components of a given 



force instead of using the force itself. These components are 
generally taken along two lines at 90" intersecting on the line of the 
given force. Thus, given P acting at O (Fig. 22), and two lines OA 
and OB at 90“ intersecting at O, and in the same as P. The 

components will be found by making OC equal to and completing 
the parallelogram^ of forces OBCA, which in this case is a rectangle. 
S equal to OB and T equal to OA will be the rectangular com- 
ponents of P. 

The following will be seen easily from the geometry of the figure : 

OC2-OA2 + AC^ 

= OA2 + OB2; 

/. P2=:rS2 + T2. 
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Also, let the ai^le CO A =» a ; then 

OA 

Q^ = COsa, 

O A «= OC . cos a ; 

/. T=P.cosa. 

A • AC . 

Again, = sin a, 

AC = OB = OC . sin a, 

S = P.sin a. 

Triangle of forces. It will now be understood that the conditions 
which must be fulfilled in order that three forces whose lines inter- 
sect may be in equilibrium are : (a) the forces must all be in the 
same plane, /.e. uniplanar ; (fi) their lines must intersect in the same 
point ; (<:) any one of them must be equal and opposite to the 
resultant of the other two forces. 

Condition (^) may be stated in another manner. In Fig. 23, P and 
Q have a resultant R, found by the parallelogram of forces OACB. 

A force E has been applied equal and 
opposite to R as shown ; hence the 
forces E, P and Q are in equilibrium. 
The following relation evidently holds : 
R:Q:P = OC:OB:OA. 

Note the order in which the letters 
of the lines have been written ; thus, 
R is represented by OC, not by CO, 
the order being so chosen as to show 
the sense of the force. Now E is equal to R, and OA is equal to 
BC j hence we may write 

E:Q:P = CO:OB:BC, 

OC having been altered to CO so as to give the proper sense to E. 

Expressed in words, the proportion states that the three forces in 
eiiiilllhxlum are proportional respectively to the sides o:^a triangle taken in 
order. The triangle OBC in Fig. 23 may be drawn anywhere on 
the paper, and is called the triangle of forces for the forces E, Q, P. 

Example i. Given three uniplanar forces P, Q, S' (Fig. 24) acting at 
O ; test for their equilibrium. 

Using a convenient scale of force, draw ^{rand ca* parallel and pro- 
portional respectively to the forces P, Q and S'. If the given forces are in 
equilibrium, the lines so drawn will form a closed triangle. In Fig. 24, 
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it will be noticed that there is a gap ad. S' will therefore not equilibrate 
P and Q, but may be made to do so if it is redrawn as S, parallel and 
proportional to ca^ the closing line of the triangle abc. 



Example 2. Given two forces P and Q (Fig. 25) acting at O ; find 
their equilibrant. 

It will be observed that, in applying the triangle of forces, there is no 
necessity for first making both the given forces pushes or pulls, provided 
attention is paid to drawing the sides of the triangle in proper order. 
Thus, draw ab to represent P and be to represent Q ; then ca will repre- 
sent the equilibrant, which should now be drawn as E acting at O, parallel 
and proportional to ca and of sense shown by the order of the letters ca. 
Note carefully that the problem is not finished until E has been applied 
on the drawing acting at the proper place O. 

Example 3. Three given forces are known to be in equilibrium 
(Fig. 26 (cj:)) ; draw the triangle of forces. 

This example is given to illustrate a con- 
venient method of lettering the forces called 
Bow's Notation. This method will be found to 
simplify many of the problems which have 
to be discussed, and consists in giving letters 
to the spaces instead of to the forces. In 
Fig. 26 (tf) this plan has been carried out by 
calling the space Ijptween the 4 lb. and the 
2 lb. A, that between the 2 lb. and the 3 lb. B, 
and the remaining space C. Starting, say, 
in space A and crossing over into space B, 
a line AB (Fig. 36(<^)) is drawn pamllel and 
proportional to the force crossed, and the 
letters are so placed that their order A to B represents the sense of that 
force. Now cross from space B into space C, and draw BC to represent 
completely the force crossed. Finish the construction by crossing from 



Fic. a6. — Applicaiion of Hon*s 
Notation. 
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space C into space A, when CA in Fig. 26(^) will represent the third force 
completely. 

Examining these diagrams, it will be observed that a complete rotation 
round the point of application has been performed in Fig. 26(a), and that 
there has been no reversal of the direction of rotation. Also that, in 
Fig. 26 (^), if the same order of rotation be followed out, the sides correctly 
represent the senses of the various forces- Either sense of rotation may 
be used in proceeding round the point of application, clockwise or anti- 
clockwise, but once started there must be no reversal. 

Relation of forces and angles. In Fig. 27(a) there are three 
given forces in equilibrium, viz., P, Q and S, and in Fig. 27 (^) is 
shown the triangle of forces for them. From what has been said 
above, we may write 

P:Q:S = AB:BC:CA. 

It is shown in trigonometry that the sides of any triangle are pro- 
portional to the sines of the opposite angles. Hence, in Fig. 27 {fi), 
AB : BC : CA = sin 7 : sin a : sin P, 
or, P : Q : S = sin 7 : sin a ; sin jS. 




Fig. 27. — Relation of forces and angles. 

It will be noticed in Fig. 27 (a), as shown by dotted lines, that a, 

7 are respectively the angles between the produced directiom of 
S and P, P and Q, and Q and S ; also that the angles or spaces 
denoted by A, B and C in the same figure are the supplements of 
these angles. As the sine of any angle is equal to the sine of its 
supplement, we have, in Fig. 2 7 (a), 

P : Q : S = sin C : sin A : sin B. 

We infer from this that eacli force is proportional to tbe sine of tbe 
angle between the other two forces. 

Any number of uniplanar forces acting at a point. The net 

effect of such a system of forces may be found by taking components 
of each force along two rectangular axes which meet in the point of 
intersection and are in the same plane as the given forces. It is best, 
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in order to comply with the usual trigonometrical conventions 
regarding the algebraic signs of sines and cosines, to arrange the 
forces to be either all pulls or all pushes. 

In Fig. 28, Pj, Pg, P3 and P4 are the given forces acting at O, 
and OX and OY are two rectangular axes. The angles of direction 

> SifL 
smdif 

P, eosA, 

y ^Pj sin eCj 
^ ' (4 sin 

Fig. 38.— System of untplanar forces acting at a point. 

of the forces are stated with reference to OX as a^, ag, and a^. 
Taking components along OX and OY, we have : 

Components along OX, P^ cos «j , P2 cos ag, Pg cos cig, P^ cos a^. 

Components along OY, Pjsinaj, PgSina^, Pgsinag, P^sina^, 
Paying attention to the algebraic signs of these, it will be observed 
that components acting along OX towards 
the right are positive, and those acting 
towards the left are negative ; also, of the 
components acting along OY, those acting 
upwards are positive, while those acting 
downwards are negative. Each of these 
sets of components may have a resultant, 
or they may be in equilibrium. Suppose 
each to have a resultant, and denote 
that along OX by Rx, also that along OY by Ry^ then 

Pj cos a, + Pg cos ttg 4 - P3 cos ttg 4 - P4 cos = Rx , 

Pj sin^i 4 - Pg sin 4- P3 sin a, + P4 sin === Ry . 

Using the abbreviated system of writing these, we have 


2Pcosa= Rx, (i) 

2Psintt = RY (2) 


The system being now reduced to two forces Rx and Ry acting in 
lines at 90® to each other, we have for the resultant (Fig. 29), 

* R = n/OAsToB^ 

.,Vrx*+Rv=-’:. 
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Also, 


tana> 


CA 

’oa' 

Rx’ 


OA 


( 4 ) 


It may so happen that either Rx or Ry may be zero, in which case 
the resultant of die system is a force acting along either OX or OY, 
depending upon which of the forces is zero. For equilibrium of the 
given system both Rx and Ry must be zero. This condition may 

be written i:p cos a = o, (5) 

2 P sin a = o ; (6) 

a pair of simultaneous equations which will serve for the solution 
of any problem connected with the equilibrium of any system of 
uniplanar forces acting at a point. 

Graphical solution. A graphical solution of the same problem 
may be obtained by repeated application of the parallelogram of 
forces. Thus, given P, Q, S and T acting 
at O (Fig. 30). First find R, of P and S, 
then R2 of Q and T by applications of the 
parallelogram of forces. The resultant R is 
found by a third application of the parallelo- 
gram, as shown. A better solution is 
obtained by repeated application of the 
triangle of forces. 

In Fig. 3 1 («), four forces P, Q, S and T 
are given. To ascertain the net effect of the 
system, first find the equilibrant of P and 
Q by the triangle of forces ABC (Fig. 31 (fi)). Ej reversed in sense 
will give Rj, the resultant of P and Q, and is so shown in Fig. 
and is represented by AC in Fig. 31 (^). Now find the equilibrant 



Fic. 30. — Resultant by application 
of the parallelogram of forces. 



Fig. 3X-"'- RcMillant by application of the triangle of forces. 


E2 of Rj and S by means of the triangle of forces A CD (Fig. 31 {b)). 
Eg reversed gives Ro, the resultant of Rj and S, and hence the 
resultant of P, Q and S. Rg will be represented in Fig. 3i(^) by 
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AD. Rg and 'T being the only forces remaining in Fig. 31 (fl), 
their resultant R will be found from the triangle of forces ADA' 
(Fig. 3i(^)), which gives their equilibrant Eg, represented by A'A, 
and on reversal gives R. 

It will be noticed that, had the given forces been in equilibrium, 
Eg would have been zero, and A' would have coincided with A. 
This case is shown in Fig. 32, giving a closed polygon ABCD, the 
sides of which, taken in order, represent respectively the given forces. 
We therefore infer that a given system of uniplanar forces acting at a 
point win Pe in equilibrium, provided a closed polygon can be drawn wbiob 
shaU have Its sides respectively parallel and proportional to tbe given foross 
taken in order. Should the polygon not close, then the line required 
in order to close it will represent the equilibrant of the given forces, 
and, the sense being reversed, the same line will give the resultant 
of the given system. The figure ABCD (Fig. 32 (<5)) is called the 




Fig. 32, — Polygon of forces. 

polygon Of forces for the given forces. Note, as before, that no problem 
can be regarded as completed until R or E, as the case may require, 
is actually shown on the drawing acting at its proper place O. 

Expt. 2. — Pendulum. Fig. ss{a) shows a pendulum consisting of 
a heavy bob at A suspended by a cord attached at B and having a 
spring balance at F. Another cord is attached to A and is led 
horizontally to E, where it is fastened. A spring balance at D 
enables the pull to be read. Find the pulls T and P of the spring 
balances F and D respectively when A is at gradually increased 
distances x from the vertical. Check these by calculation as shown 
below, and plot and x. 

Since P, W and T are respectively horizontal, vertical and along 
AB, it follows that ABC is the triangle of forces for them. Hence 

P = f W 

fl 

sa W tan a. 


(I) 
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allowance be tnacie for the effects of the weights of the various parts 
before the application of W. To do this, remove W and note the 
readings of the balances. These readings should be deducted from 



Fig. 36. — Forces in a simple roof truss. 


those taken after W is applied, when the corrected results will show 
the forces in the parts due to the application of W alone. The results 
should be tabulated thus : 


Lengths in inches. 

Forces in lb. from 
diagr.im. 

Corrected forces in lb. 
from spring balances. 

AB 

BC 

AC 

P, push. 

T, pull. 

P, push. 

T, pull. 









From your experiments, give a general statement of how P and T 
vary for the same value of W, but with increasing lengths of span. 



Fig. 37.— Unsymmctrical roof truss. 


The case of an unsymmctrical roof truss may be worked out in a 
similar manner, and is shown in Fig. 37, the lettering of which 
corresponds with that of Fig. 36. 
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Expt. 4.— Berridlc oraiie. A derrick crane model is shown in 
3^1 consisting of a post AB firmly fixed to a base board which 



is screwed to a table ; a jib AC has a pointed end at A bearing in a 
cup recess, a pulley at C and a compression spring balance at D. A 
tie BC supports the jib and is of adjustable length ; a spring balance 
for measuring the pull is inserted at F. The weight is supported 
by a cord led over the pulley at C and attached to one of the 
screw-eyes on the post. The inclination of the jib may be altered 
by adjusting the length of BC, and the inclinations of EC and BC 
may be changed by making use of different screw-eyes. 



Fic;, 39. — Forces in a derrick crane. 


Find the push in the jib and the pull in the tie for different values 
of W and different dimensions of the apparatus by observing the 
spring balances. Check the results by means of the polygon of 
forces. 

• The methods are similar to those adopted for the roof truss 
(P* 30)* It may be assumed that the pulley at C merely changes 
the direction of the cord without altering the force in it Hence 

D.M. 
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p = W (Fig. 39(a)). The polygon of forces is shown in Fig. 39 
in which W = a/>, Q = 

!> = &•, T = ^fa. 

The observed and graphical results should be compared in tabular 
form as before : 


Lengths in inches. 

Forces in lb. from 
diagram. 

Corrected fordes in lb. 

from spring balances. 

AB 

BC 

AC 

AE 

Q, pu.sh. 

T, pull. 

Q, push. 

T, pull. 










Expt. 5. — Wall crane. A model wall crane is shown in Fig. 40(a). 
Its construction is similar to that of the derrick crane, and the method 
of experimenting is the same. The outline diagram is given in 



Fjg. 40.— Experimental wall crane. 


Fig. 40 (/^), and the polygon of forces in Fig. 40 (<r). These are lettered 
to correspond with those for the derrick crane, and will be followed 
readily. 

Forces acting at a point but not in the same plane. In Fig. 41 
is shown in outline a pair of sbeer legs such as is used for moying 
heavy loads. Two legs AB and BC are jointed together at the top B, 
and are hinged at the ground at A and C so as to be capable of 
rotating as a whole about the line AC in the plan. The legs are 
supported in any given position by means of a back leg DB, which is 
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jointed to the other legs at B, and has its end 1) capable of being 
moved horizontally in the direction of the line BD in the plan. The 
load W is hung from B and produces forces T, Q, Q in the three 
legs ; these are shown acting at B. It will be noted that T and W are in 
the same vertical plane, and that the two forces Q, Q are both in the 
inclined plane which has A'B' for its trace in the elevation. As the 
legs are symmetrical, the forces Q, Q will be equal, and will have a 
resultant S, which will fall in the same vertical plane as T and W, 



Draw the triangle of forces ahc by making ab represent W, and he and 
ca parallel to A'B' and B'D' respectively. Then ca gives the pull T 
in the back leg, and cb gives the force S. To obtain the forces Q, Q, 
rotate the plane of ABC about the line AC, as shown, until it lies on 
the ground, when the true shape of the triangle ABC will be seen in 
the plan as ABjC. Mark off B^E to represent S, and draw the 
parallelogram of forces BjGEF, when the equal lines GBj and FB^ 
will give the values of the equal forces Q, Q. 

A tripod is worked out in Fig. 42. Three poles AD, BD and CD 
are lashed togethcfr at their tops, and have their lower ends resting on 
the ground. Often the poles are equal in length, but for greater 
generality they have been taken unequal in the example chosen. To 
draw the plan (Fig. 42), first construct a plan of the triangular base 
ABC from the given distances between the feet of the poles. Con- 
struct the triangles AFC and BEC by making AF equal to the length 
of the pole AD, BE equal to that of BD, and CF and CE each equal 
to that of CD. It is clear that AFC and BEC are respectively the 
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12 . In a hinged structure, pieces BO and CO meet at the hinge O, and 
a force of 2 tons acts upon O in the direction AO. The angle AOB is 
115®, BOC is 15* and the angle AOC is 130® ; find the forces in the two 
pieces and say whether they are struts or ties. (B.E.) 



A B 

Fig. 46. 



Fig. 47. 


13 . There is a triangular roof truss ABC ; AC is horizontal, the angle 

BCA is 25" and BAG is 55“ ; there is a vertical load of 5 tons at B. 
What are the compressive forces in BA and BC ? What are the vertical 
supporting forces at A and C.^ What is the tensile force in AC? Find 
these answers in any way you please. (B.E.) 

14 . Each of the legs of a pair of sheer legs is 45 feet long ; they are 
spread out 23 feet at their base. The length of the back stay is 60 feet. 
If a load of 40 tons is being lifted at a distance of 15 feet, measured in a 
perpendicular line from the line joining the feet of the two legs, find the 
forces in the legs and in the backstay due to this load. (It may be 
assumed that the load is simply hung from the top of the legs.) (B.E.) 

15 . A tripod has the following dimensions : The apex point is O, and 

the lengths of the three legs AO, BO and CO are respectively i8*o feet, 
17*5 feet and 16 feet. The lengths of the sides of the triangle formed by 
the feet AB, BC and CA are 9*0 feet, 9-5 feet and 10 feet respectively. 
Find graphically, or in any other way, the forces which act down each leg 
of the tripod when a load of 10 tons is suspended from it. (B.E.) 

16 . If a rigid body be acted on by two non-parallel forces whose points 

of application are different and be kept at rest by a third force, how rnust 
this third force act, and what must be its magnitude? A straight light 
rod xys is pivoted freely at jr, and the point y is attached to a pin v, 
vertically above by a light cord ; xy is 3 feet, xv is 4 feet, yv is 2 feet, 
yz is 2 feet ; from z is hung a weight of 30 lb. Find graphically the 
tension in the cord. (I.C.E.) 

17 . If three non-parallel forces are in equilibrium, prove that their lines 

of action must be concurrent. A uniform plank AB has length 6 feet and 
weight 80 pounds and is inclined at 40® to the vertical. Its lower end A 
is hinged to a support, while a light chain is fastened *to a ring four feet 
vertically above A and to a point on the plank five feet from A. Find 
graphically, or otherwise, the tension in the chain and the magnitude and 
direction of the action of the hinge at A. (The weight of AB may be 
concentrated at the centre of the plank.) (L.U.) 

18 . Three cylinders. A, B and C, alike in all respects, are arranged 
as follows : A and B rest on a horizontal table and their curved surfaces 
touch one another. C rests on the top, its curved surface being *in 
contact with both A and B. Each cylinder weighs 6 lb. Find, by 
calculation, the mutual pressure between C and A, also what minimum 
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horizontal forces must be applied to A and B, passing through their 
axes, in order to preserve equilibrium. Frictional effects are to be 
disregarded. 

19. Three similar spheres rest on a horizontal table and are in 
contact with each other. A fourth sphere, similar to the others, rests 
on the top of the three spheres. Each sphere weighs ro lb. Find the 
pressure communicated by the top sphere to each of the other three 
spheres. Neglect frictional effects. 



CHAPTER HI. 

PARALLEL FORCES. 


Panllel forces. Confining ourselves for the present to two forces 
only, there are two cases to be considered, viz. forces of like sense 
and forces of unKke sense. To find the resultant of two parallel 
forces P and Q (Fig. 48 (a)) of like sense, the following method may be 
employed. Let the given forces act at 90* to a rod, at the points A 
and B respectively. The equilibrium of the rod will not be dis- 



FiGw 4&*-Resu]tant of two parallel forces. 


turbed by the application of equal opposite forces S, S, applied in 
the line of the rod at A and B. By means of the parallelogram of 
forces Mm, find Rj of P and S acting at A ; and by means of the 
parallelogram of forces ^e/d, find Rj of Q and* S acting at B. 
Produce the lines of Rj and Rj until they intersect at 0 , and let Rj 
and Rj act at 0 . Apply the parallelr^m of forces to find R 
of Rj and Rj. R will clewly be the resultant of P and Q, and will 
balance P and Q if its sense be reversed. By measurement it will 
be found that R is equal to the sum of P mid Q. 

The resultant of two parallel forces of unlike sense may be found 
by the same process. The constructioQ is shown for two such 
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forces, P and Q, in 48 the lettering of this diagram corre- 
sponds with diat of Fig. 48(£r), and may be followed without further 
explanation. If the diagram be measured, it will be found that R is 
equal to the difference of P and Q. 

Moment of a force. The moment of a force means tne tendency of a 
force to tum tbe body on vblcb It acts about a siyen axis. The moment 
of a given force depends upon (a) the magnitude of the force, and 
(^) the length of a perpendicular dropped from the axis of rotation 
on to the line of action of the force, and is therefore measured by 
taking the product of these quantities. Thus, in Fig. 49, the body 
is free to rotate about O, and a force P is acting 
on it. Draw CM at 90° to P, then 
Moment of P = P x OM. 

To state the units in which a given moment 
is measured, both the unit of force employed 
and the unit of length must be mentioned. 

Thus, in the above case, if P is in lb. weight 
and OM in feet, the units will be lb. -feet. Other 
units which may be used are ton-foot, ton-inch, gram-centimetre, etc. 

The sense of the moment of a force is best stated by reference to 
the direction of rotation of the hands of a clock. Thus the moment 
of a given force will be clockwise or antt-clockwise according as it 
tends to produce the same or opposite sense of rotation as that of 
the hands of a clock. 

Principle of moments. The resultant moment of two or more 
forces, all of which tend to rotate the body on which they act in the 
same sense, will be found by first calculating the moment of each 
force, and then taking the sum If some of the forces have 
moments of opposite sense, these may be designated negative, and 
the resultant moment will be found by taking the algebraic sum. 
Should the resultant moment be zero, the body will be in equilibrium 
so far as rotation is concerned. This leads to the statement that 
a body win be in equilibrium as regards rotation provided the sum of the 
dookwise moments *%ipplied to it is equal to the siun of the anti-dookwise 
moments. This is called the principle of moments. 

Example i. A horizontal rod AB, the weight of which may be ne- 
glected, has a pivot at C (Fig. 50), and has two vertical forces P and Q 
applied at A and B respectively. Find the relation of P and Q if the 
rod is in equilibrium. 

Let AC=a^ 

BC«A 



F 10, 49. " Moment of a 
force. 



4 * 


MATERIALS AND STRUCTURES 


Taking moments about C, 

clockwise moment » anti-clockwise moment, 
Qx^=Pxa, 

l_d 

Q a 

It will be seen from this result that the forces are inversely propor- 
tional to the segments into which the rod is divided by the pivot. It will 
also be evident that the equilibrant of P and Q acts through C 



Fig. so. ^ Fic. 51. 


Example 2. A horizontal rod BC, the weight of which may be ne- 
glected, has a pivot at C, and has two vertical forces P and Q of unlike 

sense applied at A and B respectively (Fig. 51). Find the relation of 
P and Q if the rod is balanced; 

Let AC-«, 

Taking moments about C, 

p Q X 

Q d 

Again we may say that each force is proportional to the distance of 
the other force from the pivot, and that the equilibrant of P and Q acts 
through C. 


Example 3. 


>rW 

°Tc_: 


(l-a)- - 


A horizontal rod AB, the weight of which may be ne* 
glected, has a weight W applied at C and is 
. supported at A and B, the reactions P and Q 
• being vertical (Fig. 52). Find P and Q. 

AC=«, 

then BC=/-a. 


Let AB=/, 

fp 

Fig. 53. 

Taking moments about B, 

Px/-W(/-<2)-h(Qxo), 



Taking moments about A, 

W x^^=(Q X /)-|-(P xo). 


.(I) 
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It is of interest to find the sum of P and Q, using their values as found 

above; thus {t-a\ a 

P + Q»:(^)W + |W 


*w 


=w 

=W. 


{(¥)-!} 

{‘-hi} 


Besnltant of two parallel forces. Examining the results of these 
examples together with what has been said regarding two parallel 
forces on p. 40, we may state that the resultant of two parallel forces 
has the following properties ; 

(1) The reBiUtaiLt Is eanal to the eim or dUtermiee of the given forces 
aeoordlng as they are of like or unlike sense. 

(2) The resultant is parallel to the given forces and acts nearer to the 
larger ; it tails between the given forces if these are of like sense and outelde 
the larger force if of unlike sense. 

(3) The perpendicular distances from the line of the resultant to the 
given forces are inversely proportional to the given forces. 


We may state properties (i) and (3) algebraically : 

R-P±Q, 

Q a 


(1) 

(2) 


A special case. The resultant of two equal parallel forces ol 
opposite sense (Fig. 53) cannot be determined from these equations. 
Here Q is equal to P, hence 


R = P-P = o, 
P _^ . 

P^'a’ 




YQ-P 


* * 

. _ _ Fig. 53»’-A couple. 

These results show that no single force can 
form the resultant»of such given forces, and we may infer from this 
that the resultant effect is to produce rotation solely. The name 
couple is given to this system. 

Besultant of a number of parallel forces. In Fig. 54 is shown a 
horizontal rod AB acted on by a number of parallel vertical forces 
^^1^ Wg, P and Q. For the rod to be in equilibrium under the 
action of these forces, the following conditions must be complied with : 

(1) the idroM most not produce any vertical movement^ either upwards 
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or downwards : (2) tbosr must not produoe any rotatlonail inoviein«iit» ^tHor 
doolcwiso or antt-clookWIse. 

The first conditioai will be satisfied provided the sum of the 
upward forces is equal to that of the downward forces ; hence 
W.+Wg + Wa-P + Q. 

The second condition will be satisfied if, on taking moments 
about any point such as A, the sum of the clockwise moments is 
equal to that of the anti-clockwise moments, hence 

WjXj + '^ 2^2 "h ^3^8 = P^ + Q^* 

Supposing that it is found that the sum of the downward forces is 
not equal to that of the upward forces, then the rod may be equilibrated 
by application of a force E equal and opposite to the difference of 
these sums ; thus E = ( Wj + + Wg) - (P + Q). 



The distance x from A at which E must be applied (Fig. 54) may 
be found by taking moments about A ; thus 

E3c « ( - (Pa -H Q^). 

Having thus found the magnitude, position and sense of E, the 
resultant of the given forces may be found by reversing the sense of E. 
We have therefore the following rules for finding the resultant of 


a number of parallel forces Pj, Pg, P3, etc. 

R = 2:p, (i) 

Rx^:^Fx, (2) 


^?x 

2 P' 


(3) 


Equation (i) will give the magnitude of R, and its position will be 
given by calculating x, obtained by taking moments about any con- 
venient point as indicated by equation (2). 
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Example i. Fbur parallel forces act on a rod AB as shown (Fig. 55 («))• 
Find their resultant 

R«x2P 

« 2 + 5 + 7+3 

“iZ sense downward. 

Taking moments about A, we have 
RJr^-'SP;^, 

17S=(2X2)+(sxs) + (7x6)+(3X7) 

=92, 

^=^=^feet. 



Example 2. Parallel forces act on a body as shown in Fig. 55 (^). Find 
their resultant 

R=2P 

= (3 + 4 + 2)-8 

=9-8 = 1 lb., of sense downward. 

It is convenient to take moments about a point O on the line of the 3 lb. 
force. 

R3F=2P:r, 

I X J=( 3 xo)+( 4 x ii)-( 8 x 4 i) + ( 2 x 6 |), 

ir= - 

The negative sign indicates that R falls on the left side of O. 

Example 3. A beam of 16 feet span rests on supports at A and B 
and is loaded as shown (Fig. 56(a)). Find the reactions of its supports. 
Taking moments about B we have 

P X i6 = (2 X I 4 )+(I X II)+ (I X 5)+(i X 3), 

P = 2765 tons. 

Taking moments about A we have 

Q X i6 = (2 X 2) + (l X 5) + (|x I l)+(i X 13), 
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To check the work we have •» ’ ' 

P+-Q-2W, 

2-765 + 1-484 =2 + I +1 + 

4.249=4-25, 

results which agree ^ithin the limits of accuracy of the answers fcHind far 
P and Q. 



Fig. 56. — Reactions of the supports of beams. 


Example 4. A beam rests on supports at A and B (Fig, 56(^)), its 
ends overhanging the supports, and the beam is loaded as shown. Find 
the reactions P and Q. 

Taking moments about B, we have 

(P X lo) + ( I X I ) + (4 X 4) = (2 X 1 3) -|-(3 X 8) -Ks X 5), 

I ioP=7S-i7, 

P==^ tons. 

Taking moments about A, we have 

(Qxio)-(-(2X3)=(4xi4)+(ixii) + (sxs)+(3X2), 
ioQ=98-6, 

Q=2;2 tons. 

To check the work, we have 

P + Q = 24’3 + 5’^"*+4> 

15=15. 

Graphicail method of finding the rearctions of a beam. The 

method will be illustrated by reference to Fig. 57, which shows a 
beam simply supported at A and B and carrying a single load W. 
Taking a base line CD projected from the drawing of the beam, set 
off CE at right angles to CD, and of length to scale to represent W. 
Join DE and project W downwards so as to intersect CD and DE in 
F and G. Taking moments about B, we have 


P/= W/y, 



From the similar triangles ECD and GFD, we have 

CE FG 
CD FD’ 
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Fig, 57. — Beam carrying one load ; leactions found graphically. 

Hence FG represents P to the same scale that CE represents W. 
The value of Q may be found from 

p + Q = W, 

Q = W-P. 

Or, by using the same construction, Q may be found by making 
DH equal to W, joining CH cutting FG in K, when FK gives the 
value of Q (Fig. 57). 



If the beam carries several loads (Fig. 58), the construction for P 
should be carried out for each load as indicated ; the total sum of the 
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intercepts will give the value of V. Q may be found by means of a 
similar construction carried out for the other end of the beam, and 
the result may be checked by comparing the sum of P and Q with 
the sum of the given loads. 

Centre of parallel forces. Let two parallel forces P and Q act on 
a rod AB (Fig. 59). Their resultant R will divide AB in the pro- 
portion P:Q = BC:AC (i) 

Let the lines of P and Q be rotated to new positions P', Q', 
without altering the magnitudes. Through C draw DCE perpen- 
dicular to P' and Q/. Then R', the resultant of P' and Q', will 
divide DE in inverse proportion to P' and Q'. Inspection of Fig. 
59 will show that the triangles ACD and BCE are similar, hence 
EC:DC=BC:AC 


= P:Q 

from (r). It therefore follows that R' passes through the same point 
C. This point is called the centare of the parallel forces P and Q. 



If there are a number of parallel forces, it will be seen easily that 
their resultant always passes through the same point, whatever may 
be the inclination of the forces. A common example of this occurs 
in the case of the weight of a body. Each particle in the body 
possesses weight, hence gravitational eflbrt on the body is really a 
large number of forces directed towards the earth’s centre, and these 
will be parallel and vertical for any body of moderate dimensions. 
It is not possible to incline the directions of the forces in this case, 
but the same effect may be produced by inclining the body. The 
weights of all particles will still be vertical, but their directions will be 
altered in relation to a fixed line AB in the body (Fig. 60 (<2 and d)). 
Supposing the line CD of the resultant weight W to be marked on 
the body in Fig. 6o(<at), and to be marked again as EF in Fig. 60 (/ 5 ), 
the intersection G of these lines of W would be the centre of the 
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weights of the composite particles. The name oastre of gravi^ is 
given to this point 

Centre of gravity by calculation. The general method of calcu^ 
lation will be understood by reference to Fig. 6r. The body is 
supposed to be a thin sheet of material. Take two coordinate axes 



OX and OY. First let OX be horizontal ; the weights of the 
particles being called o/j, ze/g* coordinates 

have, by taking moments about O, 

+ ^3 + etC.)3r = 7tf^X^ + + ^3^3 + 

Hivx 


Jt is evident that ^ 2 V gives the total weight VV of the sheet, hence 


x~ 


"W * 


(i) 


Now turn the sheet round until OY is horizontal ; the lines of 
direction of the weights will be jiarallel to OX, and, by taking 
moments about O, we have 

(7£/i + m /2 + ^3 + J + 7V^y^ + etc., 

' ^ ^7vy 


~ W'' 


(*) 


Draw a line parallel to OX, and at a distance y from it, and 
another parallel to OY at a distance x; the intersection of these 
gives the centre of gravity G. 

D.M. 


c 
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The position of the centre of gravity in certain simple cases may 
be seen by inspection* Thus for a slender straight rod or wire, it lies 
at the middle of the length. In a square or rectangular plate G 
lies at the intersection of the diagonals. 

A circular plate 1 ms G at its geometrical centre. The positicm of 
G in a triangular plate may be found by first imagining it to be cut 

into thin strips parallel to BC (Fig- 62). 
The centre of gravity of each strip will lie 
at its centre of length ; hence all these 
centres will He in DA, where D is the 
centre of BC, and hence DA contains 
the centre of gravity of the plate. In the 
same way, by taking strips parallel to AB, 
the centre of gravity will lie in CE, where 
E is the centre of AB. Hence G lies at 
the intersection of DA and CE, and it 
is< easy to show by geometry that DG is 
one-third of DA. Hence the rule that G lies one-third up the line 
joining the centre of one side to the opposite corner. 

Advantage is taken of a knowledge of the position of G in thin 
plates having simple outlines in applying equations (i) and (2) above. 
The following examples will illustrate the method. 



Fig. 62. — Centre of graWty of a 
tiiangle. 


Examplf- I. Find the centre of gravity of the thin uniform plate shown 
in Fig. 63. 

Take axes OX and OY as shown and let the weight of the plate per 
square inch of surface be w. For convenience of calculation the plate is 
divided into three rectangles as shown, the respective centres of gravity 
being Gj, G2 and G3. Taking moments about OY, we have 

w{(6x i) + (8x i)-l-(3x i)jl'=7£<6x r x 3) + 7c'(8 x i x^)-f7e/(3X i x ij), 



= 1-56 inches- 

Again, taking moments about OX, we have 

I7j = (6x I x9j) + (8x I X 5H(3>« I 



= 5*8 inches. 


Example 2. A circular plate (Fig. 64) 12 inches diameter has a hole 
3 inches diameter. The distance between the centre A of the plate and 
the centre B of the hole is 2 inches. Find the centre of gravity. 
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Take AB produced OX, and take OY tangfential to the circumference 
of the plate. It is evident that G lies in OX. Taking moments about 
OY, we may say that the moment of the plate as made is equal to that of 



Fig. 63. 



the solid disc diminished by the moment of the material removed in 
cutting out the hole. Let w be the weight per square inch of surface, D 
the diameter of the plate and d that of the hole. Then 


Weight of solid disc 
Weight of piece cut out 
Weight of plate as made — 


ttO* 

1 )2^ 
4 ” 


f) 




Take moments about OY, and let OG=.r, 

(D® - d‘^)x= ^ - X 6^ - ^ 

828 . . , 

^ ==-“ =6-13 inches. 

« 135 — ^ 


ird^ 

W—-X4 

4 


> 


Other cases of symmetrical solids which may be worked out by 
application of the same principles are given below. 

Any uniform prismatic bar has its centre of gravity in its axis, at 
the middle of its length. 

A solid cone or pyramid has the centre of gravity one-quarter up 
the line joining the centre of the base to the apex. 
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A cone or pyramM open at the base and made of thin sheet metal 
has Its centre of gravity one-third up the line joining the centre oi 
the base to the apex. 

Graphical method for finding the centre of gravity. The follow- 
ing method of finding G by construction 
in the case of a thin sheet (Fig. 65) 
is sometimes of service. Join and find 
the centres of gravity q and 
triangles abd and cbd\ join r/g* Again, 
join ac^ and find the centres of gravity 
and ^4 of the triangles abc and ad€\ join 
^3 and cutting CyC^ in G, the centre of 
gravity of the sheet 

States of eauilihriiun of a body. The equilibrium of a body will 
be Btame, unstable or neutral, depending on whether it tends to return 




to its original position, to ca[>size, or to remain at rest when it is 
slightly disturbed from its original position. A body at rest under 
the action of gravity and supporting forces 
depends for its state of equilibrium on the 
situation of its centre of gravity. A cone 
gives an excellent example of all thrtie 
states ; when resting on its base on a hori- 
zontal table the equilibrium is stable 
(Fig. 66(a)), for on slightly disturbing it 
(F'ig. 66 (Z)), R and W conspire to return 
it to its original position. If resting 
on its apex, the equilibrium is unstable 
(Fig. 66 (r)) ; a slight disturbance (Fig. 

66 (^) shows that R and W conspire to overthrow it, if resting on 
its curved surface on a horizontal table (Fig. 67), the equilibrium is 



Fig. 67, — Neutral equilibrium. 
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neutral, for, no matter v^at the position may be, R and W act in 
the same vertical line, and so balance. 

Beactions of the supports of a beam. In calculating the moment 
of the weight of a given body about a given axis, we may imagine 
that the whole weight is concentrated at the centre of gravity. This 
enables us to deal with problems on beams carrying distributed loads. 
The following example will make the method clear. 

Example. A beam is supported at A and B (Fig. 68). fhe section 
of the beam is uniform and its weight is 200 lb. per foot run. It carries 


1 

q' ^ 

“ — - 




1 ' .G. 1 

1 

V 

I 

1 

t 

Iw 

.p Q> 1 

10' ^ 


Fig. 68. — Reactions of the supi>orts of a beam. 


a load of 500 lb, per foot run uniformly distributed over 9 feet of the 
length as shown. Find P and Q. 

The centre of gravity of the beam lies at Gj at a distance of 7 feet 
from B, Gg is the centre of gravity of the distributed load, and lies at 
9^ feet from B. 

Total weight of beam=Wi = 20ox 14=2800 lb. 

Total weight of load =W2 = 5oo x 9 =4500 lb. 

Apply Wj at Gj and W.^ at and take moments about B to find P : 

Pxio = (WiX7)+(W.2X9i), 
p ^ <2800 x7) +(4500x9^) 

10 

= 6235 lb. 

Again, take moments about A to find Q ; 

Qx io=(W,X3)+(W2xiX 

O _(^8oo x 3)4- (4500 xj) 

= 1065 lb. 

Checking the results, we have 

P + Q^Wi + Wg, 

6235 + 1065 = 2800 4- 4500, 

7300 = 7300. 

Parallel forces not in the same plane. In Fig. 69 are shown four 
bodies, one at each corner of the horizontal square ABCD. The 
weights of these bodies act vertically downwards, and hence are not 
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all contained in the same vertical plane, denoting the weights of the 
bodies by W^, Wb, Wc and we may proceed to find the centre 
of gravity in the following manner. The resultant weight (W^ + W^) 
of the weights at A and B will act at Gj , which divides AB in inverse 
proportion to a^d Wj, ; i\e, 

i GiB:G,A = Wx:Wb. 

In the same way, the position of Gg where the resultant (Wc + Wd) 
of Wc and Wd acts may be found from : 

GaDrGgC-Wc: Wd. 

The resultant weight of all four bodies is equal to 
(W>, + Wb + Wc + Wd) 

and will act at G which may be found from the following proportion 
Gfi : Gfi = (W^ + Wb) : (Wc + Wd). 




Having thus determined the position of G, we may invert the 
problem and state the results in this way. Let ABCD be a square 
plate supported on legs at A, B, C and D. Let a weight having a 
magnitude (Wa + Wb + Wc + Wd) be placed at the point G, the 
position of which has been calculated as above, then it will be evident 
that the pressure on the legs owing to this single load will have 
respectively the values given in the first problem, viz. W^, Wg, Wc 
and Wp. Strictly speaking, this problem is ind/Herminate, depend- 
ing, as it does, on the exact equality of length of the legs, on their 
elastic properties and on the levelness of the floor on which they 
r^itst. A table having three legs gives a problem capable of exact 
solution independent of these conditions. 

Given a table resting horizontally on three legs at A, B and C, as 
shown in plan in Fig. 70. Let a weight W be placed at any point 
G, and let it be required to find the pressure on each leg due to W. 




PAKALLEI- forces 


55 


It will be noticed that if one of the legs, say A, be lifted slightly, the 
table will rotate in a vertical plane about the line BC. This indicates 
that the pressure on A may be calculated by taking moments about 
BC. Draw GM and AN perpendicular to BC, and let Pa be the 


reaction of the leg A ; then, 
P^x AN-=WxGM, 


In the same way, Pb may be 
found by taking moments about 
AC, and Pc by taking moments 
about AB. The results may be 
checked from 

PA + PB^-Pc-W. 

Expt. 6. — Principle of moments. 
Fig. 7 1 shows a wooden disc which 
is free to rotate about its centre 
on a screw driven into a wall 



Fic. 71. —Api^ratus for illustrating the 
principle of moments. 


board. Attach cords to various points on the face of the disc and 
apply different forces by means of weights as shown. Let the disc 
come to rest under the action of these forces, and test the truth of 
the principle of moments by calculating the sum of the clockwise 
moments and also that of the anti-clockwise moments. 


Expt. 7. — BeacUons of a beam. Fig. 72 shows an apparatus con- 
sisting of a wooden beam supported by means of two hanging spring 



Fig. 73.— Apparatus for determining the reactions of a beam, 

balances. Apply various loads and calculate the reactions of the 
supports. Make allowance for the weight of the beam and also 
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for any distributed loads by concentrating » them at their respective 
centres of gravity. ^ Repeat the experiment with altered loads and 
different positions of the points of support. Make 
a table showing in each case the calculated 
I reactions and also those read from the spring 

I balances. 


A 





Ow 

Fig. 73. —Experiment 
on the centre of gravity 
of a sheet. 


Expt. 8, — Centre of gravity of sbeete. The 
centre of gravity of a thin sheet may be found by 
hanging it from a fixed support by means of a 
cord AB (Fig, 73) ; the cord extends downwards 
and has a small weight W, thus serving as a 
plumb-line. Mark the direction AC on the sheet 
and then repeat the operation by hanging the 
sheet from D, marking the new vertical I)E. G 
will be the point of intersection of AC and DE. 
Carry out this experiment for the sheets of metal 
or millboard supplied. 


Expt. 9. — Centre gravity of a solid body. The centre of gravil> 
of a body such as a connecting rod (Fig. 74) may be found by 
balancing it on a knife edge, which may be arranged easily by use 
of V blocks and a square bar of steel. G will lie vertically over 



Fig. 74,— Experiment on the centre of gravity of a solid body. 


the knife edge when the rod is balanced. Carry out this experiment 
on the bodies supplied, in each case making a sketch of tht^ body and 
recording on the sketch the dimensions necessary for indicating the 
position of G. 


EXERCISES ON CHAPTER III. 

1 . A uniform horizontal rod AB is pivoted at its centre C, and carries 
a load of 1 2 lb. at D and another of 20 lb. at E, D and E are on 
opposite sides of C, CD and CE being 8 inches and i finches respectively. 
If balance has to be restored by means of a 14 lb. weight, find where it 
must be placed. What will be the reaction of the pivot ? 

2 . A rod AB carries loads of 3 lb., 7 lb. and 10 lb. at distances of 2 
inches, 9 inches and 1 5 inches respectively from A. Find the point at 
which the rod will balance. Neglect the weight of the rod. 

3 . Fig. 75 shows an arrangement of a right-angled bent lever ABC 
carrying a load of 40 lb. AB and BC are 12 inches and 3 inches respec- 
tively and AB is horizontal. C is connected by a horizontal link C£ to a 
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vertical lever DF, which fa pivoted at D. DF and DE are 15 inches 
and 3 inches respectively. The arrangement is balanced by a cord FG 
passing over a pulley at G and carrying a load W. Find W, neglecting 
the weights of the various parts and alsp friction. 

A lever safety valve for a steam boiler has the following dimensions ; 
Diameter of valve, 3 inches ; distance from fulcrum to valve centre, 4 i 
inches ; weight of valve and its attachment to the lever, 4J Ib ; distance 
from fulcrum to centre of gravity of the lever, 14 inches ; weight of 
lever, 7 lb. The weight on the end of the lever is 90 lb. Find its 
distance from the fulcrum if the valve is to open with a steam pressure 
of 70 lb. per square inch. 

5 . A uniform beam 20 feet long weighs i J tons, and is supported at 
its ends A and B. A uniformly distributed load of ^ ton per foot run 
extends over 10 feet of the length measured from A, and a concentrated 
load of 3 tons rests at a point 4 feet from B. Find the reactions of the 
supports by calculation. 



6. A beam 18 feet span carries loads of 2 tons, 4 tons and 8 tons at 
distances measured from one support of 3 feet, 8 feet and 12 feet respec- 
tively. Find graphically the reactions of the supports. Neglect the weight 
of the beam. 

7 . A uniform beam weighs 2 tons and is 24 feet long. It is supported 
at a point A 6 feet from one end, and at another point B 4 feet from the 
other end. There is a concentrated load of tons at each end and 
another of 3 tons at the middle of the beam. Find the reactions of the 
supports by calculation. 

8. Three weights of 4 lb., 8 lb. and 12 lb. respectively are placed at 
the corners A, B and C of an equilateral triangle of 2 feet side. Find the 
centre of gravity. 

9 . A letter L is cut out of thin cardboard. Height, 3 inches ; 
breadth, 2 inches ; width of material, J inch. Find the centre of gravity. 

10 . A solid pyramid has a square base of 3 inches edge and is 
5 inches high. It rests on its base on a board, one end of which may 
be raised. The edges of the base of the pyramid are parallel to the 
edges of the board, and slipping is prevented by means of a thin strip 
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nailed across the board. Find, by drawing or otherwise, the angle which 
the board makes with thte horizontal when the pyramid just tips over. 

11 . A flat equilateral triangular plate of 4 feet side is supported horizon- 

tally by three legs, one at each corner. A vertical force of 1 1 2 pounds is 
applied to the plate at a point which is distant 3 feet from one leg and 
18 inches from another. Determine the compressive force in each leg 
produced by this load. (B.E.) 

12 . A scale-pan of a balance with unequal arms is weighted in such a 

way that the beam is horizontal when no masses are placed in the pans. 
A body when placed in the two pans successively is balanced by masses 
P and Q in the opposite pans. Prove that its mass is \/PQ. (L.U.) 

13 . A horizontal platform is supported on three piers ABC forming a 
triangle in plan. AB*s6feet; AC = 8 feet; BC=8 feet. The centre of 
gravity of the platform and load earned is distant 5 feet from A and 
4 feet from B. Find the proportion of the load carried by each of the 
three piers. Show that, if there were four piers instead of three, the 
reactions could not be determined without further information (l.C.E.) 



CHAPTER IV. 


PROPERTIES OF COUPLES. SYSTEMS OF UNIPLANAR 
FORCES. 


Moment of a couple. Consider the couple formed by the equal 
forces ?! and (Fig, 76). I^t d be the perj)endicular distance, or 


arm, between the lines of the forces. 
It may be shown, by taking moments 
in succession about several points A, 
B, C, D, that the moment of the couple 
ia the same about any point in its plane, 
ana is sives by FO. 

Thus, taking moments about A, we 
have 

Moment of the couple 

= {PlX0)-(P,Xrf) 

(0 



Fig, 76.— a coaple has the same moment 
about any point in tts plane. 


the negative sign indicating an anti-clockwise moment 
Taking moments about B, we have 

Moment of the couple = (Po x 0) - (P^ x d) 

= -V- (2) 

Taking moments about C gives 

Moment of the couple = - (P, x a) - Pp(i/ - a) 

= (3) 

Taking moments about D, we have 

Moment of the couple = (P2 x l>) - P^ {d + 6 ) 

= -iV- (4) 


As the forces are equal, the four results arc identical, thus proving 
the proposition. 

Bquilibrant of a couple. It has been seen (p. 43) that no single 
force can be the resultant of a couple, hence no single force can 
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equilibrate a couple. It will now be shown that another Qomae ol 
equal opposite moment applied In the same planOi or in a parallel plane, 
will balance a given couple. 

In Fig. 77 are shown two couples, one having equal forces and 
and the other conple having equal forces and Qg Produce 

the lines of these forces to intersect 
at A, B, C and D, and let a and b be 
the arms of the P and Q couples 
tespectively. From A draw AM and 
AN perpendicular to and Q, re- 
spectively. Then AM = n, and AN b. 
The triangles AMC and AND are 
similar, hence 

AC:AM-AI): AN, 

AC: AD=AM: AN 

— a\ b (i) 



Now if the couples have equal moments, w^e have 

Va = Q^, 

or Q:P = a:/5 ( 2 ) 

Hence, AC and AD may be taken to represent Q and P respec- 
tively to some scale of force. 

As ACBD is a parallelogram, it follows that the resultant of P^ 
and Qj acting at B will be Rj = AB. 

Also the resultant Rg of Pg and Q .2 acting at A will be 

Rg^BA. 



Fig. yS.— Fiqiial opposing cuuples in parallel planes are in equilibrium* 


As Rj and Rg are equal, opposite, and in the same straight line, 
they balance; hence, the given couples are in equilibrium. We 
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may therefore state that couples of equal opposite moment acting 
in the same plane are in equilibrium, and either couple may be 
said to be the equilibrant of the other couple. 

In Fig. 78 is shown a rectangular block having equal forces 
and Pg applied to its vertical front edges AD and CB, and other 
equal forces and Pg applied to the vertical back edges FG and 
HE. Let these forces be all equal, when the block will have a pair 
of equal opposite couples acting in j>arallel planes. That these 
couples balance may be seen by taking the resultant of the 
forces Pj, P|, and also the resultant Rg of the other equal pair 
Pg, Pg. These resultants are equal and opposite and act in the 
same straight line, and hence are in equilibrium. 

Besultant of a couple. We have now seen that a couple can be 
balanced by the application in the same plane, or in a parallel plane, 
of a second couple having an equal opposite moment. Supposing 
the forces of the second couple to be reversed in sense, it is evident 



Fig. 79. — Single-handed tap wrench. Fig. 80, — Double-handed lap wrenchf 


that the effect of this couple on the body will be identical with that 
of the first couple. We may say now that either couple Is the resultant 
of the other, i.e, the effect on the body as a whole will be the same, 
no matter which couple be apiplied to it. 

7 'his proposition may be stated in a different way, viz. a couple 
may be moveU from any given position to another position in the same 
plane or In a parrllel plane, without thereby altering Its effisct on the body 
as a whole. 

Owing to the equality of the forces forming a couple, the applica- 
tion of a couple to any body will not tend to move it in any 
direction, but will merely tend to set up rotation. For example, 
in tapping a hole, the use of a single-handed tap wrench (Fig. 79) 
will tend to bend the tap and to spoil the thread ; a double-handed 
wrench enables a couple to be applied giving pure rotation to the 
tap (Fig. 80). It is evident that the same turning effort may be 
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obtained by means of small forces and a large arm, or by larger 
forces and a smaller arm, a fact which we may state as follows : The 
foroee of a ooaple may he altered in magnitude provided the arm he altered 
so as to mahe the moment the same as at first 

The case of a ship having screw propellers affords an example of 
the Imlancing of couples in parallel planes. Referring to Fig. 8i, 
couples are applied to the shaft at A by the engines and, neglecting 
the friction of the bearings, these couples are balanced by an equal 
opposite couple produced by the resistance of the water acting on 



the propeller at E. The planes of these couples are perpendicular 
to that of the paper and hence are parallel. The distance of A 
from E is immaterial so far as the equilibrium of the couples is 
concerned ; nor does the diameter of the propeller affect the problem 
of equilibrium. 

The law that every force must have an equal opposite force may 
now be extended by asserting that it is impossible for a couple to act 
alone ; there must always be an equal opposite couple actiug in the same 
plane, or in a parallel plane. 

Substi^tion of a force and couple for a given force. In Fig. 82 
is shown a body having a force applied at A. We will suppose 
that it would be more convenient to 
have the force aj)plicd at another point 
B. Apply equal opposite forces P^, 

Pg, to B, each equal to Pj and in a 
line parallel to Pj ; these will be self- 
balancing and will therefore not affect 
the equilibrium of the body. Let^4?e 
the perpendicular distance between 
and P2. Pj and the ec^ual downward 
force Pg at B form a couple, the moment 
of which is this couple may be 

moved to any convenient situation in the plane, leaving the upward 
force P^ at B. A given force is therefore equivalent to a parallel equal 
fbroe of like sense together with a couple having a moment obtained as above. 



Fifi. 8a.— Transference of a force to a 
line parallel to the given line of action. 
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Substitution of a force for a given force and a given couple. 

In Fig. 83 we have given a force 
couple Q, Q, having an arm d. 

The moment of the couple is Q^/. 

Alter the forces of the couple so 
that each new force P', P' is equal 
to P, the new arm a being such that 

P'a = Q^jr. 

Apply the new couple so that 
one of its forces acts at A, in the 
same line as P, and in the opposite 
sense. These forces balance at A, 
leaving a single force P' acting at a perpendicular distance a from 
the given force P. 

Example i. A single-handed tap wrench has a force of 30 lb. applied 
at a distance of 15 inches from the axis of the tap (Fig. 84). The centre 
line of the wrench is at a height of 5 inches above the face of the work 
being tapped. Find the moment of the couple acting on the tap and also 
the moment of the force tending to bend the tap. 

Transferring P from A to B gives a force P acting at B, together with 
a couple having a moment given by 

Moment of couple ==PxAB 

= 3ox 15 =450 lb. -inches. 

The force P acting at B tends to bend the tap about C- To calculate 
its moment we have 

Moment of P = P x BC 

= 30 X 5 = 150 Ib.-inches. 


Fig. 64. Fic. 85. 




P acting at A, together with a 



Example 2. A bent lever ACB (Fig. 85) is pivoted at C, and has 
forces P and Q applied at A and B respectively. Find the resultant 
turning moment on the lever and also the resultant force on the pivot. 
The solution may be obtained by drawing the lever to scale. Transfer 
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P and Q to C as shown, giving forces P's=P and Q'=0 acting at C, 
together with a clockwise couple QxCN and an anti- clockwise couple 
P X CM, CN and CM being perpendicular to Q and P respectively. The 
resultant turning moment may be calculated by taking the algebraic sum 
of the couples, thus 

Turning moment=(Q x CN)-(P x CM). 

This moment will be clockwise if the result is positive. 

To obtain the resultant force on the pivot, apply the parallelogram ot 
forces as shown to find the resultant of P' and Q' acting at C. R gives 
the required force. 

Equilibrium of a system of uniplanar forces. Any system of forces 
acting in the same plane will be in equilibrium provided (a) tbere is 
no tendenoy to produoe translational movement, (fi) there is no tendency to 
lotato the body. These conditions may be tested either by mathe- 
matical equations or by graphical methods. To obtain the necessary 
equations we may proceed as follows. 

In Fig. 86, four forces Pj, Pg, P3, P4, are given acting in the 
plane of the paper at A, B, C and D respectively. Take any two 

yI 



Fig. 86. — A system of uniplanar forces. 

rectangular axes OX and OY in the^same plane and take components 
of each force parallel to these axes. Calling the angles made by 
the forces with OX and a^, the components will be 

(see p. 23) : 

Components parallel to OX : Pj cos a^, Pg cos Pg cos a^, P4 cos 
Components parallel to OY : P^sinaj, PgSinag, Pgsinag, P^sina^. 
These components may be substituted for the given forces, l^ow 
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transfer each component so that it acts at O instead of in its given 
position* This transference will necessitate the introduction or a 
couple for each component transferred. Let and yi be the 
coordinates of A, and describe similarly the coordinates of B, C 
and D. The couples required by the transference of the components 
of Pi will be (Pi cos and (Pj sin ; the other couples may be 
written in the same manner, giving 
Couples parallel to OX : 

(?! cos (Pg cos a^)y2y (^s COS a3)jg, (P^ COS 

Couples parallel to OY : 

(PiSina^)A?i, (P2sina2)x2, (Pgsin ag)A:3, (I^sin a4):r4. 

The couples parallel to OX may be reduced to a single resultant 
couple by adding their moments algebraically. Similarly, those 
parallel to OY may be reduced to a single couple, giving 

Resultant couple parallel to OX = S(Pcos a)j. 

Resultant couple parallel to OY = S(Psin a)x. 

Fig. 87 shows the reduction of the given system so far as we have 
proceeded, which now consists of a number of forces acting in OX 

^ 

Couple * Z(Pcos^y. 

j i 

CoufJ** 2j(psin«^ 

{ Pjcococa R.0Ma4 

gt...i j I < > .■■■ „ 

P.coaac, Pjcotcif * 

Fig. 87.— a system equivalent to that in Fig, 86. 

and OY, together with two couples. For equilibrium, there must be 
no tendency to produce movement in a direction parallel to OY, 

hence the algebraic sum of the forces in OY must be zero. This 

condition may be written : 

2 Psina = o. (i) 

At the same time there must be no tendency to produce movement 
in a direction parallel to OX ; hence the algebraic sum of the forces 
in OX must be zero, a condition which may be written : 

2 P cos a a= o (2) 


sui cC^ 
stnocg 
Pg sincc^ 
P, sin oc, 
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Further, there must be no tendency to produce rotation, a condition 
which may be secured provided (i) each of the couples is zero, in 
which case vj^p a) jr -f 2(P cos a)j); == o ; 

or, (ii) the couples may be of equal moment and of opposite sense of 
rotation, in which case their algebraic sum will again be zero. Hence 
the complete condition of no rotational tendency may be written : 

sin a)^ + 2 (P cos a)^ = o (3) 

These equations (i), (2) and (3) being fulfilled simultaneously serve 
as tests for the equilibrium of any system of uniplanar forces, A 
little judgment must be exercised in the selection of the coordinate 
axes OX and OY in any particular problem so as to simplify the 
subsequent calculations. 

Example. A roof truss, 20 feet span, 5 feet rise (Fig. 88), has a 
resultant wind pressure of 2000 lb. acting at C, the centre of the right* 




hand rafter, in a direction perpendicular to that of the rafter. The truss 
is bolted down to the support at B, and rests on rollers at A, so that 
the reaction of the support at A is vertical. Find the reactions of the 
supports. 

In this case, BX and BY are the most convenient coordinate axes. 
First find H and V, the components of the load parallel to these axes, by 
drawing the triangle of forces adc, Tliis triangle is similar to the triangle 
DBE, hence H : 2000 = 5 : ^^25, 


tt ioooo ,, 

^= 71 .- 182^95 lb. 

V :2 ooo=io:n/i 25, 

V— 1790 lb. 

Let P and Q be the reactions of the supports, and let Qm and Qv be 
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the components of Q parallel to BX and BY respectively. Then, from 


the equations of equilibrium, we have 

2 Psina*s=o; hence, P4-Qv — V=o, 

or P-f Qv=i 79 o lb (i) 

2 P cos a=o ; hence, Qh - H =0, 

or QH = 895 lb (2) 


2 (Psina)jr+ 2 (Pcosa\y=o ; hence, (P X20)-(V x 5)-'(H x 2^)~o. 

It will be noted that the last equation is obtained by taking the algebraic 
sum of the moments of all the forces about B Reducing it, we have 
20P = ( 1 790 X 5) + (895 X 2^), 


( 3 ) 

Substitution of this value of P in (i) gives 
559 * 4 +Qv = i 79 o« 

Qv = 1230-6 lb (4) 

To find Q, we have Q = VQh^+Qv‘'* 

=^2311000 

=L 5 ^ib (5) 


To find the angle a which Q makes with the vertical, we have 

tan a = ^ 
vUv 

= J 95 _ 

1230-6 

=0.727 ; 

a=36^ I'. (6) 

Graphical solution by the link polygon. A convenient method of 
determining graphically the equilibrant of a system of uniplanar forces 
will now be explained. It is required to find the equilibrant of the 
given forces P|, Pg P3 ^9 (^))- I'ake any point A on the line 
of Pj, and proceed to balance by the appliaition of any pair of 
forces and /2 intersecting at A. 'The triangle of forces abO 
(Fig. 89 (/^)), in which 

Pi : • pi~ab \bO \ Oa, 

will determine the magnitudes of p^ and /g- Imagine p^ and /g 
be applied at A (Fig. 89 (a ) ) through the medium of bars, or links, 
one of which, AB, is extended to a point B on the line of action of 
P2. To equilibrate this link, it must exert a pull p^ at B equal and 
opposite to the pull it gives to A. 

The forces and acting at B may be equilibrated by the 
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application of a Ihird force /g at B, /g being found in direction and 
magnitude from the triangle of forces Ofic (Fig. 89 (^)), in which 

P2 • ^2 ’^8 “ 

Let /g be applied at B (Fig. Sg(a)) by means of a link BC, 
intersecting Pg at C and exerting at C a force equal and opposite to 
that which it exerts on B. 

The forces /g and Pg acting at C are now equilibrated by means of 
a force applied at C, /4 being found from the triangle of forces 
Oed, in which Qr : cd : dO, 

Let the force be applied at C by means of a link, and let this link 
and that in which acts intersect at D. Each link will exert a force 
at D equal and opposite to that which it communicates to A and C 



respectively. The forces /j and thus acting at D maybe equilibrated 
by means of a third force E applied at D, E being found from the 
triangle of forces Oda^ in which 

^4 : R : = Od : da : aO. 

It will now be seen, by reference to Fig. 89(a), that eaoli of the given 
forces Is balanced, that the closed link polygon A BCD is in equiUbrium, 
and that the force E is also balanced. It therefore follows that the forces 
and E are in equilibrium. 

Reference to Fig. Sg(fi) will show that aded constitates a closed polygon 
of ibroes for P^, Pg, P3 and E, and that the lines drawn from O to a, 
c and d are parallel respectively to the links in Fig. 89(a). As we 
had a liberty of choice of the directions of the first two links, viz. DA 
and AB, and as these diiections, once chosen, settled the position of 
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the point O in Fig. 89 we infer that the position of O is immaterial, 
the only effect of varying its position being to change somewhat the 
shape of the link polygon without altering the final value or position 
of £. It should ^so be noted that each link in Fig. 89(a) is parallel 
to the line from O in Fig. 89 (^) which falls between the sides of the 
force polygon representing the two forces connected by the link in 
Fig. 89(a). Thus, AB in Fig. 89(a) is parallel to in Fig. 89 (^), the 
latter falling between ab and be which represent Pj and Pg respectively. 

In practice, Bow^s notation is employed. Some examples are given 
to illustrate the method. 

Example i. Given three forces of 3 tons, 4 tons and 2 tons respectively, 
find their equilibrant (Fig. 90(a)). 

The principles on which the solution is based are, as has been found 
above, (a) the force polygon must close, {b) the link polygon must close. 



Naming the spaces A, B and C, and placing D provisionally near to the 
force of 2 tons, draw the force polygon A BCD (Fig. 90 (^)). The closing 
line DA gives the direction, sense and magnitude of the equilibrant. To 
find its proper position, take any pole O (Fig. 90 (^)), and join O to the 
corners A, B, C, D of the force polygon. Choose any point a on the line 
of the 3 tons force. In space A draw a line ad^ of indefinite length, 
parallel to OA in Fig. 90 (^). In space B draw a line ab parallel to OB ; 
and, in space C a line be parallel to OC. From c draw a line parallel to 
OD to intersect that drawn from a in the point #/. Then E passes through 
and may now be shown completely in Fig. 90 (a). 

Example 2. Four forces are given in Fig. 91 (a); find their resultant. 
The method employed consists in first finding the equilibrant and then 
reversing its sense. This example is of slightly greater complication, but 
the working does not differ from that illustrated above. In Fig. 91 
ABCDE is the force polygon, the closing side EA represents the equili* 
brant, hence AE represents the resultant. The [>osition of the equilibrant 
is found by drawing the link polygon abede^ having its sides parallel to 
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the lines radiating from any pole O in Fig. 91 (d). The intersection of eite 
and gives a point e on the line of action of R. 



Example 3. Given a beam carrying loads as shown (Fig. g2(a)); find 
the reactions of the $upports. 

In this case, as all the forces are parallel, the force polygon becomes a 
straight line. The reactions AB and GA being unknown, begin in space 
B and draw the sides of the force polygon as BC, CD, DE, EF and FG. 
The corner A of the force polygon will fall on BG, and, its position having 
been determined, the segments GA and AB will give the magnitudes 
of the reactions. Choose any pole O and join it to the known corners 
of the force pKjlygon, viz. B, C, I), E, F, G. Start constructing the polygon 
from a point a on the line of the left-hand reaction (Fig. 92(a)) by 

B d|e^F 


(oj 


Fig. 92. — Reactions of a beam by the link polygon method. 

drawing ab parallel to OB in the space lying between the reaction AB and 
the force BC. Then draw bc^ cd^ de^ ef respectively parallel to OC, OD, 
OE, OF. Fromy; a point on the force FG, a line fg has to be drawn to 
intersect the reaction GA ; as these forces aie in the same straight line, it 
is clear that fg is of zero length, and that the link polygon will conse- 
quently have a side short. Complete the link polygon by drawing fa^ and 
draw OA (Fig. 92(b)) parallel to fa. The magnitudes of the reactions 
may now be scaled as AB and GA. 
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£xpt. lo. — Bqniutittiim of two equal opiioaliig oouplea. In Fig. 93 is 
shown a rod AB hung by a string attached at A and also to a hxed 
support at C By means of cords, pulleys and weights, apply two 
equal, opposite and parallel forces P, P, and also another pair Q, Q, 
Adjust the values so that the following equation is satisfied ; 

PxDE-QxFG. 

Note that the rod remains at rest under the action of these forces. 

Repeat the experiment, inclining the parallel forces P, P, at any 
angle to the horizontal, and inclining the parallel forces Q, Q, to a 
different angle, but arranging that the moment of the P, P, couple is 
equal to that of the Q, Q, couple. Note whether the rod is balanced 
under the action of these couples. 

Apply the P, P, couple only, and ascertain by actual trial whether 
it is possible to balance the rod in its vertical position as shown in 
the figure by application of any single force. 



Expt. II, — Couples acting on a door. Fig. 94 shows a board which 
may be taken as a model of a door hung on two hinges. The 
equal forces W and P form a couple, which is balanced by the equa^ 
opposing couple Q, Q, Weigh the board, measure a and and 
calculate Q from 

Apply the forces as shown and note whether the door is in 
equilibrium. 

Expt, 12. — ^Unic polygon. Fig. 95 (a) shows a polygon ABODE A 
made of light cord and having forces P, Q, S, T and V applied as 
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shown. Let the arrangement come to rest. Show by actual draw* 
ing (a) that the force ik)lygon cUtcdea closes (Fig. 95 (^)), its sides being 



drawn parallel and proportional to P, Q, S, T and V respectively; 
{b) that lines drawn from b, r, d and e parallel respectively to AB, 
BC, CD, DE and EA intersect in a common pole O, 

Expt. 13. — Hanging cord. A light cord has small rings at A, B, C 
and D and may be passed over pulleys E and F attached to a wall 
board (Fig, 96 (<3)). Weights W^, Wg, Wj and may be attached to 



Fio. 96. — A hanging cord. 


the rings, and P and Q to the ends of the cord. Choose any values 
for Wp Wg, Wg and and draw the force polygon for them as 
shown at abcde. Choose any suitable pole O, and join O to a, b^ r, d 
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and e. Oa and Oe will give the magnitudes of P and Q respectively. 
Fix the ring at A to the board by means of a bradawl or pin ; fix the 
pulley at E so that the direction of the cord AE is parallel to Oa ; 
fix the ring at B by means of a pin so ^hat the direction of the cord 
AB is parallel to OA Fix also the other rings C and D, and the 
pulley at F so that the directions of BC, CD and DF are parallel to 
rO, dO and eO respectively. Apply the selected weights Wj, Wg, Wg 
and W4, and also weights P and Q of magnitude given by Oa and 
O^. Remove the bradawls and ascertain if the cord remains in 
equilibrium. 

Expt. 14. — Hangina drain. Fig. 97 (a) shows a short chain iVCB in 
equilibrium under the action of forces V^, Vg, and Hg applied by 
means of cords, pulleys and weights. Find these forces by calcula- 
tion, as indicated below, first weighing the chain, and apply them as 
shown in the figure so as to test for the equilibrium of the chain. 



Let D = the proposed dip or deflection of the chain in inches. 

S = the span AB in inches. 

It should be noted that D should not be too large when compared 
with S. Both may be measured conveniently by first stretching the 
chain between the two marked positions A and B on the wall board 
and then taking the required dimensions. It is assumed that A and 
B are on the same level. 

Imagine the chain to be cut at its centre C, and consider the 
equilibrium of the right-hand half (Fig. 97 (<^)). The weight of the 
whole chain being W lb., the weight of the half considered will be 
and will act at the centre of gravity G, which may be assumed 


to be at - horizontally from B provided D is not too large. As a 
4 

chain can only pull, the force H at C must be horizontal. Hence 
the portion BC is at rest under the action of two equal opposing 


74 


MATERIALS AND STRUCTURES 


couples, one formed by the equal forces Vg and JW and the othei 
by the equal forces H and Hg, Hence 

Vj=|w (t; 


and 

HjxD = JWx-, 

4 


CHT 

„ ws 
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EXERCISES ON CHAPTER IV. 

1. A wooden gate weighs lOo lb., and has its centre of gravity situated 
21 inches from the vertical axis of the hinges. The hinges are 24 inches 
apart vertically, and the vertical reaction required to balance the gate is 
shared equally between them. Calculate the magnitude and direction of 
the reaction of each hinge and show both reactions in a diagram. 

2 . A square plate of 2 feet edge has forces of 2, 3, 4 and 5 lb. applied 
as shown (Fig. 98)* Find the force required in order to balance tlie 
plate. 

3 . A plate having the shape of an equilateral triangle of 3 feet edge 
has forces of i, 2 and 3 lb. applied as shown (Fig. 99). Find the resultant 
force on the plate. 



F ic. 98. 



4. Suppose the plate in Question 3 to have equal forces of 2 lb. each 
applied along the edges in the same manner as before. What must be 
done in order to keep the plate in equilibrium ? 

5 . A uniform beam 12 feet span and 18 inches deep weighs 900 lb. 
A load of^2 tons is applied to the top surface 
at 3 feet from the right-hand support at an 
angle of 45* to the horizontal (Fig. 100). 
Suppose the left-hand reaction to be vertical, 
and calculate the reactions of the supports. 

6. A beam AB rests against walls at A 
and B (Fig. loi). Vertical loads of 400 lb. 
and 600 lb. trisect the beam. Suppose the 
reaction at A to be horizontal, and calculate the reactions at A and B 
Neglect the weight of the beam. 



Fig. 100 . 
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7 . A triangular frame 15 feet span and 5 feet high (Fig. 102) carries 
loads of 400 lb. bisecting AC, 600 lb. at C and 800 lb. bisecting BC at 
right angles. The reaction at B is vertical Find the reactions of the 
supports by calculation. 



8. Prove that two couples of equal opposing moment, acting in the 
same plane, balance. 

9 . Show how a force acting at a given point may be moved to another 
point not in the original line of the force. Prove the method to be 
correct. 

10 . Choose any three forces not meeting at a point and not parallel to 

one another. Show how we can find, graphically, their resultant or their 
equilibrant. (B.E.) 

11 . Answer Question 10 in a manner suitable for calculation. 



12 . A number of forces act in a plane and do not nieet in a point. 

Treating them graphically, what is the condition of equilibrium ? Prove 
your statement to be correct. (You are expected to choose more than 
three forces.) (B.E.) 

13 . A uniform chain weighs 4 lb., and is hung from two points on the 
same level. The span is 4 feet and the central dip is 6 inches. Calculate 
the pulls at the ends of the chain, and show the directions of the chain at 
the ends. 
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14 . A beam AB of 24 feet span is supported at the ends, and carries 
vertical loads of 1-5, 2, 3 and 4*5 tons at distances of 3, 6, 12 and 18 feet 
from the support at A, Use the link polygon method and find the reactions 
of the supports. 

15 . Answer Question 6 by construction. 

16 . Answer Question 7 by construction. 

17 . ABCD is a square of 2-inch side, BD being a diagonal. A force 

of 50 lb. acts along BC from B towards C ; a force of 80 lb. acts along CD 
from C towards D ; and a force of 60 lb. acts along DB from D towards 
B. Replace these farces by two equivalent forces, one of which acts at A 
along the line AD. Find the magnitude of both these forces and the line 
and direction of the second. (I.C.E.) 

18 . Prove that any system of coplanar forces may be replaced by a 

single force acting at any assigned point and a couple. Forces of i, 2, 3, 
4 lb. w^eight act along the sides of a square taken in order. Find a point 
such that the forces diay be replaced by a single foice acting at that 
point. (L.U.} 



CHAPTER V. 

SIMPLE STRUCTURES. 

Sotne definitions. A strnctare is an arrangement of various parts 
constructed in such a manner that no relative motion (other than the 
small amounts due to the straining of the parts) takes place when the 
structure is loaded. The simple framed structures considered in this 
chapter consist of bars assumed to be connected by pin joints and 



Fi(.. i03.^Claf^e.s of structures . (<t) deficient, (6) simply firm, (c) redundant. 


carrying loads applied at these joints. The bars under these conditions 
will be subjected to simple push or pull in the direction of their 
lengths, and our object will be to determine the magnitude of the 
force in each bar, and also whether the bar is under push or pull. 

Structures may be deficient, simply finn, or redundant. Deficient 
structures are really mechanisms, that is, the parts are capable of 
considerable relative motion. Fig. 103(0) shows an example of a 
deficient structure, consisting of four bars connected by pin joints. 
The arrangement may be made simply firm by the introduction of a 
single diagonal bar (Fig 103 (^)), and will now be capable of preserving 
its shape under the load. The introduction of a second diagonal bar 
(Fig, 103 (r) ) produces a redundant structure- In redundant structures, 
the length of any bar cannot be altered without either a correspond- 
ing alteration in the lengths of other bars of the structure, or the 
production of forces in the other b^rs. Good workmanship is 
essential in redundant structures to ensure the accurate fitting 
together of all parts, otherwise some of the bars may require to be 
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forced into position. Unequal heating causes unequal expansion 
in redundant structures, and therefore introduces forces in the 
various parts. 

In simply firm structures, which form the subject of this chapter, 
the length of any part may be altered without thereby producing 

forces in the other parts. Con- 
sequently, the effects of unequal 
expansion are absent. A redundant 
structure may be converted into a 
simply firm structure by dropping 
out one or more of the redundant 
elements, or parts. Redundancy may 
be produced by stiff joints. For 
example, if the square in Fig. 103 (a) is made with one stiff joint 
{Fig. io4(«)), the structure will now be simply firm. Two stiff 
joints (Fig. 104 (/^)) will produce a redundant structure having one 
redundant element; three and four stiff joints in this example give 
structures of two and three elements of redundancy respectively. 

Conditions of equilibrium. In solving problems concerning any 
structure, we may separate the forces into two groups, external and 
lntemaL The external forces include all forces applied as loads, or 
reactions, to the structure. Obviously these forces, acting on the 
structure as a whole, must be in equilibrium independently of the shape 
of the structure, or of the form or arrangement of its parts. This con- 
sideration enables us to apply the principles of the foregoing chapters to 
such problems as the determination of the reactions of the supports. 

The internal forces include the pushes, or pulls, to which the various 
bars are subjected when the external forces are applied to the 
structure. Not only is the structure as a whole in equilibrium, but 
any bar, or any combination of selected bars in it, must be in 
equilibrium under the action of any external loads applied to the 
parts considered, together with the internal forces acting in the selected 
parts. Usually a joint is selected, when the principle just stated 
enables us to say that the forces acting at this joint, including external 
forces, if any, as well as the pushes or pulls of the bars meeting at 
the joint, are in equilibrium. Hence, the forces in these bars may 
be found by an application of the polygon of forces. 

It should be remembered in applying the polygon of forces that 
the solution depends on there being not more than two unknowns ; 
these may be either the magnitudes or the directions of two forces, or 
one magnitude and one direction. In cases where the forces do not 



Fig. 104. — Effect of stiff joints. 
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all intersect at one point, there are three conditions of equilibrium to 
satisfy, and hence there may be three unknowns. 

The methods of obtaining the reactions have been explained fully in 
the preceding chapters ; hence in some of the following cases the con- 
structions, or calculations, for finding the reactions have been omitted. 

Simple roof truss. Fig. 105 {a) shows a simple roof truss consist- 
ing of five bars. ITiere are three loads applied as shown, together 
iOQOlb 



Fic. 105. — A roof truss for small spans. 


Table of Forces. 


Name of part. 

Foite in lb. 

Name of part. 

Force in lb. 

Push. 

Pull. 

Push. 

Pull. 

Reaction AB 

1000 



AF 



1350 

Reaction EA 

1000 

— 

GA 

— 

1350 

CF 

1550 


FG 

— 

575 

DG 

1550 

— 





with two vertical reactions. To enable the forces to be named, 
letters are placed as shown for the application of Bow’s notation. 
Thus, the left-hand reaction may be described as A B or BA, and the 
force in the vertical centre bar may be described as FG or GF, 
depending on the sense of rotation selected. 

As all the external forces are vertical, the polygon of forces for the 
equilibrium of the truss as a whole will be a straight line. In drawing 
it, we may proceed round the truss either clockwise or anti-clockwise \ 
but, once having settled on the direction, it should be preserved 
throughout the whole work of solution. Choosing a clockwise direc- 
tion, the straight line ABCDEA (Fig. 105 (^)) will be the polygon 
for the external forces. 
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Selecting the joint at the left-hand support, there are four forces, two 
of which are completely known, and other two of which the directions 
alone are known, viz. the forces CF and FA. Hence the polygon of 
forces can be drawn. In Fig. 105 (^)), proceeding clockwise round 
the joint, AB and BC have been already drawn ; draw CF parallel to 
the rafter and AF parallel to the tie-bar ; these lines intersect in F and 
give the closed polygon of forces ABCFA. The force in the rafter may 
be scaled from CF and that in the tie-bar from FA. Taking these 
lines in order in relation to the joint under consideration, the sense of 
the force in the rafter in Fig. 105(a) is CF in Fig. 105 (/^), and hence 
is a push ; that in the tie-bar has a sense FA, and hence is a pull. 

Proceeding now to the top joint of the truss, we see that there are 
two unknowns, viz. the magnitudes of the forces in GF and DG, 
hence this joint may be solved by drawing the polygon of forces 
FCDGF(Fig. 105 (^)). 

Taking now the joint at the right-hand support, and drawing the 
polygon of forces GDEAG; we find that the closing line AG has its 
position fixed already on the diagram. This fact provides a check 
on the accuracy of the whole of the preceding graphical work ; if on 
joining AG in Fig. 105 (^), it is found that this line is not parallel 
to the right-hand tie-bar, some error has occurred, and in order to 
eliminate it the work must be repeated. 

Buie for push or pull. The method of determining whether a bar 
is under push or pull may be simplified somewhat by developing the 
following rule from the principle explained above. 

Select any bar such as FG ; choose the joint at one end of it, say 
the lower ; cross the bar in the same sense of rotation in relation to 
this joint as was chosen in drawing the force diagrams— in this case 
clockwise ; name the spaces in this order, viz. FG. FG in Fig. 105 {d) 
gives the sense of the force acting at the lower joint. As the force is 
upwards, the bar is pulUng. ' 

It makes no difference in the application of the rule which end of 
the bar is selected. For example^ choosing the top joint of the same 
bar and crossing it again clockwise as regards the upper end, the 
order is GF. GF in Fig. 105 (^) is downwards, hence the bar is 
pnXUns: at the top joint. 

It is desirable to indicate on the drawing of the truss which bars 
are under push and which under pull. Probably the best way of 
doing this is to thicken the lines of the bars under push. If the whole 
line is thickened, the direction of the bar will be lost, hence, as shown 
in Fig. X05 (a), a short piece at each end is left thin. 
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A tabular statement of the forces in the bars should be made in 
the manner indicated on p. 79. 

Another fmnn of toc£ truse^ Fig.^ 106(a) shows a common type of 
roof truss carrying symmetrical loads. There will be no difficulty in 

iOQOlb 



Fig. Z06. — Forces in a common type of roof truss ; weights only considered. 


Table of Forces. 


— 

Name of part. 

Force in lb. 

Name of part. 

Force in lb. ^ 

Push. 

Pull. 

Push. 

Pull. 

Reaction AB 

2000 



AH 



4225 

Reaction GA 

2000 

— 

AL 

— 

2480 

CH 

467s 

— 

AN 

— 

4225 

DK 

4250 

— 

HK 

900 

— 

EM 

4250 

— 

KL 

— 

i960 

FN 

4675 

— 

LM 

— 

1960 

i 



MN 

900 

— 
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iblipwing the diagram of forces (Fig. i o6 (/^) ). The order in which 
the joints have been taken is indicated by the nuinber placed against 
the joint. Th^: sense of rotation employed is clockwise, and the 
closing check line is NA. 

The effect of wind pressure on the right-hand side of this truss is 
determined in Fig. 107 (a) and (^). It is assumed that the wind load 




f 5001b 


Fig. 107. — Wind acting on the right-hand side of the truss. 

Table of Forces. 



Force 

in Ib. 

Force in lb. 


Push. 

Pull. 

Pubh. Pull. 

Reaction AB 

560 

— AH 

— 1550 

Reaction GA,I 


^ AL 

— 1360 

inclined / 

1510 

AN 

— 3 ^^ 

BH 

1700 

— HK 

0 — 

BK 

1700 

KL 

— 260 

EM 

2770 

— LM 

— 1910 

FN 

2770 

— - MN 

1000 — 


produces forces of 500 Ib. at the top and bottom ends of the rafter, 
and of 1000 ib. at the middle, all three being perpendicular to the 
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rafter. As an example of the use of the link polygon, the reactions 
of the supports have been determined by this method. The left-hand 
reaction has been assumed to be vertical when that of the right-hand 
support will be inclined. Wind pressure only has been taken account 
of in the working. It will be noted that there are three unknown 
elements in the reactions, viz. the magnitude of the left-hand reaction 
and both the magnitude and direction of the right-hand reaction. In 
fact, all that is known of the latter reaction is that it acts through the 
point a. Now, in drawing the link polygon, one link must fall between 
this reaction and the force FG. As the line of the reaction is unknown, 
it will be impossible to draw this link unless the artifice is adopted 
of starting the drawing of the link polygon at the point a. The effect 
of this will be that the link in question will have zero length. 

First draw as much of the external force polygon as possible ; this 
is shown by BEFG in the force diagram. A will lie in the vertical 
through B as the reaction AB is vertical. Taking a convenient pole 
O and joining OB, OE, OF and OG, we start drawing the link poly- 
gon by making ab (Fig. 107 (a)), which falls between FG and EF, 
parallel to OF. be falls between EF and BE, and is made parallel to 
OE. cd falls between BE and AB, and is made parallel to OB. 
The link parallel to OG is omitted, as it is of zero length, coinciding 
with a. Hence the closing line is da ; drawing OA parallel to ad to 
intersect the vertical through B in A gives the left-hand reaction as 
AB and the right-hand reaction as GA. 

The remainder of the diagram giving the internal forces is worked 
out in the usual manner, NA being the closing line, 

'An application of the method of graphical moments. The effect 
of wind pressure on the left-hand side of this truss is determined in 
Fig. 108. The student will have noted, in applying the link polygon 
to the problem of finding the reactions, that the lines of the polygon 
have a tendency to obscure the drawing of the truss. In the case 
now before us, the method of graphical moments (j). 46) is employed 
and involves the drawing of very few lines on the truss. The resultant 
of the three wind loads has been taken as a single force of 2000 lb, 
applied at c. Join ab^ and with centre b and radius be describe an arc 
cutting ab in d. Make ae equal to 2000 lb. to scale ; join be and 
draw df perpendicular to ab and cutting be in / Draw fg parallel to 
ab^ when ga will be the vertical component of the right-hand reaction. 
The horizontal component of this reaction will be equal and opposite 
to the horizontal component of the force of 2000 lb. acting at c. 
Draw the triangle of forces clm^ and make ha equal to me\ the 
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right-hand reactiqai will be the resultant ka of the components 
represented by ga and /la. 

The external force polygon (Fig. io8(3)) may now be drawn 

I 


600 /i m K. 


Bii 


Fig. io8. — Wind acting on the left-hand side of the truss, 

Table of Forces, 

1 Force in Ih. || I Fc 


Name of part- 

Push 

Reaction AB I200 

Reaction EA,! 

. r j f *020 

inclined J 

H 23 

23 

*4 

14 


j Name of par t. 


j F'orce in lb. 

]'ush. 

Pull. 

— 

1870 

320 

400 

1000 

0 

1550 

100 
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Table of Forces. 


Name of part. 

F orte 

in Ib. 

Name of part. 

Force in lb. 

Push. 

Pull. 

Push. 

Pull. 

Reaction AB 

2560 

— 

AH 



5830 

Reaction GA,! 



AL 

— 

3900 

inclined f 

33S^ 


AN 

— 

7450 

CH 

6400 

— 

HK 

900 

— 

DK 

5950 

— 

KL 

— 

2100 

EM 

7100 

— 

LM 

1 — 

3840 

FN 

7500 

— 

MN 

! *900 

— 
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for the three wiiid loads and the two reactions, and is shown by 
ABODE A. The internal force diagram is completed as before. 
Notice that when, the wind blows on the right-hand side, no force is 
induced thereby in HK, and when acting on the left-hand side there 
is no force in MN. This arises from the fact that there is no external 
load at the joint in the two cases respectively. I’wo forces acting in 
the same straight line, as is the case in the two parts of the rafter, 
balance, and it is impossible to apply a single inclined force at the 
point of action without disturbing the equilibrium. 

The total force in any bar of the frame due to the dead loads, 
the weights of the parts of the truss, and to the wind pressure 
jointly may now be determined by adding the results for the dead 
load (Fig. io6) and either those of Fig. 107 or of P'ig. 108 depending 
on whether the wind is blowing on the right- or left-hand side. 

Combined dead load and wind pressure. As a further example of 
another method of obtaining the reactions, a diagram has been drawn 
in Fig. 109 for the combined dead loads and wind load on the right- 
hand side. The two forces acting at each joint of the right hand 
rafter have been combined by the parallelogram of forces, and the 
resultant used as a single force at each joint (Fig. 109 (a)). 

To find the reactions of the supports, we may take advantage of 
-the principle that the external forces balance independently of the 
arrangement of the parts of the truss. Hence, any other convenient 
arrangement may be substituted for that given without disturbing the 
values of the reactions. The substituted frame chosen is sketched 
in Fig. 109 (/j). It will be seen that it is possible to determine all the 
^forces in its parts without first determining the reactions. Thus, 
starting at the top joint i, where there are two unknowns only, we 
obtain DE>^5 in the force diagram (Fig. 109(c)). Proceeding to 
joint 2, Ave obtain EF/^ ; at joint 3, CD/i/m is obtained, and at joint 
4 we obtain BCmA, thus determining the point A on the force 
polygon, and hence the reactions AB and GA. 

The internal force diagrams fot the given arrangement of bars may 
now be proceeded with, the closing line being NA. It will be 
observed that the greater pari of the lines drawn in the force diagram 
for the substituted frame are required for the actual frame, hence 
there has been but little wasted work. 

Another form of structure. In Fig, 110(a) is shown a structure 
intended to carry a load at its upper end. Since there is but one 
vertical load, the reactions of the foundation must reduce to one 
vertical upward force equal to the load applied. Hence, the polygon 




SIMPLE STRUCTURES 


87 


for the external forces is completed by drawing AB downwards and 
BA upwards. It will be noted in this example that it is not necessary 
to determine the actual reactions of the foundations before finding 
the forces in the parts. A start can be made at the joint i, as there 
are only two unknowns there. The order of solution of the other 
joints is indicated by the numerals. In drawing the various polygons 



Table of Forces. 


Name of part. 

Force 

in lb. 

Name of part. 

Foice 

in lb. 

Push, 

Pull. 

Push. 

Pull. 

AC 

3540 

— 

BC 

— 

3400 

AE 

3960 

— 

BD 

— 

3350 

AG 

4050 

— 

BF 

— 

2850 

AK i 

3440 

— 

BH 

— 

2440 

CD 

1420 

— 

DE 

— 

120 

EF I 

1550 

— 

FG 

— 

450 

GH 

2220 

— 

HK 

— 

0 


(Fig. 1 10 {/^) \ anti-clockwise sense of rotation has been chosen. The 
student will observe that there is no force in HK, H and K coinciding 
in the force diagram. It is easy to see that this must be the case 
from consideration of the fact that the bars BH and AK are vertical, 
and therefore the vertical forces in them are capable of balancing the 
external load applied without any aid from the diagonal HK. In 
fact, the diagonal HK merely serves to steady the frame under the 
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given loading. There would, of course, be a force in this bar if an 
inclined load were applied to the frame, or if there were a side effort 
caused by wind pressure. 

A larger roof truss. In Fig. 1 1 1 is shown a roof truss of a larger 
type and having a different arrangement of parts from those dealt 



Fig. rti.— A larger roof truss 


with previously. This case presents no difficulties, and is included 
as an example which the student can work out for himself. 

The roof truss shown in Fig. 112 {a) presents a difficulty which 
arises frequently. The external force polygon is drawn easily, but 



Fig. ZI2.— a more difficult example of truss. 


in drawing the force polygon for the internal forces it will be found 
that it is impossible to proceed with the drawing after solving point i. 
All other points such as 2 and 3 have more than two unknowns, 
hence the solution cannot be obtained by application of the ordinary 
methods. We may proceed by either of two methods. 


EXERCISES ON CHAPTER V. 




(a) It will make no difference whatever in the forces in the remaining 
part of the truss if we imagine the left-hand portion (shown shaded in 
Fig. 1 12 (^)) to be solid. Separating this portion as shown, we may 
calculate T, the force in the bar AP, by taking moments about point 6. 
Thus, taking the loads as shown, let the half-span be 15 feet and let 
the perpendicular from point 6 to the line of T be 7*5 feet, then 
(Tx7-5)+(4oox 5)-|-(400x io)-J-(2oox i5)=i2oox 15. 
rj, _ 18, OOP — 2000 — 4000 - 3000 
7-5 

_ 9QOO 

tT 

= r2oo lb. 

Having found T, the number of unknowns at the point 3 
(Fig. 112(a)), will now be found to be two only, hence this point 
may be solved. The solution for points 2, 5, 4, 6 may now be 
obtained in the usual manner. 

(h) It will make no difference whatever in the force in the bar AP 
if, instead of imagining the triangular portion above considered to be 
solid, we imagine it to have a different interior arrangement of bars. 
Thus, in Fig. 112(c) is shown this portion with a new arrangement 
of bars substituted for that given. The force diagram for this 
substituted frame may be drawn as in Fig. 1 1 2 (d)^ and stopped 
directly the force in AP is found. The original arrangement of bars 
is now restored and the force diagram completed in the usual 
manner. The result for the force in AP is found graphically in 
Fig. ri2 (d) to be 1200 lb. 

This method must be applied with caution. Care must be taken 
to ensure that the substituted arrangement of bars does nothing 
whatever to alter the force in the bar considered, viz. AP in 
Fig. 1 1 2 (a). 

EXERCISES ON CHAPTER V. 

In each of these exercises the forces should be tabulated, distinguishing 
carefully push and pull members. 



1. Find the forces in all the bars of the roof truss shown in Fig. 113 
The bars AF, FG, GH and HA are equal. 
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2 . Find the forces in all the bars of the truss given in Fig. 1 14. The 
loads are in lb. units. 

3 . Find the forces in the roof truss shown in Fig. 106 ; apply the 
same loads, with the exception of that at the centre of the right-hand 
rafter, which in this case is 2000 lb. Span 24 feet, rise 6 feet, rise of tie- 
bar I foot. Each rafter is bisected per^ndicularly by the inclined strut 



4 . Find the forces in all the members of the truss shown in Fig. 115. 
The loads are in lb. units. 

5 . Take again the roof truss given in Question i. Remove all the 
loads and apply wind loads of 400 lb. at each end of the right-hand rafter, 
acting at right angles to the rafter. Find the forces in all the parts due 
to wind only. The left-hand reaction is vertical. 

6. Answer Question 5, supposing that the wind loads are applied to 
the left-hand rafter only. The left-hand reaction is vertical. 

7 . From the results obtained in answering Questions i, 5 and 6, con- 
struct a table showing the maximum and minimum forces in each bar due 
to dead load and wind pressure combined. 

8. Find the forces in all the bars of the roof truss given in Fig. 116. 
The loads are in lb. units. 

600 



9 . A roof truss similar to Fig. iii has a span of 30 feet ; the rise is 
8 feet and the height of the central horizontal part of the tie bar above 
the supports is 18 inches. If the truss carries a symmetrically distributed 
load of 4 tons, find the force in AO by calculation. 

IQ. In the roof truss given in Question 8, in addition to the stated 
loads, there are wind loads of 400, 800, 800 and 400 lb. applied at the 
joints of the right-hand rafter and perpendicular to the rafter. The left- 
hand reaction is vertical. Find the reactions of the supports, using the 
link polygon. 
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11 . Answer Question lo by application of the substituted frame 
method. 

12 . Answer Question lo by calculation. 

13 . In Question lo find the forces in all the parts due to combined dead 
load and wind pressure. 

14 . A loaded Warren girder is shown in Fig. tiy. Find the forces in 
all the members. The loads are in lb. units. 


1000 1000 1000 iOOO 



15 . A frame secured to a vertical wall has dimensions as shown in 
Fig. 1 1 8. The bars AD, AF, AH and AL arc each 5 feet in length. 
Find the forces in all the parts produced bv the load of i ton. 


* ton 



16 . Answer Question 15 if the load is moved horizontally so as to be 
vertically over the middle joint of the top member of the frame. 

17 . Part of a pin-jointed frame, shown in Fig. 119, is loaded with a 
vertical dead load of 10,000 pounds and a normal wind pressure of 15,000 



Fig. 1x9. 
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pounds, both beingr taken as uniformly distributed along AB. The sup- 
porting forces P, Q and R are shown by dotted lines. Find these forces 
and the forces in the bars which meet at C, indicating: the struts 
and ties. (L.U.) 



18 . A frame is loaded with 2 tons and supported as shown in Fig, 12a 
Find the reactions at A and D and the forces in the members, indicating 
which are struts and which are ties. (I.C.E.} 



CHAPTER VL 

SIMPLE STRESSES AND STRAINS. 


Streis. If any section in a loaded body be taken, it vail be found 
in general that the part of the body which lies on one side of the 
section is communicating forces across the section to the other part, 
and is itself experiencing equal opposite forces. The name stress is 
given to these mutual actions. The stress is described as tensile or 
pull if the effect is to pull the portions of the body apart, compressiye 
or push if they are being pushed together, and shearing or tangential if 
the tendency is to cause one portion of the body to slide on the 
other portion. 

The stress is said to be distributed uniformly in cases where ail 
small equal areas experience equal loads. Stress is measured by 
stating the force per unit area, the result being described as onitai 
stress, or stress intensity, or often simply as the stress. In the case of 
a uniform distribution of stress, the stress intensity will be found by 
dividing the total force by the area over which it is distributed. 
Should the stress vary from point to point, its intensity at any point 
may be stated by considering that the forces acting on a very small 
area embracing that point will show a very small variation and may 
be taken as uniformly distributed. Thus, if a be a very small portion 
of the area and / the load on it, the stress intensity on a will be Pla, 

Units of stress employed in practice are pounds or tons per square 
inch or per square foot, or in the metric system, grams or kilograms 
per square centimetre. One atmosphere is sometimes used as a unit, 
being a stress of 147 lb. per square inch j it is useful to remember 
that a stress of one kilogram per square centimetre is roughly equal 
to one atmosphere.* 


I kilogram per square centimetre =2-205 lb. per square indi 

= 14-19 lb. per square inch. 
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Example r- A bar of circular cross-section 2 inches in diameter is 
pulled with a force of 12 tons at each end. Find the tensile stress. 

Area of cross-section =3-1416 sq. inches. 

Tensile stress intensity 

^ area 

12 

= 3-82 tons per square inch. 

Example 2. Suppose the same bar to be in two portions connected 
by means of a knuckle joint having a pin inches in diameter (Fig. 121), 
and calculate ine intensity of shearing stress on the pin. 



Plan 

Fig, 121. 


it will be observed that the pin would have to shear at two sections 
ihr the joint to fracture by failure of the pin, hence : 

Trip 

Area under shear stress = x 2 

4 

= jX(li)**X2 

— 3' 5 3 square inches. 

. . load 

Shear stress intensity = 

area 

12 

" 3*53 

= 3-39 tons per square inch. 

Stresses in shells. A sheu is^ vessel constructed of plates the 
thickness of which is small compared with the overall dimensions of 
the vessel, for example, a boiler of the cylindrical type. Such 
vessels have generally to withstand internal fluid pressure, and the 
plates are put under tensile stress thereby. Owing to the thinness 
of the plates, the stress on any section may be considered to be 
distributed uniformly. 

Taking a cylindrical shell (Fig. 122) in which there are no stays 
passing from end to end. 
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d «= diameter of shell, inches, 

fluid pressure, pounds per square inch, 
^—thickness of plate, inches, 

P = total pressure on each end of vessel, then 





lb. 



Owing to the forces P, P, any section such as AB will be under 
tensile stress. 

Sectional area at AB = circumference of shell x t 
— Trdt, 


Tensile stress intensity on AB = 


dt 


/X- 




=: lb. per square inch. 

The stress on a longitudinal section may be found in the following 
manner. Consider a ring cut from the shell by two cross-sections 
one inch apart (Fig. 123). It may be assumed 
that all other such rings will be under similar 
conditions, provided they are not taken too 
near to the ends of the shells where the staying 
action of the ends would interfere. The fluid 
pressure on the ring is shown by arrows in 
Fig. 123, everywhere directed perpendicular to 
the curved surface of the ring, i\e. radial, Com- 
i)onents of these being taken, parallel and Fig. 123.J-A ring cut from 

a cylindrical shell. 

perpendicular to a diameter AB, it will be seen 
that those parallel to AB equilibrate independently of the others. 
The upward and downward components perpendicular to AB will 
have resultants Rj and R2 respectively, which will have the effect 
of producing tensile stress on the sections at A and B. Clearly Rj 
and Rg will be equal ; to obtain their magnitudes proceed thus : 
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There will be no difference experienced in the equilibrium of the 
ring if we imagine it to be filled up to the level of AB with cement 
(Fig. 124). The pressure on the surface of the cement will be 
perpendicular to AB, and the resultant force due to this will be 
Q — / X area of surface of AB 

=/ x^x I. 




Fig. z« 5 . — Stres3es at A and B. 

R and Q now preserve the equilibrium of the ring, and must 
therefore be equal, hence r 

Imagine the material at A and B to be cut, and consider the equi- 
librium of the top half of the ring (Fig. 125). Forces T, T at A and 
B will be required, and are produced in the uncut shell by tensile 
stress at A and B. For equilibrium, we 
have R=:2T, 

2 2 

Also, 

Stress intensity atAorBx/x i=T; 
stress intensity on longitudinal section 

= ~ lb. per square inch. 

Comparison of these results will show that 
the stress on a longitudinal section is double 
that on 4 circumferential section, a fact which 
explains why the longitudinal joints in boilers 
are made much stronger than the circum- 
ferential joints. 

A splierlcal sheU may be worked out in a 
similar manner. Let the shell be filled up to the level of a horizontal 
diameter AB with cement (Fig. 126), then 

ird^ 
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The complete cross-section at AB is a ring of diameter d and 
thickness and is under tensile stress of intensity given by 
Tensile stress intensity x area of cross-section =» R, 

R 

Tensile stress intensity 



•tr dt 


_ lb. per square incti 
4 ^ 

As before, p ■= fluid pressure in lb. per square inch, 
d == diameter of sphere in inches, 

/ = thickness of plate in inches. 

It will be noted that the stress intensity in a spherical shell is the 
same as that on the circumferential sections of a cylindrical shell of 
the same diameter and thickness, and subjected to the same fluid 
pressure. It will also be observed that a spherical shell is self-staying 
on account of the fact that its shape does not tend to alter when 
it is exposed to the internal fluid pressure. The same is true for 
the cylindrical portion of an ordinary boiler shell, but the flat end 
plates are liable to be bulged outwards unless supported or stayed 
in some effectual manner. 

Riveted joints. Plates may be connected permanently by means 
ot riveted joints. In lap Joints the edges of the plates overlap 
(Figs, 1 31 and 132) and are connected by one or two rows of 
rivets ; in butt Joints the plates are brought together edge to edge 
(Figs. 133 and 134) and cover plates pass along the seam on both 
sides or on one side only. As the strength of the joint depends 
to a considerable extent on the workshop methods employed, it is 
necessary to make brief reference to these methods. 

Excepting in the case of very thin plates and small rivets, the rivets 
are heated before being inserted in the holes and are closed by the 
use of hand or pneumatic hammers, or by a hydraulic riveting machine. 
Owing to the great pressure exerted in the latter method, the rivets 
generally fill the hole better when finished and the plates are held 
together more firmly. In either method, the cooling of the rivet and 
consequent longitudinal contraction assist largely in binding the plates 
together, while at the same time the rivet is put under pull stress of 
an uncertain amount. 
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Rivet holes may be punched or drilled. Punching injures liio 
metal by overstraining the material round the hole, a defect whicn 
may be remedied by annealing, or by puncliing the hole about inch 
smaller than the proper diameter, and then enlarging it to the size 
required with a reamer, thus getting rid of the 
overstrained material. The plates are punched 
separately, hence there is difficulty in ensuring 
that the holes shall come exactly opposite one 
another when the plates are brought together; 
drilling is effected with the plates together in'' 
position, and this method is to be preferred as 
giving fair holes, as w'ell as producing no injury 
to the plates. Punched holes may be brought 
fair by bolting the plates together before reamering. 

There is a lower limit to the diameter of hole which may be 
punched in a plate of given thickness, depending on the value of the 
stress under which the punch will crush. 

Let diameter of hole, inches (Fig. 127), 

/= thickness of plate, inches, 

^ - shearing stress of material of plate, in tons per square inch. 
/ = crushing stress of material of punch, in tons per square inch. 
Area under shear stress = x /. 

Force P required to shear the material = ^tt 

Push stress on punch = P — 

Equating this to / will give the limiting value of thus 

p = q^dfA^^, 

P 

p for the material of the punch, tool steel, is about four times the 
value of q for mild steel, hence, the condition that the punch is on 
the point of crushing is d^t^ 

showing that the minimum diameter of hole which may be punched 
is equal to the thickness of the plate. If d is less than /, p must 
have a value greater th;»n 4^ for punching to be possible. 



Fio. 127. — Stress on a 
punch. 
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Riveted joints should not be designed so as to load the rivets by 
tension, as the heads are not reliable under pull The loading should 
be of the nature of pull or push along the direction of the plates, thus 
putting the rivets under shear stress. Lap joints (Fig. 128) and butt 
joints having a single cover plate (Fig. 129) arc put under a bending 



Fig. iz8. Fig, 129, 

action by reason of the forces being in parallel lines. Butt joints 
having double cover plates (Figs. 133 and 134) are free from this 
objection. In lap joints, the rivets will sustain etjual shearing forces 
whether the plates be under pull or push ; in butt joints under push, 
the forces will be communicated from plate to plate along the edges 
in contact without putting the rivets under shear stress at all, provided 
the fitting is perfect. The cover plates and rivets in this case serve 
only to prevent the plates getting out of the same plane. For these 
reasons, both compression and tension members are best fitted with 
butt joints having double cover plates. 

Methods of failure of riveted joints. These may be described by 
reference to Fig. 130, showing a single riveted lap joint. 

{a) If the hole is situated too near 
the edge of the plate, the material may 
open out as at A during punching, or by 
reason of the bursting pressure exercised 
by the hot, soft rivet while being closed. 

To prevent this happening, the distance 
from the centre of the hole to the edge of 
the plate should not be less than 1*5 times 
the diameter of the rivet. 

(/>) The material of the plate may crush 
at B owing to the rivet being too large 
in diameter. When the joint is loaded the 
rivet bears on one half of the cylindrical 
surface of the hole, producing a bearing 
stress which is calculated by dividing the 
load on the rivet by the “ projected area ” 
of the hole, the latter being calculated by 
diameter of the hole and the thickness of the plate. In girder work, 
the design of the riveted joints has to be based sometimes on the 
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safe bearing stress; this stress ranges from 7^ to 10 tons per square 
inch in practice. 

(r) One of the plates may give way by tearing along the line CD. 

{d) The rivets may shear at EF. 

The most economical joint would be equally ready to fail by all 
four ways simultaneously. It is impossible to calculate (a) from first 
principles, but expressions giving the relations of the various quantities 
may be found by equalising the resistances of the joint to crushing, 
tearing and shearing. It is customary in this country to neglect the 
increase in strength owing to the frictional resistance to the plates 
sliding on one another. The precise conditions for any riveted joint 
cannot be stated definitely, hence empirical rules, or rules which are 
partly empirical, are often employed in practice. 

Lap Jointa Lap joints may be single or double riveted ; it is rarely 
the case that there are more than two rows of rivets. The pitch is 
the distance from centre to centre of the rivets measured along the 
row. The strength of the joint may be considered by taking a strip 
equal in breadth to the pitch, as the conclusions arrived at for this 
piece may be assumed to be true for the entire joint. 

Let / = pitch of the rivets, inches ; 
d « diameter of the rivets, inches ; 
/= thickness of the plates, inches; 
^ = the ultimate tensile strength of 
the plates, tons per square inch; 
/s = the ultimate shearing strength of 
the rivet, tons per square inch; 
^ = the bearing stress, tons per 
square inch of projected area, 
when the joint is on the point 
of failing by crushing. 

We have, for a single riveted lap joint (Fig. 131) : 

Least area of plate section under pull = A 

Resistance of joint to tearing -d)/ tons (i) 



Fig. 131. — Strength of a lungle-riveted 


Area of rivet section under shear 


ird^ 
4 ’ 


Trd^ 

Resistance of joint to shearing == — tons. 


(*) 


Projected area =* dt^ 

Resistance of joint to crushing — tons. 


(3) 
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Equating (i), (s) and (3) gives : 


Tiddng 


4 

»■ /« 




(4) 


The diameter of the rivet may be found from this relation, and the 
pitch may then be calculated from 




in double riveted lap joints there will be two rivet sections pet 


v5) 





Fig. X33.— Strength of a double-riveted lap joint. 

pitch under shear (Fig. 132); there will 1^ be two bearing areas 
per pitch. Hence 

4 

J* 




( 6 ) 
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Butt joints. The strength of butt joints may be calculated in a 
similar manner; it will be observed (Fig. 133) that, with two cover 



Fig. 133, — Strength of a single-riveted butt joint. 

plates, the rivets are under double shear, /.<?., each rivet would have to 
shear at two sections A and B for the joint to fail by shearing. Each 

rivet will thus have a shearing area of 2 . 


For a single riveted butt joint (Fig. 133), 

ft{p-d)i= 2 /,^ =^fbdt, 

4 

d^oSzst-^j ( 8 ) 

/ = (i-S 7 i|-y) + ^- ( 9 ) 



^IG. 134.— *6trength of a double-riveted butt joint. 

In the case of a double riveted Butt joint (Fig. 134), we have 


/t(p-d)/r=4/Af=2Ad/, 

4 

d=o-635/-<^ (10) 

Js 

/ = (3-142^ • y ) + ^- (") 





RIVETED JOINTS 


10 $ 


Data from experiments. The ultimate tensile strength of iron 
plates may vary from 21 to 26 tons per square inch, and for steel 
plates may vary from 27 to 32 tons per square inch. Iron and steel 
rivets have an ultimate shearing strength ol' about 23 tons per square 
inch. Owing to the difficulty of stating precisely what the actual 
conditions are in a finished riveted joint, these stresses should be 
used with caution. Experiments on actual joints with iron plates 
and iron rivets show that the ratio fjfu is nearly i for drilled holes, 
and from 1-2 to 1-3 for punched holes which have been neither 
annealed nor reamered. For steel plates and steel rivets the values 
of the ratio appear to be about 0*75 for drilled holes and about 0*9 for 
punched holes neither annealed nor reamered. For either reamered 
or annealed punched holes the values are about the same as for 
drilled holes. Breakdown in experimental joints by crushing appears 
to take place for ratios of of about 17 for rivets in single shear 
and about 2-35 for rivets in double shear Provision against crush- 
ing is often made by employment of an empirical rule for the 
diameter of the rivet. A good practical rule is 

d—i'2\It to I •4%/?. 

When this rule is used, the diameter of the rivet is calculated 
first, and the pitch is then determined by equating the resistances 
to tearing and shearing. Afterwards, the bearing stress should be 
calculated in order to ascertain that its value is not excessive. 

In riveted joints designed under the Board of Trade rules, rivets 
under double shear are allow^ed i-J rivet sections per rivet only ; this 
is owing to the probability of the rivets not all bearing equally. This 
rule is often disregarded in other joints.* 

Efficiency of riveted joints. The efficiency of a riveted joint is 
the ratio of its actual strength to that of the solid plate. To calculate 
the efficiency, the ratios of the strength of the joint against tearing, 
shearing and crushing to the strength of the solid plate should be 
calculated separately, and the lowest value taken as the efficiency 
of the joint. It will be evident that all three ratios w^ill be equal if 
the joint has been designed for equality of rupture by each of the 
three ways of failure, and the efficiency may be obtained then by 
consideration of the tearing resistance only. 

Resistance of joint to tearing 

Resistance of solid plate to tearing 

*ror a full discussion of riveted joints, see Machine Design^ Part I., by Prof 
W. C. Unwin (Longmans, 1909). 
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Efficiency = 

p-d 

a , 

/ 

Example i. A double riveted butt joint with double cover plates is 
used to connect steel plates of 0-5 inch thickness ; the holes are to be 
drilled. Find the diameter of the rivets from the empirical rule (p. 103), 
and also the pitch of the rivets, taking 4//5=o*75* 

^/=i*2n/7 
= J inch, nearly. 

^ /=(3-I42^y) + rf (p. 102) 

= (3-i42xo-75x(5)“x2) + 5 
inches, nearly. 

Example 2. Calculate the efficiency of the above joint 
Efficiency 

P 

_ 4-5 -0-875 
4-5 
*=0-805 

= 80-5 per cent 

Or the efficienc)’ may be calculated by considering the resistance to 
shearing. Thus : 

Area per pitch under shear stress =4 

Strength against shearing 
Efficiency against shearing 

^ Pt' ft 
^ 3- 142x49x075 
4-5 x~o-5 X64 
=o-8o2 

= 8 o -2 per cent. 

Example 3. Calculate the bt^ring stress in the above joint when 
carrying a load which produces a stress of 4 tons per square inch in the 
solid plate. 

Area of solid plate per pitch =// 

=45x0.5 f 
= 2*25 sq. inches. 

Load per pitch =4 x 2-25 
“9 tons. 
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This load is carried on the bearing surface of two rivets ; hence i 
Projected bearing surface per rivet 

Bearing stress 


2 X 0-875 X 0*5 
=» 10-3 tons per sq. inch. 

Example 4. Two plates forming a tie-bar have to be connected end 
to end by a butt joint having double cover straps (Fig. 135). Each plate 
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Fic. 13s. — Riveted joint for a tie>bar. 

is 10 inches wide and f inch thick ; the rivets are j inch in diameter. 
The stresses allowed are 6 tons per square inch pull, 4 tons per square 
inch shearing, and 10 tons per square inch bearing. Find the number 
of rivets required. 

Sectional area of each plate = lox 1 = 7-5 square inches. 

Area abstracted by one rivet hole at the section AB= j x | =0-56 sq. in. 
Net sectional area of plate at AB = 7-5 -0-56 

=6*94 square inches. 

Total safe pull on the plate= 6-94x6 =41-64 tons. 

Sectional area of one rivet x —=0-442 sq. in. 

4 7x4 16 

Allowing 1 1 rivet sections for rivets under double shear, we have 
Shearing resistance of one rivet =0-442 x 1-75 x 4 

= 3-09 tons. 

Projected area of one rivet = | x 1=0-56 square inch. 
Bearing resistance of one rivet =0-56 x 10=5-6 tons. 

As the shearing resistance is lower than the bearing resistance, the 
shearing resistance must be taken in calculating the number of rivets 
required. Let N be the number of rivets on each side of the joint ; then 
Total safe pull on the plate = total shearing resistance of the rivets, 
4i-64 = Nx3-o9, 

N = 14 rivets. 

To obtain a good arrangement of rivets, 15 rivets have been placed on 
each side of the joint in Fig. 135. 



MATERIALS AND STRUCTURES 


Xo6 


At the section AB, the safe load which can be applied is that calculated 
above as 41-64 tons. At CD, the tearing strength of the plate is less 
than at AB, but to this must be added the resistance of the rivet on the 
left-hand side of CD, as this rivet would have to shear simultaneously 
with the plate tearing at CD for the joint to fail in this way. 

Sectional area of plate at CD = 7-5- (2 x 0-56) = 6-38 square inches. 

Resistance to tearing at CD — 6*38 x 6 — 38-28 tons. 

Adding the shearing resistance of one rivet to this, we have 
Safe load with reference to the section CD — 38-284-3*09 

=41-37 tons. 

Considering the section EF, the three rivets on the left-hand side of 
EF would have to shear simultaneously with the plate tearing. 

Resistance to tearing at EF={7-5 - (3 x o-56)}6 = 34-92 tons. 

Shearing resistance of three rivets = 3 x 3-09= 9-27 tons. 

Safe load with reference to the section EF = 44-19 tons. 

It is evident that the safe load with reference to any other section on 
the right-hand side of EF will have a greater value than that for the 
section EF. The minimum safe load is that calculated for the section 
CD, viz. 41-37 tons, which accordingly is the safe load which the joint 
will carry. 

Strain. Strain refers to the alterations of form or dimensions 
which occur when a body is loaded or subjected to stress. Thus a 
pulled or pushed bar is found to have become longer or shorter after 
the load is applied, and is said to have longitudinal strain. This kind 
of strain is measured by taking the ratio of the change in length to 
the original length. 

Let I-f = original length of bar, 

€ = alteration in length, both in the same units. 

Longitudinal strain = 

ij 

Volumetric strain occurs when a body is subjected to uniform fluid 
pressure over the whole of its exposed surfaces. The volume will be 
changed somewhat under these conditions, and the volumetric strain 
is measured by taking the ratio of the change in volume to the 
original volume. 

Let V = original volume of body, 

z/ = change in volume, both in the same units. 

Volumetric strain = — . 

Bbeaxing strain occurs when a body is subjected to shear stress. 
Such a stress is distinguished from the other two just mentioned in 
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that it produces a change in the shape of the body, while pull, push, 
and hydrostatic stress produce no such change. We may obtain an 
idea of what happens by holding one cover ot a thick book firmly 
on the table and applying a shearing force to the top cover (Fig. 136). 
The change in shape is evidenced by the square originally pencilled 



Fig. 136. — Shearing strain illustrated Fig. 137.— Measurement of 

hy a book. shearing strain. 


on the end of the book becoming a rhombus. A solid body 
would behave in the same manner under similar conditions of load- 
ing, only, of course, in a minor degree (Fig. 137). The shearing 
strain is measured by stating the angle in radians through which the 
vertical edge has rotated on application of the shearing stress. 

Shearing strain = radians (Fig. 137). 

For metals 6 is always very small, and it is often sufficiently 
accurate to write, referring to Fig. 137; 

Shearing strain = 0 , 

“BC’ 

Transverse strain. When a bar is pulled or pushed, not only is 
its length altered, but also its transverse dimensions. Thus a pulled 
bar becomes thinner, while a pushed bar becomes thicker. Such 
alterations are referred to as transverse strains and are measured in 
the same manner as longitudinal strains, viz. by taking the ratio of 
the alteration in transverse dimension to the original transverse 
dimension. 

Let H =: a transverse dimension of the bar, 

h *= the change in H when the bar is loaded. 


Transverse strain — 


h 

H* 


For any given material, such as a metal, experiment shows that 
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there is a definite ratio of longitudinal to transverse strain, ranging 
from 3 to 4 for common metals. 

Let a =* longitudinal strain, 

b « transverse strain, 



The value of m depends on the kind of material ; its reciprocal 

is called Poisson's zatio. Values of this ratio for common materials 
m 

are tabulated on p. 683. 

Elasticity. Elasticity is that property of matter by virtue of which 
a body endeavours to return to its original form and dimensions 
when strained, the recovery taking place when the disturbing forces 
are removed. Strain takes place while the loads are being applied 
to a body, hence mechanical work (see p. 325) is expended in pro- 
ducing strain, and is stored up, partly at any rate, in the body. 
The elasticity of any material is regarded as being perfect, provided 
the recovery of the original form and dimensions is perfect on 
removal of the loads, and provided also that the energy given out 
during recovery equals that expended while the body was being 
strained. 

The elasticity of a large number of materials is practically perfect 
provided they are not stressed beyond a certain limit, which depends 
on the kind of material and also on the nature of the stress applied. 
If loaded beyond this clastic Umit of stress, the recovery of original 
form and dimensions is incomplete and the body is .said to have 
acquired permaneiit set 

Further, experiment shows that the strains are proportional to the 
stresses producing them provided that the elastic limit is not exceeded. 

This law was first discovered by Hooke, and bears his name. 
Most materials show slight divergencies from Hooke's law, but it is 
adhered to so closely in the case of common metals as to justify the 
assumption of its truth for nearly all practical purposes. 

Modulus of elasticity. Assuming Hooke’s law to be true, and 
selecting any elastic material to #which loads may be applied. 

Let p = the stress, 

s — the strain produced by p. 

Then p varies as s up to the elastic limit, hence the quantity ^ will 

s 

be constant for that material up to the elastic limit. The term 
moduloi of elaatiolty is given to this quantity. The value of the 
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modulus of elasticity depends firstly on the nature of the material, 
and in the second place on the nature of the stress. For any given 
material there are three moduli of elasticity which should be under- 
stood. In each case the measurement is made by taking 

P 

Modulus of elasticity = 

The units of this expression will be governed by the unit of stress 
employed, as strain is simply a ratio. 

Toimg's modulus for a pushed or pulled bar is obtained by dividing 
the push or pull stress intensity on a cross section at 90* to the axis 
of the bar by the longitudinal strain. 

Let P = force of push or pull applied to the bar, 

A = area of the cross section, 

L = original length of the bar, 

€ = change of length of the bar, 
both the latter being in the same units. 

Then, writing E for Young’s modulus, 

^ _ stress 
strain 


A * L"" Ac' 


The bulk modulus belongs to the case of a body subjected to hydro- 
static stress, which produces volumetric strain. 

Let / — the hydrostatic stress intensity, 

P’= the original volume of the body, 

= the change in volume, 
both the latter being in the same units. 

''Fhen, writing K for the bulk modulus, 

^ V V 

The rigidity modulus refers to the case of a body under shearing 
stress, and consequently changing its shape by shearing strain. 

Let ^ the shearing stress intensity, 

6 = the shearing strain, in radians. 

Then, writing C for the rigidity modulus. 



The most convenient units to employ for the elastic moduli are 
tons or lb, per square inch in the British system, and kilograms per 
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square centimetre in the metric system. A table of values will be 
found on p. 683. 

Strains in a cylindrical boiler shell. It has been seen (p. 96) 
that the stresses in a cylindrical boiler shell on longitudinal seams 
and on circumferential seams are in the ratio of two to one. Suppose 
that in consequence of these stresses the circumference becomes 
greater by a small amount e. Let d be the original diameter of the 
shell, then the original length of the circumference will be wd^ and 
the circumferential strain w'ill be : 

Circumferential strain = (i) 

Trd 

Also, new length of the circumference = ^ * 

new length of the diameter 

TT 

Hence, change in the diameter = - - d 

TT 


.*• Strain in the direction of a diameter 


e 

Trd' 


.(2) 


Comparison of (i) and (2) show's that the diametral and circum- 
ferential strains are equal 
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Fig. 138. — Strains in a boiler shell. 


To obtain the circumferential strain, let / and - 1 / be the stresses 
on the longitudinal and circumferential seams respectively. If p 
were to act alone (Fig. 138 (rt)), the circumferential strain w^ould be 
a (extension) and the transverse strain would be b (contraction). 
It^p were to act alone (Fig, 138 (<^)), the longitudinal strain would 
be (extension) and the circumferential strain would be 
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(contraction). Hence, when both stresses act together, 
produced will be : 

Circumferential strain — a-\b 

Longitudinal strain — \a-‘b 

tne strains 

(3) 

<4) 

Or, since 

w = | (p. 108), 



II 


And 

Circumferential strain = ^ - ~ 

2 m 





\ 2m) 

<S) 


Longitudinal strain — 

2 m 



■■■■ 

(6) 

Suppose m be taken equal to 4, then 

Circumferential strain — a{ \ —\) 

= 

Longitudinal strain = a(| - -J) 



Reference to Fig. 138 («) shows that 

E=^ 

a 

(7) 

(8) 

or 

P 

“ E 

(9) 

Hence : 

• *1 b 

Circumferential strain = “ 

0 Vj 

<io) 


I b 

Longitudinal strain == “- 

(”) 


4 


Example. A boiler shell 7 feet in diameter and 30 feet long is tested 
by hydraulic pressure (cold water) up to a stress of 6 tons per square inch 
on the longitudinal seams. Take £=13,500 tons per square inch and 
w=4, and find how much water will escape when a test cock on the top 
of the boiler is opened. Neglect any bulging of the ends. 

[To answer this question, calculate the increase in volume of the shell 
while the pressure is being applied.] 

Circumferential strain = J x 13 5015 = 

The diametral strain is equal to this ; hence : 

Change in diameter =(7 x 12) x si’JjVtr 
= 0-0327 inch. 

Final diameter of shell = 84*0327 inches. 
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U and be the final and original diameters ; then 

Increase in cross-sectional area of the water=— 

=^(D-rf)(D+rf) 

4 

=»-xo-0327X2x 84 nearly 
4 

=4-32 square inches. 

increase in volume due to increase in sectional area = 4*32 x 360 

1555 cub. in. 

Again, Longitudinal strain = J x = 

change in length of the shell = 30 x 12 x 

=0*04 inch. 

Sectional area of the water = - x 84® (nearly) 

4 

= 5542 sq. inches. 

,% increase in volume due to increase in length =0-04 x 5542 

= 222 cubic inches. 

Total increase in volume= 1550+222 

= 1777 cubic inches. 

The change in volume which occurs when charging cylinders for 
holding compre.ssed gases is sometimes taken as a test of the 
soundness of the material of which the cylinder is constructed. 
The test is made by having the cylinder immersed in w^ater contained 
in a closed vessel fitted with an external glass tube connected to the 
water space. In charging, the expansion of the cylinder will displace 
some of the water, which will therefore rise in the glass tube. An 
increase in volume of more than a prescribed limit, as indicated by the 
tube reading, affords evidence of defects in the material of the Cylinder- 

Stresses in thick cylinders. In Fig. 139 (a) is shown a cylinder of 
considerable thickness under external and internal fluid pressures. 
Let push stresses be denoted positive, and let the external pressure 
be greater than the internal pressure. Consider a ring of unit length, 
having an inner radius r and outer radius (r+Sr) (Fig. 139 (/j)). Let 
the radial stress on its inner surface be /, and let that on the outer 
surface be + 6/). The resifltants of these stresses on the half ring 
(Fig. 139 (cY) will be 

Pj X 2r (see p. 96), 

= 2(r + 6r). 

The resultant P of P^ and Pg is 

= (/ + ^) X 2(r+6r)-^x 2K 
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Let / be the tangential, or hoop stress on the ring ; the area over 
which this stress is distributed is i, and there are two horizontal 
sections, one at A and one at B (Fig. 139 (^)) ; hence, 

P-2/. Sr; 

/. 2f, Sr — (/ + Sf) X 2 (r + Sr) - 2pr^ 
or /. Sr s=5/r+r. ^ 4 */ . Sr + ^. Sr ~/r 

-r.t^+/.Sr, (l) 

by neglecting the product of the small quantities 5 / and Sr. 



Another equation may be formed by consideration of the strains 
in the axial direction produced by / and f all over the cylinder. « It 
may be assumed that cross sections of the cylinder remain plane 
when the fluid stress is applied^>. all fibres parallel to the axis of 
the cylinder lying between two cross sections change their lengths to 
the same extent. Hence the assumption that the axial strains are 
equal all over the cylinder. ^ 

Axial strain produced by / = 

/=-/. 

« » " J 

As both p and /are push stresses, both of these strains are exten 
sions, and the total axial strain will be 

P / 

= a constant, 
p + /— a constant. 

Taking 2a for tlie value of the constant, this gives 

p+f=2a (a) 


or 
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From (2), /= 2a 

„ (i), { 2 a-p)hr^r.hp^p,^r, 

2 a.hr -p, Sr = r . ^ . 6r, 

2a . Sr= r . ^ + 2 p . Sr. 

Multiply each side of this equation by r, giving 
2ar . Sr = r^ . ^ + 2pr . Sr, 
or in the limit, when Sr becomes very small, 

c4P . . 

2ar^r^-~ + 2 pr. 
dr ^ 

The right-hand side is the differential coefficient of (/r®), ix. 

+ 2//- (see p. 1 2). 

Hence, d (pf^) = 2ar » dr. 


Integrate, giving 

pr^ = af^ + c. 





(3) 

and 

/= 20 -/ 



c 

= a — 

r" 

(4) 


The solution of any particular problem may be obtained from (3) 
and (4) by first determining a and c from the given conditions. 
Take the ordinary case of a cylinder having an internal fluid pressure 
pi, the external pressure being regarded as zero (Fig. 140). We have 


J>^pL when r=R,; (5) 

/ = o when r==Ro; o = (6) 


Hence. 

Substitution of these values in (4) gives 

, _ . R.2 _ _ ^ 3^-1 1 

^‘R„2- Ri2 '^‘R„* -Ri2V 

^‘R,*-rA r-n 


( 7 ) 
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This equation gives the hoop tension at any radius r ; the maximum 
hoop tension will occur where r has its smallest value, Le. at the 
inner skin, where Hence, 


R -® / R 

Maximum /- 

^ /:R„2 + RA 

= "Hr?— R? j 


.( 8 ) 


It will be noticed from equation (8) that the maximum hoop 
tension is always greater than the internal fluid 
stress independently of the thickness of the 
cylinder ; hence, it is impossible to design a 
solid cylinder to withstand a fluid pressure 
greater than a certain value for a given material. 

I'he difficulty may be overcome by shrinking 
one cylinder on the top of another, or by 
winding wire under strong tension over the 
outside of the cylinder. 7’he effect is to put 
the inner parts under initial push hoop stress, and gives a distribution 
of stress more nearly uniform when the fluid pressure is applied. 

Stresses produced by change in temperature. If a metal bar be 
heated, its length will increase by an amount proportional to the 
increase in temperature, and to a coefficient, the value of which 
depends on the kind of material ; this is on the assumption that the 
bar is permitted to expand freely. 

Let L = the original length, in inches ; 

/=the rise in temperature; 

€ = the coefficient of expansion, i.e. the change in length 
per unit length produced by a rise in temperature 
of one degree. 

Then, change in length = JJ € ; 

new length of the bar ~ L + L/c 

= + *) (0 

Suppose that the bar is now' cooled to its original temperature, and 
that forces are applied to its ends so as to prevent it from returning 
to its original length. Evidently these forces will have the same 
value as those which would be required to produce an elastic 
extension L/e in the bar had its original temperature been kept 
unaltered. 
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Let P «= the total force required in tons. 

A the cross sectional area in square inches. 

P 

/ = ^ = the stress produced by P in tons per square inch. 


E = Young’s modulus in tons per square inch. 


Then 

Also, 


La 


Longitudinal strain — -j- = A< 


P P 

P = E AA tons, 

/ = EA tons per square inch. 


(2) 

(3) 


Example. If the bar be of steel for which E = 13,500 tons per square 
inch, and if the rise in temperature be 100® F., find the stress in the 
material under the conditions expressed above. Take 
£=0-000007, 

/=EA 

- =13,500x100x0-000007 

=9-45 tons per square inch. 


Suppose now that the bar be heated and at the same time held 
rigidly between abutments which prevent entirely any change in the 
length. These conditions may be imagined as follows : first allow the 
bar to expand freely on heating ; then apply forces to the ends and 
let these be sufficient to compress the bar back to its original length. 

Length of the bar before applying the forces = L(i -f A). 

Change in length produced by P = LA. 

Elastic strain produced by P = L(i + A) 


Now 


A 

I + A* 

E= 

Strain 




Ea 


I + A 


(4) 


The denominator will be nearly unity, as A is usually very small ; 
hence, (4) will have the same value nearly as (3). 

Effects produced by unequal heating. Fig. 141 illustrates three 
bars A, B and C attached to rigid cross pieces D and E ; E is fixed 
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and D may rise or fall freely. B is centrally situated between A and 
C ; A and C have equal sectional areas and B may have a different 
sectional area. All three bars are of the same material. 

If all three bars be at the same tempera- 
ture at first, and if they be raised through 
the same range of temperature, all will 
attempt to expand equally in the direction 
of length, and no stress will be produced 
in any of them. Suppose, however, that B 
is raised to a certain temperature and that 
A and C are both raised to the same 
higher temperature, then B attempts to 
expand to a smaller extent than A and C. 

The cross pieces D and E will compel all 
three to come to the same length ; hence, 

B will be under pull and A and C W^ill be Fig. 141.- Stresses due to unequal 

under push. This is indicated in the figure 

by the forces P and Q. As no force whatever is required from the 
outside in order to balance the arrangement under the altered 
conditions of temperature, it follows that 

P=2Q vO 

Let the equal sectional areas of A and C be denoted by and 
the sectional area of B by 5 then 




Stress in A = stress in C ; 




Hence, from (i). 


or 


Stress in B =/2 = — i 

~ ^P \^\ » 

Px ^ ^2 


A 2^1 


.( 2 ) 


This result indicates that if all three bars have the same sectional 
area, then the stress in B will be double that in A or C, irrespective 
of the actual values of the changes of temperature. 

To find the numerical values of/j and proceed as follows ; 


Let L = the original length of each bar. 

= change in temperature of A and C. 

^2 = change in temperature of B. 

€ = the coefficient of expansion. 

E~the common value of Young’s modulus. 
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First assume that all three bars expand freely ; then 
£xtensit>n of A = extension of C = 

Extension of B =» IJ^^, 

New length of A or C = L(i + 

= ^iL, 

where = i + 

New length of B = L(i -f 

= 


where ~ ^ + ^2^* 

Let the bars now be compelled to come to the same final length 
Lt by application of the forces P and Q. 

Shortening of A or C produced by Q^/^^L-Lp. 

Extension of B produced by I* = Lp - 


Hence, for A or C, 
And for B, 


Strain of B 
E = 

hj. 


or 


T-/p — bf]X^ 

hh - 

■pi\ 

[ ' 

U,L-Lp, 


f AjL 

f *'2 

U-F - ^2^ 

=A; 



1 

fb,L-U' 


{U-b,L. 


( 3 ) 

(4) 


As the ratio of and known from (2), this result may be 

used for calculating Lj., the final distance between the cross pieces; 
substitution in (3) and (4) will then give the values of and /g- 


• Example. Take the following data for the arrangement shown in 
Fig. 141 and calculate the final distance between the cross pieces, also the 


stress in each mild steel bar. 
ai = I square inch. 

^2=3 square inches. 

= 100® F. 

/2-50- F. 


L== 100 inches. 

E~ 30,000,000 lb. per sq. inch, 
€=0-000007. 


From (2), 


j - 

2 
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Also, ^1 I + I + ( 100 X o*ocxxx> 7 ) « I - 0007 . 

^2 *= I + ^a€ == I + (50 X 0-000007) I -00035. 

L= 1*0007 X 100= 100*07. 

^2 L— 1-00035 X 100=100-035. 

3 -002 1 _ 100*07 - Lf 
2-0007 Li- “ 100-035* 

Lf^ 10004899. 

(Note, as the changes of length are calculated by taking the differences 
the lengths of the bars, it is necessary in examples of this kind to use a 
larger number of significant figures than that employed usually.) 


From (s), 
whence 


From (3), 
whence 
From (4), 
whence 


30,000,000 ==/i 


100-07 


100-07— 10004899’ 
^1= 6298 lb. per square inch. 

30,000,000 =/2 -- , 

100-04899 - 100-035 

/.j= 4i95 lb. per square inch. 

These stresses have the calculated ratio of 1*5. 






This problem may be varied by using bars of 
different materials and raising the temperatures 
of all to the same extent. The differences in 
the elastic moduli will produce a similar effect 
to that caused by unequal heating, and the 
calculation is effected in a similar manner, 
making use of the proper values of the co- 
efficients of expansion and of the elastic moduli. 

Reinforced concrete column. In Fig. 142 is 
shown a concrete column reinforced by steel 
bars arranged as shown in the plan. Appli- 
cation of an axial load to the column will cause 
both steel and concrete to shorten to the same 
extent ; as the lengths of both are equal, it 
follows that the strains are also equal. Using 
the suffixes c and s to denote the concrete and 
steel respectively, let = strains in the direction of the 

length of the column. 

/s and fc = the stresses in lb. per square inch. 

E*, and Ec = Young’s moduli in lb. per square inch. 
As and Ac = the sectional areas in square inches. 

•(i) 


Fii. 142.— Reinforced con- 
crete column. 




^ 

Sh 




A 

Sa 


.(2) 


Then 
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Dividing (i) by (2), we have 

fc Sg 



The ratio of E*? to Ec varies somewhat ; the average value of 15 is 
usually taken. With this value, equation (3) shows that the stress in 
the steel will always be 15 times that in the concrete irrespective of the 
relation of the sectional areas of the concrete and steel. If 500 lb. 
per square inch be taken as a safe stress for the concrete, then the 
stress in the steel will be 7500 lb. per square inch. 

Suppose W to be the load in lb. applied to the column ; then 

W-/,A,4-/.A, 

= 75ooA,+ sooAc, (4) 

a result which enables the safe load to be calculated if the sectional 
areas of the steel and concrete are given. 

The stresses produced in other composite bars under push or pull 
are calculated in a similar manner, making use of the proper values 
of Young’s modulus. Such bars may take the form of a steel rod 
cased in some alloy such as gun-metal, or the arrangement may be 
as illustrated in Fig. 141, with A and C of one material and B of a 
different material. A central load applied to the top cross piece D 
will produce equal strains in all the bars, and the stresses will thus be 
proportional to the values of Young’s modulus for the materials of 
the bars. 

Classification of stresses. Stresses may be either normal or tan- 
gential ; oblique stress is compounded of normal and tangential stresses. 
Stress is purely normal when its lines of direction are perpendicular 
to the surface over which it is distributed. Normal stresses may be 
either tensile or compressive. Stress is tangential or shearing when 

Fig. 143. — Stress in a lie- bar. 

its lines of direction coincide with the surface over which it is 
distributed. Oblique stress may have its lines of direction inclined 
at any angle between o" and 90” to the surface over which it is 
distributed. Normal tensile stress occurs in any section AB of a tie- 
bar subjected to axial pulls (Fig. 143), the section being perpendicular 
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Fig. 144. — Stress 
in a column. 


to the axis of the bar. The stress in this case will be uniformly 
distributed except for sections near the ends of the bar, and its 
intensity will be given by 

i . 

^ area of section AB 

Normal compressive stress will be found on any 
horizontal section AB of a vertical column (Fig. 144) 
carrying a weight W. If the line of W coincides with 
the axis of the column, the stress will be uniformly 
distributed and of intensity given by 

. 

^ area of section AB 

Relation of oblique stress with normal and 
tangential components. I^t ABCD (Fig. 145) represent the eleva- 
tion of a cube of unit edge, the top face being subjected to normal 
stress pn and also to tangential stress On the supposition that 

these stresses are uniformly distributed,' 
we may substitute resultant forces Pn 
and Ft, acting at the centre O of the 
top face, in a plane parallel to that 
of the paper, the values of Pm and Pt 
being pn and pt as the face is of unit 
area. The resultant of P^ and Pt 
will be 

R=NAivTP?, 

and will act at an angle 6 to the 
normal, the tangent of which is 



F iG. 145. - Relation of stresses. 


tan » = 




Now R may be taken to be the resultant of an infinite number of 
forces having the same direction as R, 
and uniformly distributed over the top 
face of the cube (Fig. 146), these forces 
constituting an oblique stress r, the value 
of which will be 

R 


iB 


Fig. 146. 


area of top face 




-.(i) 
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Other useful relations deduced easily from the figure are ; 


/n = ^*cos< 9 , (2) 

= (3) 

tane=^. ( 4 ) 

rn 


The angle 0 is defined as the angle of obliquity of the stress. 

Some examples of oblique stress. A useful method of determining 
the stresses on any section of a loaded body consists in first imagining 
that the body has been actually cut at the given section. One portion 
only of the body is then taken, and the resultant forces are determined 
which must be applied to the section in order to produce equilibrium 
in this portion. The stresses and their distribution may then be found. 

Consider a column carrying a load P, the line of which coincides 
with the axis of the column (Fig. 147 («)). I-et the column be cut at 
a section AB and consider the upper portion (Fig. 147(1^)). For 
equilibrium, a resultant force P' = P must be applied in the same line 
as P. This will give rise to a stress which will be seen afterwards 
to be uniformly distributed over AB. Let the area of the section 

AB be S ; then p 

Stress intensity on AB==/ = jT (i) 



Fig. 147, — Normal and i>hear stresses in a column. 


Supposing the column to be cut along CD (Fig. 147 {(i))y the angle 
between AB and Cl) being 0 . Considering the equilibrium of the 
top portion (Fig. 147 {c ) ), w^e see that a resultant force F = P must be 
applied in the same line as P. *P' will give rise to an oblique stress 
uniformly distributed over the section CD ; let ON be drawn normal 
to the section, when it will be evident that the angle between P' and 
ON, which is the angle of obliquity, is equal to 6 . To find the 
stress intensity, we have 

P' 

Stress intensity = A, = 

^ ^ area of section CD 
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Now 


area of section AB ^ 

= cos u : 

area of section CD ^ 

g 

/- area of section CD = 


• • A “ 


P' 

= -.cos 


e 


=/.cos ^ (2) 

The intensity of the oblique stress on CD is therefore equal to the 
stress intensity on AB multiplied by the cosine of the angle between 
the two sections. 

It is of interest to determine the components of normal and 
tangential to CD (Figs. 147 (r) and (^)). I*>om equations (2) and (3), 
p. 122, we have ' (3) 

, (4) 

By substituting the value of p^ from equation (2) above, we obtain 

pn=p.cos^e, (5) 

pt=p .sindcosd. (6) 


Pn 



Fig. 148. — Variation ot noinial biress in a column. 


It will be easily seen, from equation (5), that /„ has its maximum 
value when B is zero, the value being then p and the section AB 
in Fig. 147 {a). The value of pn diminishes as B is increased, being 
zero when B = 90**. Equation (6) may be written as 

i>i^\p. sin 26, (7) 

an equation which shows that t>t has zero value when B is zero, and 
that the value is again zero when B is 90“. The maximum value will 
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occur when 2^ is 90“, the value of the sine being then unity ; ^ will 
then be 45*, and the value of pt will be 

Maximum value oipt—\p (8) 

The fact that the section at 45“ to the axis of the column has 
maximum intensity of shearing stress explains the reason why some 

Pt 

0-5 
0-4 
0-3 
0-2 
0i 


30 60 90 

B degrees 

Fig. X49. — Variation of shear stress in a column. 



materials, such as brick, stone or cement under compression, fracture 
along planes at 45 ** instead of simply crushing. Such materials are 



C 


comparatively weak under shearing. 
The curves in Figs. 148 and 149 have 
been plotted from equations (5) and 
(6), taking the maximum value of 
as I ton per square inch, and illustrate 
the way in which pn and pt vary, 
depending on the angle at which the 
section is taken. 

The case of a rod under axial pulls 
may be worked out in a similar 
manner and the results will be iden- 
tical, with the substitution of normal 
pull stress for the normal push stress 
which occurs in the column. Fig. 150 
illu.strates this case, and as it is 
lettered to correspond with the column 


diagrams there will be no difficulty in 
tracing the connection. 

Stresses which are not uniformly 
distributed. A varying stress may be 
C realised by considering a horizontal 

Fig. 150.- -Vormai^and^bhcar stresses 1^ surface ABC (Fig. 151), having a 

number of slender vertical heavy rods 



of varying heights standing on it. Some of these rods are shown 


in the figure. The effect on the surface ABC, which is supposed to 
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be covered entirely by the rods, will be to produce stress of varying 
intensity. There is, however, no difficulty in seeing that the resultant 
force on ABC will be the total weight of 
the rods, and that the line of the resultant 
force must pass through the centre of gravity 
of the whole of the rods taken together. 

We may deduce from this that, if a streBs 
fiaore be drawn for a given section by 
erecting ordinates at all points of the 
section, of length to scale to represent 
the intensity of normal stress at each point, 
the resultant force will pass through the 
centre of volume of the stress figure. The magnitude of the resultant 
force may be found thus : 

Let p = stress intensity at a given point, 

«Sfl = a small area surrounding this point. 

Then Resultant force = . cSa, ( i) 

the summation being taken all over the section. 

Equation (i) may be interpreted as meaning the volume of the 
stress figure, stress intensities being used for ordinates and square 
inches or other convenient units for units of area. 



Fic. 151.— Representation of 
varying stress. 


Example. A rectangular surface ABCD is subjected to normal 
stress, which varies uniformly from zero along AD to 4 tons per square 

inch along BC (Fig. 152). AB is 4" 
and BC is 3". Find the resultant force, 
and show where it acts. 

The stress figure will be drawn in this 
case by erecting ordinates BE and CF, 
each to scale, representing 4 tons per 
square inch. Join EF, AE and DF, 
thus giving a stress figure of wedge 
shape. To find the magnitude of the 
resultant force, calculate the volume of 
the wedge by multiplying the area of 
the base by the ordinate of average height, viz. 2 tons per square inch. 

^ Resultant force = R=:^4X3X2 

— 24 tons. 



Fig. 152. — A uniformly varying stress. 


The centre of volume of the wedge will lie vertically over a point O, 
found by the intersection of two lines GH and KL, G and H bisecting 
respectively AD and BC, and KB and LC being one-third of AB and CD 
respectively. R will then pass through O as shown. 



126 


MATEfUALS AND STRUCTURES 


It will be clear that, in the c^ase of a uniform normal stress, the 
centre of volume of the stress figure lies in the normal drawn from the 
centre of area of the section. It therefore follows that, if a resultant 
normal force acts through the centre of area of a given section, a 
stress which will be distributed uniformly over the section will result. 

In drawing stress figures, a useful convention is to draw the stress 
figure standing on one side of the section, for those parts of the section 
which are subjected to push stress, w'hile pull stresses are represented 
by a stress figure standing on the other side of the section. 

Shearing stress. In Fig. 153 («) is shown a rectangular plate 
ABCD having shearing stress pt distributed over its top edge. Let 




A 

Q 


B A 

, 

a q., 


. G J>t 


(a) 


(b) ~ ^ ^ 

FiC. 'isi.— A plate under shearing stress. 






H Pt (C) C 


the thickness of the plate from front to back be unity, then the total 
force along AB will be x AB (i) 

Substituting P as shown in Fig. 153 (^), the plate may be 
equilibrated horizontally by the application along Cl) of an equal 
opposite force P ; as P form a couple, equilibrium is completed by 
the application of equal opposite forces Q, Q along the edges AD and 
BC respectively, these forming a couple of moment equal and oppo- 
site to that of the first couple. For equilibrium we have 

Px AD = Qx AB (2) 

I^t all these forces be produced from shearing stresses applied to 
the edges of the plate (Fig. 153 (r)), and let r/t be the shearing stress 
which p-ives rise to Q, so that 

Q = (3) 

Substituting in (2), we have 

pi X AB X AD = X AD x AB, 

or Pt = qt (4) 

For tbe general equilibrium of tbe plate it is tiierefore neoessary tliat 
equal shearing stresses be applied to all four edgea 

Take any section EF of the plate as now stressed (Fig. 153 (^^)), 
and consider the equilibrium of the portion ABFE (Fig. 154). From 
what has been .said it will be seen by inspection of Fig. 154 that a 
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Shearing stress Pt must act along FH Again, take another section 
GH (Fig. 153 (c)), and consider the equilibrium of the portion AGHD 
(Fig. 155). Inspection shows that a shearing stress pt must act along 


A G 






1 ^. 


P, 

Fig. 154. 


Fig. 15s. 


GH. We conclude that if any rectangular block be subjected to 
shearing stresses, such stresses must be equal on all four edges, and 
there will be an equal shearing stress on any section which is parallel 
to any edge of the block. 

Cube under shear stress. For simplicity, consider £l cube of unic 
edge, the elevation of which is ABCI) (Fig. 156). Let shearing 
stresses be applied as shown to those 
faces of the cube which are perpendicular 
to the paper. To find the stress on the 
diagonal section AC, v'^ut the cube and 
consider the portion ABC (Fig. 157). 

I'he stresses along AB and CB produce 
forces /ft, f>ti acting at B ; these will have 
a resultant r, acting at 45° to AB, and 
hence perpendicular to AC. The mag- 
nitude 01 r will be 

r=/ff\/2. 



1 * lO, 156. — Cube under shear 
stress. 


If r be produced it w’ill evidently cut the diagonal AC at its middle 
point O, and may be balanced by an equal oppK)site force r applied 
at O as shown. Now r may be considered to be the resultant of a 
normal stress /n uniformly distributed over the diagonal section AC, 
the intensity of this stress being 

_ r 
~~ area of AC’ 


A.n/2_ 
AB .siz 


This result shows that the diagonal AC is subjected to a normal 
pull stress of intensity equal to the given shearing stress. In the 
same way, by considering the portion ABD (Fig, 158), we may show 
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that the diagonal BD is subjected to a normal push stress of inten- 
sity also equal to the given shearing stress. 

Supposing we have a rectangular plate ABCD (Fig. 159) having 
shearing stresses applied to its edges. Consider any square portion 

B 


Fig. iS7* — The di&gonal AC is under pure Fio. 158.— The diagonal TiD is under pare 

normal pull stress. normal push stress. 

abed having its edges parallel to the sides of the rectangle. We have 
already seen that these edges have equal shearing stresses pt acting 

on them. Hence the diagonal 
sections of the sejuare have normal 
pull stress on ac and normal push 
stress on bd^ tlie intensity of each of 
these being pi. We therefore infer 
that any section of the plate at 45 
to an edge will have normal stress of 
push or pull acting on it of intensity 
equal to the given shearing stress. 

Two sections of a body intersecting at 90”, and having purely 
normal stresses acting on them, are called principal axes of stross ; the 
stresses are called principal stresses. 

[For laboratory experiments on .stress and strain, see Chapter XIII. J 

EXERCISES^ON CHAPTER VI. 

1 . A round rod has to carry a pull of 15 tons. Find the diameter if 
the safe stress is 6 tons per square inch. 

2 . A short hollow cast-iron column is 6 inches in external and 4J inches 
in internal diameter. Calculate the safe load if the stress allowed is 
7 tons per square inch. 

3 . Plates 0*5 inch thick are to be connected by a double-riveted lap 
joint. Find the principal dimensions of the joint. Take d=^\*2\^~t : 

5 > ^ons per square inch. Find the efficiency of the joint 
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I . Answer Question 3 for a double-riveted butt joint with two cover- 
straps. The plates are | inch thick. Allow 1-75 rivet sections per rivet 
under shear. 

6. Two plates, each 16 inches by 0*5 inch thick, are to be connected 
by a butt joint having two cover-straps. The joint is to be under pull. 
Take stresses as given in Question 3, and find the required number of 
rivets J- inch in diameter. What would be the safe load for the joint ? 

6. A cylindrical boiler shell is 7-5 feet in diameter ; the working 
pressure is 1 50 lb. per square inch. If the efficiency of the longitudinal 
riveted joint is 75 per cent., find the thickness of the plate for a safe stress 
of 5 tons per square inch. What will be the stress on a longitudinal 
section of the plate at some distance from the joint ? Find also the stress 
on a circumferential section of the plate. 

7 . A spherical vessel, 6 feet in diameter, is subjected to an internal 
gaseous pressure of 120 lb. per square inch. Find the thickness of plate 
required for a joint efficiency of 70 per cent, and a safe stress of 12,000 Ib. 
per square inch. 

8 . A steel bar, 6 inches wide, 0-5 inch thick and 30 feet long, carries a 
pull of 18 tons. Find the extension in length and the contractions in 
width and thickness when the load is applied. Take 13,500 tons per 
square inch and ^ = 3*5. 

9 . A vertical square plate of steel, 6 feet edge and 075 inch thick, has 
shearing forces of 200 tons acting along each edge. Suppose the lower 
edge to be horizontal and to be fixed rigidly, what will be the horizontal 
movement of the top edge when the load is applied? Take € = 5500 tons 
per square inch. 

10 . A cylinder for storing compressed oxygen under a pressure of 120 
atmospheres is 3 feet long and 5 inches diameter ; the thickness of the 
steel plate of which it is constructed is % inch. Find the alterations in 
diameter and length when the cylinder is being charged, and hence find 
the change in cubic capacity ot the cylinder. Take E — 13,000 tons per 
square inch and ;// = 4. 

II . A rod of brass 4 feet long and 0-5 inch diameter is cooled from 
150“ F. to 60“ F. Find what forces are required in oider to prevent any 
change in the length. Take £==5700 tons per square inch and the 
coefficient of expansion =o-ooooi. 

12 . A steel boiler tube is 15 feet long, 3 inches internal diameter and is 
made of metal 0 3 inch thick. Supposing that half its natural expansion 
due to a range of temperature of 240® F. is prevented, what forces will the 
tube exert in the direction of its length? What will be the stress in the 
tube ? Take E = 13,500 tons per square inch and € = 0 000007. 

13 . A tube of copper 1*5 inch bore and 4 feet long, of metal o-i inch thick, 
has an internal steel rod 0-5 inch diameter, having swelled ends to which 
the tube is brazed. Suppose there to be no self-stressing at first, what will be 
the stresses in the copper and in the steel if both arc raised in temperature 
to an extent of 100® F. ? Take E#= 13,500 and £<,=6200 tons per square 
inch ; coefficient of expansion of steel = 0*000007 and of copper = 0*0000096. 

14 . A reinforced concrete column has a square section of 15 inches 
edge, and has four reinforcement bars of steel 1*5 inches diameter. Find 
the safe load if the stress in the concrete is 500 lb. per square inch. How' 
much of this load is carried by the steel? Take the ratio of Young’s 
modulus for the steel and for the concrete to be 15. 
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15 . A tie bar has a rectangular section 4 inches by 15 inches, and 
carries a pull of 30 tons- Find the normal and tangential stresses on 
sections making angles of o% 30**, 45% 60'’ and 90® with the axis of the 
bar. Plot curves showing the relation of the stresses and angles. 

16 . Draw the stress figure for a rectangular section 30 feet by i foot ; 
there is a normal push stress of 4 tons per square foot at one short edge, 
and the stress varies uniformly to a normal push stress of 0-5 ton per 
square foot at the opposite edge. What is the resultant force on the 
section ? Show where it acts. 

17 . A ferro-concrete column is 14 inches square in cross section ; the 

main reinforcement consists of four longitudinal 2-mch diameter round 
steel rods, one rod being placed close to each angle of the cross section. 
The value of E (Young’s modulus) for the steel is 29,000,000 lb. per square 
inch and for the concrete 3,000,000 lb. per square inch. If a gross com- 
pressive load of 60 tons is supported by this column, what is the gross load 
and the compressive stress per square inch in (a) the concrete, (^) the 
reinforcing bars ? (B.E.) 

18 . A column which carries a load of 300,000 lb. rests on a foundation 
whose area is 10 square feet ; find the normal and tangential components 
of the stress on a plane in the foundation, whose inclination to the 
horizontal is I5^ Find also the inclination of the plane on which the 
tangential stress is a maximum, and calculate this maximum value. (L.U.) 

19 . The London Building Act, 1909, allows stresses in steel of 5^ tons 
per square inch in shear and 1 1 tons per square inch of bearing area, but 
limits the shearing strength of a rivet in double shear to 1-75 times that of 
a like rivet in single shear. Prepare a table of rivet strengths, with these 
stresses, for i-inch rivets in single and double shear with plates of | inch, 

inch, I inch, J inch and | inch in thickness. (f.C.E.) 

20 . A cylinder, 8 inches external and 4 inches internal diameter, has an 
internal fluid pressure of 2000 lb. per square inch. Find the maximum 
and minimum hoop tensions. 




CHAPTER VII. 

STRENGTH OF BEAMS. 

Some definitions. Beams are parts of a structure, usually supported 
horizontally, for the purpose of carrying loads applied transversely to 
their lengths. The term beam or Joist is understood generally to refer 
to a structure of moderate size and constructed of one piece of 
material, such as the timber beams or joists used for supporting 
floors, or rolled steel beams also often used for floors. Beams of 
larger size and constructed of several parts secured together are 
called girders. 

Any beam will bend when loaded, owing to the strains which take 
place in the material. If straight initially, it wall take the shape of 
some curve ; if curved initially, it will alter its curvature. The theory 
of the strength and stiffness of beams may be developed from the 
fundamental principles that {a) the beam as a whole is in equilibrium 
under the action of the external forces, which term embraces the 
applied loads and the reactions of the supports ; (/^) any portion of 
the beam lying between two sections is in 
equilibrium under the action of any external 
forces applied to that portion, together with 
the stresses communicated across the sections 
from the other parts of the beam. 

Pure bending occurs when the following 
conditions arc complied with. {a) There 
must be no resultant push or pull along the 
beam due to the action of the external forces ; 
this condition will be realised in the case 
of a horizontal beam carrying vertical loads 
and so supported that the reactions are 
vertical, {/j) The external forces must be all 
applied in the plane in which the beam bends. 

In connection with the latter condition, it ^lym^'triSVangEsStStS? 
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may be explained here that it does not follow necessarily that a 
beam carrying vertical loads will bend in a vertical plane. Side or 
horizontal bending as well as vertical bending will occur if the beam 
section be not symmetrical about a vertical line passing through the 



Fig. x6i. —Examples of symmetrical and unsymmetrical sections. 


centre of area of the section. For example, the angle section shown 
in Fig. i6o (a) is not symmetrical about the vertical a/?, and hence 
pure bending cannot occur with vertical loads. If the angle be 
situated as in Fig. 160 symmetry about ab is secured, and pure 
bending will occur, i.e, the beam when loaded vertically will bend in 

the vertical plane, of which ab 
is the trace. Figs. 161 {a\ (b) 
and (c) show other examples of 
symmetrical sections. An un- 
symmetrical bulb angle and Z 
bar are shown in Figs. 161 (c/) 
and (e). Pure bending alone 
will be cons id(i red. 

Nature of the stresses in a 
beam. In practice, the problem 
which has to be solv(xl first is 
generally that of finding the re- 
actions of the supports for given 
loading. In simple cases of pure 
bending, in which the beam rests 
on two supports, but is not fixed, 

FiG. 162. — Longitudinal tension and compre:||sl the Solution may bc obtained by 

in a loaded beam. mcthods givcn in Chaps. III. 

and IV. We now proceed to examine the stresses in the material of 
a loaded beam. T’he nature of these may be understood by considera- 
tion of the beam shown in Fig. 162 (a), which carries a single load W, 
and is supported at its ends. Suppexsing a number of saw cuts to be 
made in the lower portion of the beam (Fig. t 62 (b) ), it is evident that 
these will tend to open out on the beam being loaded. Had the saw 
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Fig. 163. 


Shearing tendency in a loculed 
beam. 


cuts been made in the upper portion (Fig. 162 (r)), it is clear that these 
would tend to close on loading the beam. We are therefore justified 
in concluding that longitudinal fibres situated in the lower portion 
of this beam are under pull, while 1 

those lying in the upper portion are 
under push. 

Again, it will be evident that if a 
vertical section AB be taken (Fig. 163), 
there is a tendency for the left-hand 
portion to slide upwards and for the 
right-hand portion to slide downwards, 
indicating that there must be shear stresses acting on the section. 

Bending moment and shearing force. Let the beam shovvTi in 
Fig. 164 (a) he cut at any section AB, and consider the problem of 
restoration to equilibrium of the left-hand portion (Fig. 164 (/;)). In 
general, the external forces will not be in equilibrium unaided, hence 
stresses will be required at the section AB. Whatever may be the 
magnitudes and directions of these stresses, they may be resolved into 
components along and perpendicular to AB, and their resultant 

forces X, Y and S substituted for the 
actual stresses. The problem may 
now be solved by application of the 
equations (p. 64), denoting horizontal 
and vertical forces by the suffixes x 
and y respectively : 

(i) 

2r,=o. (2) 

+ = o (3) 

Since there are no forces other than 
X and Y acting along the beam, it 
follows from equation (i) that these are 
e(]ual, and hence they form a couple. 

Equation (2) show^s that the algebraic sum of the forces parallel to 
AB must be zero, and hence S must be equal to the algebraic sum of 
the external forces applied to the portion of tlie beam under con- 
sideration. S is called the shearing force, and will produce shear 
stress distributed in some manner over the section AB. 

The meaning of equation (3) may be ascertained by taking 
moments about any axis in the section AB, the axis being perpendi- 
cular to the plane of bending and indicated bv O in Fig. 164 {b). The 
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Fig. 164. — Bending moment and shearing 
force at u beam section. 
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second term clearly refers to the resultant moment of the external 
forces applied to the portion of the beam centered (notice S has 
no moment about this axis) ; the first term refers to the moment of 
the couple produced by the equal forces X and Y. The equation 
shows that these moments must be equal. '^J'he resultant moment of 
the external forces is termed the bending: moment, and the moment of 
the couple is termed the moment of resietanoe. 

Equation (3) may thus be read ; 

Bending moment at AB = moment of resistance at AB. 

It will be evident, since the forces X, Y and S are communicated 
as stresses from the right-hand portion to the left-hand portion of the 
beam, and hence are mutual interactions, that their values would be 
unaltered had the calculation been performed by considering the 
right-hand portion of the beam instead of the left-hand portion. 
Hence the bending moment and shearing force at any section may 
be calculated from the loads and reactions applied to either portion of 
the beam. If the calculations be made for both portions the results 
should agree, thus affording a check on the accuracy of the work. 
Rules for bending moment and shearing force. The bending 
moment at any section of a beam means the tendency to rotate cither 
portion of the beam about that section, and is calculated by taking 


1 



Fig, 165. — Positive and negative bending. Fig. i66.— Positive and negative shear. 

the algebraic sum of the moments about the section of all the forces 
acting either on one or other portion of the beam. 

The shearing force at any section of a beam means the tendency 
of one portion of the beam %o slide on the other portion, and is 
calculated by taking the algebraic sum of all the forces acting 
either on one or other portion of the beam. 

It is usual to call bending moments positive when the tendency is 
to cause the beam to become convex downwards, as in Fig. 165 (a). 
Fig. 165 (If) shows a case of negative bending moment. Shearing 
forces are denoted as positive if the tendency to slide is that shown 
in Fig. 166 (a)y and negative if that in Fig. 166 (i^). 
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Bending-moment and shearing force diagrams. Such diagrams 
are often required in the solution of beam and girder problems, and 
may be drawn by first calculating the values of the bending moments 
and shearing forces at a sufficient number of sections of the given 
beam. A horizontal datum line is chosen of length to scale to 
represent the length of the beam ; the calculated values are then set 


I ton per foot length 



Fig. 167. — Bending moment and shearing force diagrams for a beam carrying a 
uniformly distributed load. 


off as ordinates, above or below the datum line according as they are 
positive or negative. The ends of the ordinates being joined by 
straight lines, or a curve depending on the circumstances, the result 
gives complete representations of the bending moments and shearing 
forces throughout the beam. 

Example^ A beam of 20-feet span is supported at its ends and carries 
a uniformly distributed load of i ton per foot length (Fig. 167 (a)). Draw 
bending-moment and shearing-force diagrams. 
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To do this, first calculate the bending moments and shearing forces at 
sections 2 feet apart throughout the length of the beam. The reaction ot 
each support will be 10 tons. Sample calculations are given below for the 
section 6 feet from the left-hand support, together with a complete table 
of the results from which the diagrams in Fig. 167 {c) and {d) have been 
plotted. As the loading is continuous, it is evident that both the bending 
moment and shearing force vary continuously ; hence neither diagram 
shows any break or sudden change in direction. 

For section 6 (Fig. 167 (^)), 

Bending moment=(iox 6)--(6x3) 

=60- 18 

=42 ton -feet, positive. 

Shearing force ^10-6 

= 4 tons, positive. 


Section. 

Bent ling moment, 
ton feet. 

Shearing force, 
tons. 

.Section. 

Bending moment, 
tun-fect. 

Shearing force, 
tons. 

0 

0 

+ 10 

TO 

+ 50 

0 

• 2 

+ 18 

+ 8 

12 

+ 48 

-2 

4 

+ 32 

+ 6 

14 

+ 42 

-4 

6 

+ 42 

+ 4 

16 

+ 32 

-6 

8 

4-48 

+ 2 

18 

+ 18 

-8 

10 

+ 50 

0 

20 

0 

- 10 


Diagrams of bending moment and shearing force for four important 
cases are given in Fig. 168. These cases are of constant occurrence 
in practice, and should be worked out independently by the student. 

Shearing force at a concentrated load. Any difficulty which may 
occur in dealing with the shearing force at a concentrated load will 
disappear if it is remembered that there is never any case of 
a load being concentrated on a geometrical point, or line. This 
arises from the fact that such would produce an infinitely great stress, 
the area being zero. All loads are distributed really over a small 
portion of the length of the beam. In Fig. 169(a), a load W is 
shown resting on a beam, and^^it may be convenient for some pur- 
poses, such as the calculation of the reactions^ to speak of it as 
concentrated at its centre of gravity C ; actually it is distributed over 
a short length DE of the beam. The shearing force at any section 
lying between A and D will be positive and equal to P ; for any 
section between B and E the .shearing force will be negative and 
equal to Q. For sections lying between D and E, the shearing force 
will be + P at D, and will gradually diminish to zero, then will 
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change sign to negative, and will increase numerically to - Q at E, 
The section at which zero shearing force occurs may be determined 



Fig. 168.— -Bending moment and shearing force diagram*; for four important cases. 


from the consideration that the portion of W lying to the left of the 
section must be equal to P. Thus : 

Px AB = WxCB; 

• (.) 

Let F be the section of zero shear, then 

DF: P=DE:W; 


Hence 


I^ CB 
bE“AB 

DF;DE = CB : AB. 
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We infer from this result, that the section of zero shear divides the 



Fig. 169. — Shearing force at a load. 


load into segments which are 
inversely proportional to the 
segments into which the‘ centre 
of gravity of the load divides 
the beam. The shearing-force 
diagram for this case is shown 
in Fig. 169 (/^)). 

In solving problems of this 
character, it is usually sufficient 
to state the shearing forces on 
each side of the load given as 
concentrated. 


Example, Draw the bending moment and shearing-force diagrams 
for the beam shown in Fig. iyo(a). 
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Sections at 2-feet intervals have been chosen, and the calculations have 
been made in each case by considering the left-hand portion. Clockwise 
moments have been considered as positive and anti-clockwise as negative, 
thus giving the proper sign for the results of the bending-moment calcu- 
lations. Forces acting upwards have been taken as positive and down- 
ward forces as negative, giving the proper sign for the shearing-force 
results. The calculations are given in the table, and the diagrams have 
been plotted from the results as shown in Fig. 170 (^) and (c). Two 
results are given for the shearing force at the 6-feet and the 1 2-feet 
sections ; the first is that immediately to the left of the section, the 
second is that just to the right of the section. The shearing force at 
16 feet from P is that immediately to the left of the 5-ton load. 


Bending Moments and Shearing Forces for a Loaded Beam. 


Distance 
of sectioti 

Dciiding moment. 

Shearing force, 

from P, 

ton-feet. 

tons. 

feet. 



0 

0 

I’=+ 7-33 

2 

(rx2)-(3xi)=-i-n-67 

P- 3= + 4-33 

4 

(I’X 4 )- (6X2)= +17-33 

P- 6= + 1-33 

6 

(Px6)-(9x 3)- -hi6 99 

/ P- 9 = -1-67 
\P-9-2---. -3-67 

8 

(Px8)-(l2X4)-(2X2)=-f 6-67 

P- 12-2= -6*67 

10 

(Px 10) -(15x5) -(2x4)= -9-67 

P- 15-2= -9-67 

12 

(Px 12) “(18x6) “(2x6)= -32 

/ P- i8-2= - 12-67 

fp- 18 - 24 Q= 4 - II-O 

14 

(Px 14) -(21 x7)--(2x8)-l-(Qx2)- -13 

J* - 21 - 2 4 *Q= +8-0 

16 

(P X 16) -(24x8) -(2 X io)-f(Qx4) = o 

P- 24 - 24 Q“ +50 


Graphical methods of obtaining the bending-moment diagram. In 

Fig. 1 71 (a) is shown a beam carrying two loads and Wg. The 
reactions of the supports P and Q have been determined by means 
of the force polygon shown in P'ig. 171 (/^), and the link polygon, 
Fig. 1 71 (c), as has been explained on p. 70. It will happen usually 
that the closing link afi of the link polygon is not horizontal, and it is 
convenient for our present purpose that it should be so, I'o obtain 
this result, the pole O of the force polygon in Fig. 171 (/^) has been 
moved vertically to O' in the horizontal line through A. A new link 
polygon (Fig. 171 (^) ) is then drawn, having its sides parallel to the 
doited lines radiating from O' in Fig. 1 7 1 (/^) ; aV/ will now be horizontal. 

The triangles ded' and O'Ali are similar ; hence 

cTe ^ Ali 
de O'A 

^/'d'xO'A-ABxrrV (i) 


or 




140 


MATERIALS AND STRUCTURES 


Now AB represents the reaction P ; hence AB x ae represents the 
moment of P about the section at Wj, t\e. represents the bending 
moment at W^. Therefore the ordinate d*e of the link polygon, when 
multiplied by the horizontal polar distance O'A, gives the bending 
moment at W^. 

In the same way, from the similar triangles cfl* and DAO' we may 
show that cfy. O'A represents the bending moment at Wg. Therefore, 
the link polygon a' deb' is the bending-moment diagram for the 
whole beam. 

To obtain the scale of the diagram, it will be noted that both de 
and AB in (t) above should be measured to the scale of force used 
in drawing the force diagram. Fig. 1 7 1 (/^) ; also, both de and O'A 



Fio. 171.— Bending-moment diagram by the link polygon method. 

should be measured to the scale of length used in drawing the beam 
in Fig. 1 7 1 id). Let these scales be p tons per inch height of DB in 
Fig. 1 7 1 ib) and / feet per inch length in Fig. 1 7 1 {a), "i'hen, if any 
ordinate y of Fig. 171 (d) be measured in inches, and if O'A be 
measured also in inches, the bending moment at the section of the 
beam vertically above will be given by 

Mx =y . O'A .pi ton-feet (2) 

Another useful graphical methpd of obtaining the bending-moment 
diagram is illustrated in Figs. 172 (d) and {!>). A base line OA is 
selected of length equal to that of the beam. Choosing a convenient 
scale of moments, AB is set off equal to PL, and is divided at E by 
setting off BE equal to The remainder KA of BA will 

evidently be equal to as is shown by the equation of moments 

about the right-hand support, viz. : 

PL^W.ai + W^rtg 
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Join OB cutting the vertical through Wj in C ; join CE cutting Wg 
produced in F ; join FA. Then OCFA is the bending-moment 
diagram for the complete beam. 





Fig. 172. — Beiiding-monient diagram by the method of graphical moments. 

To prove this, take any ordinate From similar triangles, we 
have AB j, 

OA~xy 

AB 


, Now AB - P X L and OA = L ; hence 

Vj = Paj , 

that is, I'j represents the moment of P about the section of the beam 
vertically over Vj ; hence OCI) is the bending-moment diagram for 
the portion of the beam lying between P and Wj. In the same way, 
it may be shown that JF3 represents the moment of Wj about the 
section vertically over Jo represents the moment of P about the 
same section, and has the opposite sign to that of ; hence O'g a) 
is the bending moment for this section. Similarly (j\ - J5 - jg) is the 
bending moment for the section vertically over ^4. 

In applying either of these graphical methods to the case of 
distributed loads, these loads may be cut up into portions of short 
length and the weight of each concentrated at its centre of gravity. 
The result will give a nearly equivalent system of concentrated loads. 
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Bending of a beam. Suppose we have a beam consisting of a 
number of planks of equal lengths laid one on the other, and sup- 
ported at the ends. A lofid W, applied at the centre of the span, will 
cause all the planks to bend in a similar fashion, and, as their lengths 
will remain equal, the planks will overlap at the ends as shown 
(Fig. 173 (a ) ). Strapping the planks firmly together will prevent this 


Fig. 173 («).— Plank beam. Fig. 173 Strapped plank beam. 

occurring, and the beam will now bend as a whole, the ends of the 
planks remaining in one plane ( Fig. 173 {//) ). The upper planks have 
become shorter and the lower planks longer ; hence, one intermediate 
plank will be unaltered in length. Assuming the middle plank to 
remain the same length as at first, it is clear that all planks above 
the middle must have' become shorter, and all below the middle, 
longer than at first. It will also be evident that the change of 
length, and consequently the longitudinal strain, of any plank will 
depend on its distance above or below the middle, being greater as 
the distance is increased. 

For ordinary practical beams, it is assumed that no section is 
warped when loads are aj:)plied ; thus transverse sections which were 
plane in the unloaded beam remain plane when the loads arc applied. 
iVhile this assum])tion is justified on appeal to experiment, it must be 

noted that it is no longer true if the 
beam has been loaded excessively 
so that the elastic limit of the 
material has been ext'eeded. 

Some important definitions. In 

Fig. 174. — Neutral axLs of a beam ‘iection. ^ , • r 

kig. 174 IS shown a portion of an 
unloaded beam. We have seen already that there will be one 
longitudinal section whi(’h will not suffer change of length when the 
beam is loaded ; let NL represent this section, which is called the 
neutral lamina. Any plane transverse section, such as AB or CD, 
will intersect the neutral lamina in a straight line, which is shown by 
NA in the cross section ; this line is called the neutral axis of the 
section. 

Longitudinal strains. In Fig. 17 s (a) is shown a portion of a bent 
beam. Two adjacent and originally parallel sections AB and CD 
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M3 

have been altered in position by the bending to A'B' and CD', ad 
is any longitudinal fibre parallel to the neutral lamina NL, and has 
been changed in length from al> to aV/, the change being one of 
shortening if ab lies on the concave side of NL and of extension il 
aif lies on the convex side. The actual change of length is made up 
of the two pieces aa and bb\ It is clear from the geometry of the 



(a) “ (b) 


Fig. 175, — Longitudinal ^.trains and stresses in a beam. 

figure that the combined length of these pieces will be proportional 
to the distance of ah from NL ; thus : 

{aci! + hh *) : (A A' + CC') = Etz : EA. 

The strain of ah will be given by 

„ . - , aa-^hh‘ 

Strain of a/; = — 
ah 

Ai c* ‘ f AA' + CC' 

Also, Strain of AC = — — . 

Now all fibres lying between AB and Cl) w^ere originally of equal 
lengths, viz. EF ; hence their strains are proportional simply to their 
changes in length, and hence to the distances of the fibres from NL. 
yVe may therefore write, taking y and m to be the distances respec- 
tively of ah and AC from NL : 

Strain of ah : strain of AC 

strain of any fibre , ^ 

or - - — - > ■ r ' XT f- = a constant, 

distance of fibre from NL 

Longitudinal stresses. Changes of length of any fibre must have 
been brought about by longitudinal stresses of push or pull, depend- 
ing upon whether shortening or extension has been produced. Thus 
dl) in Fig. 1 75 («) must be under longitudinal push ; any fibre lying 
on the convex side of NL will be under longitudinal pull. Assuming 
the elastic limit not to be exceeded, these stresses will be proportional 
to the strains. Hence, from what has been said above regarding 
the strains, ttie Joneritudinal stress on any fibre will be proportional 
to its distance from NL. 
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Let /=* longitudinal stress on A'C (Fig* 175 

/ = „ „ aV. 

Then f\p-m\y^ 

f P 

or — = ~ = a constant. 

m y 

The student will observe that fibres under longitudinal push stress 
not only shorten, but also expand laterally, while those under pull 
stress contract laterally. The ordinary theory of beams assumes that 
such lateral changes take place freely, the justification being that 
calculations based on the ordinary theory agree 
very closely wnth experimental results. The effect 
of the lateral changes on the section of a beam bent 
convex downwards will be understood by reference 
to Fig. 176, in which the lateral contractions of the 
lower fibres and the lateral expansions of those 
Fig. 176.— Anticiastic above the neutral lamina have the effect shown oi 

curvature. . . 111 

causing the cross section apparently to be bent 
convex upwards, i,e. in the opposite sense to that of the length of the 
beam. 'The transverse curvature is called anticiastic, and may be 
observed very well if a rubber beam be experimented upon. The 
interference of anticiastic bending with the ordinary theory of beams 
will be most marked with a very broad beam of little depth, a strip of 
clock spring, for example. 

Moment of resistance. Knowing the nature of the distribution of 
the stresses over the cross section, we may now proceed to find an 
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(a) B (b) 

Fig. 177.— Moment of resistance of a beam. 
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expression for the moment of ^ resistance. Referring to Fig. 177, 
showing a part side elevation and section of a loaded beam under 
pure bending, let a be the cross-sectional area of any fibre. 

Stress on a—p. 

Now / w ; 
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Also, 


y 

Force on a— fa 


fn 


•(2) 


The force on any other fibre would be obtained in a similar 
manner, and, as these forces will be both push and pull when taken 
over the whole section, we may obtain the resultant force by 
summing algebraically. Thus : 

Resultant force on section = '^ — i 


m 


ay 


ifl 


(3) 


The factor simply means the moment of area of the whole 
section about NA, and, as in pure bending there is no resultant 
force along the length of the beam, we may equate equation (3) 

to zero. Now will not be zero ; hence 
m 

^ay^o (4) 

This latter result can only be true provided NA, the axis about 
which moments of area are to be taken, passes through the centre 
of area of the section and is perpendicular to the plane of bending. 
Hence, we have a simple rule for the position of the neutral axis of 
any section. The methods of finding the centres of gravity of thin 
sheets, discussed in Chapter III., may be applied. 

Again, taking moments about NA, and using equation (2) for the 
force on <2, we have 

Moment of the force on a = ^ ay x v 

tn 

(5) 


A similar expression would give the moment of the force on any 
other fibre, and it will be noticed that all such moments will have the 
same sign independent of that of j, as the_y has been squared in each 
case. The total moment may be obtained by summation, thus : 

Total moment of resistance — ^5^ 

In this result, '^ay^ may be termed the second moment of area of the 
section, thus distinguishing it from the first moment, which would be 
^ay. The name moment of inertia is applied more commonly to '^ay^ 
arising on account of its similarity to the expression used in cal- 
culating the moment of inertia of a thin plate. 

D.M. 


F 
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The moments of inertia of many simple sections may be calculated 
easily by application of the niethods of the integral calculus. Rolled 
sections are dealt with more easily by a graphical process, which will 
be explained later. Writing I^a for the moment of inertia of the 
section with reference to the neutral axis, and making use of what has 
been said on p. 134, we have 

Bending moment = moment of resistance, 

M = 4Ina ( 7 ) 


or 


m 


This expression may be applied by first calculating the bending 
inoment at the given section of the beam. It is useful to choose m 
as the greatest ordinate of the section, using NA as a datum line, 
when which is the stress on the fibre at a distance m from NA, will 
be the maximum value of the stress on the section. An example will 
render the method clear. 


Example. 


, 2 ton^ 


I P 


A beam of 12-feet span carries a uniformly distributed 
load of 0*5 ton per foot run, together 
with a load of 2 tons at 3 feet from 
'/i ton pe^r foo t one end (Fig. 178). Given that the 
moment of inertia of the rectangular 
section is 180 in inch units, find the 
greatest stress on the section at the 
middle of the span, which is 10 inches 
deep. 




Fig. 178. 


To find the reactions, take moments about B (Fig. 178) : 
Total distributed load =6 tons. 

Px i2 = (6x6) + (2 X9) = 54, 

P=“=4-5 tons. 

As a check, take moments about A : 

Qx i2 = (6x6) + ( 2 X 3 )= 42 , 

Q=— ==3-5 tons. 

^ 12 ^ 


P + Q=4-5 + 3'5 

= 8 tons = total load. 

IMow nnd tne benaing moment at C, thus : 

Me = (P X 6) - (2 X 3) - (3 X 3) 
= 27-6-9 
= 12 ton-feet 
= 144 ton-inches. 

Or Mc = (Qx6)-(3X3) 


=-2i —9 

= 12 ton-feet, as before. 



.MODULI OF BEAM SECTIONS 


H7 


Againi taking inches, we have 


Me 


=/, 




144=^- 180, 

^ 180 

=4 tons per square inch- 


In solving beam problems it is advisable to take all dimensions for 
bending moments and resisting moments in inches. 

Modulus of a beam section. The modulus of a beam section 
may be defined as the quantity by which the stress intensity at unit 
distance from the neutral axis must be multiplied in order to give 
the moment of resistance of the section. Taking the equation, 

Moment of resistance = - a j 

y 

let j be unity, and let /j be the stress corresponding to this value of 
Then Moment of resistance =/iIna 

=y>iZi, 

where is a modulus of the section. 

Another modulus may be obtained by making use of the maximum 
stress form of the equation for the strength of a beam, viz. 

Moment of resistance = — Ina 
fn 

= / 

m 

-yz, 

where Z is the modulus of the section, and is found from 

m 

The latter is the more useful form of modulus in practice; its 
value differs numerically from that of Z^. It will be noted that only 
sections which are symmetrical above and below the neutral axis 
will have equal values of m and f for tension and compression. 
Such sections have one value only for the modulus, all others having 
two values, one corresponding to the maximum tensile stress, the 
other to the maximum compression stress. 

Let = maximum tensile stress, 

ntt — distance of ft from the neutral axis, 

= maximum compressive stress, 
niQ == distance of f from the neutral axis. 
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Also, 


Then, since the bending moment M at any section equals the 
moment of resistance at that section, we may write 

M = ^Ika 

mt 

=/fZe, 

where Zt = Ina/^< is the tension modulus. 

Me 

where Zo«Ina/^c is the compression modulus. 

These results may be written 

/-M 

Zt 

/-M 

from which it may be inferred that the given safe stresses in tension 
and compression respectively must not be exceeded by the values 
obtained by dividing the bending moment at any section by the 
tension or compression modulus of the section. 

Graphical method of finding the neutral axis and moment of 
inertia of a section. Advantage is taken of the fact that the neutral 

axis passes through the 
centre of area of the sec- 
tion. To illustrate the 
method, reference is made 
to Fig. 179, in which is 
given an irregular figure, 
and it is required to draw 
a line through the centre 
of area parallel to OX, 
and also to find the 
moment of inertia of the 
figure about OX. 

Draw any convenient 
axis OY perpendicular to 
OX, and take any narrow strip ab parallel to OX. Let the breadth 
of ab be and let y be the distance of ab from OX. The area of 
the strip will be {ab . Sv) and its moment of area about OX will be 

Moment of area of strip = a^. (i) 



Fig. 179. — Graphical method of finding the neutral axis and 
moment of inertia. 
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Draw cd parallel to OX through the highest point on the figure ; 
draw and bd parallel to OY and join and </ 0 , cutting ab in e 
and f respectively. Then, from similar triangles, we nave 

ef~y' 

H, 

or — = — ; 

ef y 


Substituting in (i) gives 


ab=^.ef.. 

y 


Moment of area of strip = y . ef, 

(3) 

Now (e/, fy) is the area of the strip e/ ; hence, if the whole section 
were cut into strips such as ab, and the construction repeated for 
each strip, the total moment of area would be given by the sum of 
the areas of the reduced strips such as ^multiplied by the constant 
factor H. In practice, a few breadths only are taken ; the reduced 
breadth for each is found by application of the above construction, 
and a fair curve is drawn through the ends. The area inclosed by 
this curve when multiplied by H will give the moment of area about 
OX of the given figure. Now the moment of area may also be 
found by taking the product of the area of the given figure and the 
distance of its centre of area from OX. 

Let Ai = the area of the given figure, in square inches. 

Ag = the area of the reduced figure, in square inches. 

= the distance of the centre of area from OX, in inches. 

H = the height of the figure, in inches. 

Then AiJ' = A2H, Y 

31 

Fig. 180 shows the appli- 
cation of this method to a T 

section. The area A^ of the ^ 

section and the shaded area 
A 2 of the reduced figure were 
found by use of a planimeter. 

The neutral axis NA is drawn ^ ^ 

parallel to OX and at a dis- ' ‘ * 

tance J? from it Fjg- iSa— Neutral axia of a T section. 
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Referring again to Fig. 179, draw eg and fh parallel to OY, and join 
gO and AO, cutting ab in m and n respectively. Then, from 
similar triangles ; gh H 


mn , - 

Now, from the definition, 

lox of strip ab = area of strip 
= ab .^y , 


= (y •?/■)• . y (from (2), p. 149) 


= H SjK.J' 

XT H . 

= H . mn . — ,oy . 


(from (5) above) 


= mn . (6) 

Again, (mn . Sj) is the area of the strip mn ; hence the total moment 

of inertia may be obtained by multiplying the sum of the areas of all 

such strips by the constant 

"1 factor Choose a number 

^ ^ of strips and repeat the con- 

j j struction on each, thus finding 

i a number of points such as 

j m and n. Draw a fair curve 

Hg through them, when its area 

; A3, multiplied by will give 

I the total moment of inertia. 

L.. i The moment of inertia of 

^ ^ . . the same T section is worked 

Fig. i 8 x. — Moment 01 inertia about N A ofaT section. . ^ 

out in Fig. 1 8 1. Grettter 

accuracy is secured by using the neutral axis instead of OX in 

Fig. 180, thus producing twq reduced figures, one for the original 

area above NA and another for that below NA. 

Let 

A3' = shaded area of reduced figure above NA, in square inches. 

Ag" = shaded area of reduced figure below N A, in square inches. 

Hi = height above NA, in inches. 

Hg = height below NA, in inches. 

Then, 

Total moment of inertia about NA = Ag Ag^'H^ (7) 


Fig. x8x. — Moment of inertia about NA of a T section. 
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Propertfks of Sections. 


Name of 
seclioii. 


Distance of 

Area. NA from 


Rectangle 




*vV 
h--B -4| 




I on side 


Cruciform 



- - o-'-e 



K D--*; 

y — B-<« 

I 


circle 


BD - dd 

iD 

BlV-irfs 

12 

BD’-Arf3 

BT)~dd 

iu 

im’-Arfs 

12 

Biy-Arf> 

i2(BD-^flr) 

2ht + df 

P 

2f& + dt^ 

12 

2^B>+(*» 

I2(2Bf-fflr^j 

2iv-r^ 


/P» + (D-0/* 
12 

/ry+d)-/)/;^ 

I2(2D/-/*) 

BD - Ini 

I 

2(BD-/^rtf)^ 

12(BU-Arf) 
4BDArf(D-</)2 
i2(BD - hd) 

Ina“^ 

BD-A^ 

7rR2 

R 

ttR^ 

4 

R* 

i 


Ri 

’'(R,*-Rs*) 

4 

Ri^+Rfl’* 

4 
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Radius of gyration. The radius of gyration of a section may be 
defined thus : Let k be such a quantity that the product of the area A 
of the section and is equal to the moment of inertia of the section 
with reference to a given axis ; thus : 

1=A>&2. 

Then k is called the radius of gyration of the section with reference 
to the stated axis. The square of its value may be found in any given 
case by first ascertaining the moment of inertia and then dividing by 
the area of the section. There are many cases where the use of k in 
preference to I is advantageous in the working of problems. 

Some commonly occurring sections and their properties are given 
in the Table, p. 1 5 1. No fillets or tapers have been taken into account 
in the tabulated results, which will therefore be of service in obtaining 
approximate solutions only in the case of ordinary practical sections. 

A rule, by use of which may be calculated the moment of inertia 
about an axis OX parallel to another axis CX passing through the 
centre of area, is expressed in the equation 

lox = Ic5c + 


where A is the area of the section and d is the distance between the 
parallel axes. 

Proportional laws for the strength of beams. Suppose we have 
two beams of rectangular sections, both supported at the ends and 
carrying central loads, but of differing dimensions, the following 
equations will hold for the sections at the middle of the span : 


or 


Ml 


= =/i-. W 

^ ^ 12 

* 3 Li 


In the same way, 


w 

2 “-^ T 
3 ‘‘-'2 


Hence 





If the beams are made of the same material, the safe stress will 
be equal to^, and we may write 

W2 


Measuring the strengths of the beams by the central loads which they 
can carry safely, we may state this result as follows : The strengths of 
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beams of rectangular sections and of the same material are propor- 
tional to their breadths, to the squares of their depths, and are 
inversely proportional to their lengths. 

Proportional laws for beams of other sections may be obtained in 
a similar manner. Thus the strengths of solid circular sections 
are proportional to the cubes of the diameters, and are inversely 
proportional to the lengths. 

Approximate calculation for beams of I section. The following 
simple method is often used and has sufficient accuracy for many 
practical purposes. Fig. 182 
shows the section and part 
side elevation of a rolled 
beam of I section. The 
approximate moment of re- 
sistance is obtained by con- 
sidering the maximum stress 
intensity f due to bending 
to be distributed uniformly 
over the flanges only, the 
web being neglected excepting for its resistance to shearing. The 
width of each flange being b and the thickness the total stress P 
on each flange will be obtained by taking the product of f and the 
flange area. 

Thus: V=fbt, 

Assuming each force P to act as though concentrated at the centre 
of area of the flange (Fig. 182 {b)\ and that the distance between the 
_ centres is the moment of the couple formed by P, P, will give the 
moment of resistance. Thus : 

Moment of resistance = Vd 
^.fbid. 

This method may be used with fair results for rolled sections, and is 
used more extensively for built-up girders. To obtain the area of 
flange required at any section in such girders, the bending moment 
at the section is first calculated. Let this be M ; then 


K b 



Fig. 182. — Approximate moment of resistance for a 
beam of I section. 


M = fbtd 

area of flange ; 

.'. area of flange = 

In order to secure the most economical results in built-up girders, 
/ should be constant throughout the girder. This result may be 
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obtained by either of two methods : {a) d may be made proportional 
to M, in which case the area of the flange will be uniform throughout 
the length ; (p) d may be constant and also the breadth b of the 
flanges in this case the thickness of the flanges is increased by 
using two or more plates riveted together and extending along a 
portion of the length of the girder, more plates being used where the 
bending moment is greatest. 

It may be shown that, in beams of I section, the distribution of 
shear stress is practically uniform over the web ; hence, if S is the 
shearing force in tons and Aar is the area of the web in square inches, 

then . S .V 

Shearing stress — q^~ tons per square inch. 

Beams of uniform strength. A beam is said to have uniform 
strength when the maximum stress intensity is the same for all 
cross sections. Considering the equation 

M-^I, 

m 

or /= M ^5 

m and I depend on the dimensions and shape of the section, and if 
these are constant throughout the beam, the only condition under 
which uniform maximum stress intensity will occur is that M must 
be constant. Uniform bending moment may be produced in a por- 
tion of a beam by the appii^'ation of couples, kor example, if P 
and W be equal in the carriage axle shown on p. i86, then the 
bending moment throughout Cl) will be equal to the moment of 
the couple W x BD, and hence will be constant. 

More usually M is not constant, in which case uniform /may be 

obtained by varying the section in such a manner that M — is 
constant. 

Example i. In Fig. 183, 1^ AB be a cantilever carrying a load W at 
B. Supposing that the cantilever has a rectangular section of uniform 
depth d^ what must be the profile in the plan in order that uniform 
strength may be obtained ? 

Here ^ = 


6 _ 
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Again, the bending moment at any section distant x from B is 

M-Wjr. 

For uniform strength, M y =a constant ; 

/. Wj: . ^2==^ constant, 

X 

or constant ; 

/. ^=jrx a constant 

The required profile in the plan will therefore be triangular (Fig. 183). 




Example 2, Supposing in Example i that the breadth had been 
uniform, and that it is required to find the profile in the elevation for 
uniform strength. As before, we have (Fig. 184) 


W.r . -7-^. = a constant ; 
oa‘‘ 


or 


^=a constant, 

<^=jrxa constant, 
d=^*Jx X a constant 


Hence the profile is parabolic (Fig. 184). 


W per unit leng,th 


Example 3. Suppose in Example i that the load is uniformly dis- 
tributed and that the breadth is uniform. 

Find the profile in the elevation for uniform 
strength (Fig. 185). 

6 


hence 




or 


.7., = a constant, 
oa^ 


-75 = a constant ; 
:.d=xy.B. constant 



Fig. 185. 


The profile in the elevation is therefore triangular (Fig. 185). 
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Other cases the student may work out easily for himself. It should 
be noted that, for practical reasons, the profile is often modified 

somewhat from that given by 
calculation. 

Distribution of the shearing 
stress over a beam section. 

In Fig. 186, AB and CD are 
two cross sections of a loaded 
uniform beam, separated by a 
small distance Bx. Let the 
shearing force at AB be S and 
let Mj and Mg be the bend- 
ing moments at AB and CD 
respectively ; also, let Mg be greater than My Whatever may be the 
numerical value of the bending moment at AB, that at CD will be 
greater by an amount equal to the moment of S about any point on 

CD. Hence, at a/i o 5^ / v 

’ Mg-Mj^S.S^r (i) 





Fig. 1 86.— Stress figures due to bending. 


This result will not be affected by any load which the beam may be 
carrying on AC, as the distance Sx is supposed to be taken of too 
small a value to permit either the magnitude of the load, or its arm 
in taking moments about any point on CD, to attain an appreciable 
value. The reader is here reminded again that all loads must be 
distributed over a definite area ; hence no concentrated load can be 
applied to AC. 

Owing to the bending moments Mj and Mg, there will be push 
stresses and /g at A and C respectively. Let EF be a portion of 
the neutral layer and let m be the distance EA or FC ; then 

M. -£'I, .(2) 

m ' 




•(3) 


As I and m have the same value for both sections, and since Mg is 
greater than Myf^ will be greater thany^. The stress figures will be 
AEG and CFH for the portions of the sections AE and CF respec- 
tively. It is clear that there will be a resultant force acting on CF 
which will be greater than that acting on AE ; hence the net tendency 
will be to push the block AEFC towards the left. This block is 
shown separately in Fig. 187 in order that the question of restoring its 
equilibrium may be examined. 
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When the block forms a part of the beam it is clear that the only 
place where horizontal stresses may be applied in order to balance 
the resultants and Fg is the horizontal section EF. Let Q be 
the total force produced by these stresses ; then, for equilibrium, 

Q=F2-f, (4) 



Fig. 187. — Equilibrium of the block AEFC. Fic. iBB. — Cross section of the block. 

To find the values of Fg and Fj, let a be a small portion of the 
sectional area of AE (Fig. 1 88 ) situated at a distance y from the 
neutral axis and let / be the stress on a ; then 

m 

P-i-A- 


y 

Force on a—pa = ~f^a 


m 


total force on AE= 

m 

or *(5) 

where A is the area of the portion of the section lying above the 
neutral axis, and Y is the distance of its centre of area from the 
neutral axis. AY will be the moment of area about the neutral axis 
of that portion of the section lying above the neutral axis. In the 
same way ; 

Fj = £*AY. .(6-) 

m 


Hence, 


Q=F2 


-F, 

\m m)' 
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Now, from (^) and (3), 


Substitution of these in (7) gives 


Hence, from (i), 


Q = X S . S.r. . . 


Let d be the breadth of the section at NA (Fig. 188) ; then the area 
of the horizontal section over which Q is distributed is ( 5 ^ x d) ; hence, 

from (9), Q 

Shear stress on EF = ' 7 

ox . b 

SAY , V 



This expression gives the intensity of shearing stress along the 
neutral layer; it also gives the shearing stress at points on the vertical 
sections AB and CD (Fig. 186) lying on the neutral axis. This may 
be understood by considering the thin rectangular block EFF'E 
(Fig. 187) ; if there is a shear stress q on its lower face, there must 
be equal shear stresses on all its faces perpendicular to the 
paper (p. 126), 

UV (Fig. 189) is another horizontal section of the block AEFC. 
The shearing stress on this section arises from the fact that the stress 

figure CHXV for CV has a 

^ C ^ ^//7/rM greater volume than the stress 

nT \bj figure AGWU for AU. The 

\ I determination of the intensity 
g A of shear stress on this section, 

Fig. ,8 (.-Shear stresses at U and V. and hence at the points U 

^ and V on the vertical sections, 

is proceeded with in the same manner as has been detailed above. 
AY in equation (5) will now mean the moment of area about the 
neutral axis of that portion of the section which lies above UV. 
b will be the breadth at U and V, and the final result will be 

SAY 


A__ . C_ 


Fig. t8 >. — Shear stresses at U and V. 


where I, as before, is the moment of inertia of the whole section. 
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The student will observe that if there is no variation in the bending 
moment, Le, if M is constant, between two sections of a beam, there 
can be no shearing force and hence no shear stress on the sections. 

Example. A beam has a rectangular section 4 inches broad and 
12 inches deep, and has a shearing force of 6000 lb. (Fig. 190). Find the 



shearing stress at the neutral axis and at intervals of 2 inches from the 
neutral axis. 

1 2 




4 >^12 X 12 X 12 
12 


== 576 inch units. 


At the neutral 


axis, 

A=6x 4 = 24 square inches, 
Y = 3 inches, 




SAY 


— booox 24 >^3 

4 X 576 

— 187-5 lb. per square indh. 

At 2 inches from the neutral axis, 

A = 4 X 4 = 16 square inches, 

Y = 4 inches, 

6000 X 16 X4 

— 166-7 lb. per square inch. 

At 4 inches from the neutral axis, 

A = 2 X 4 = 8 square inches, 

Y = 5 inches, 

__6ooo X 8 X 5 

4x576 

= 104-2 lb. per square inch. 


At 6 inches from the neutral axis, 
A=o ; 


/. gr^o. 



z6o 


MATERIALS AND STRUCTURES 


These values have been used in constructing the diagram BCD 
(Fig. 190), the horizontal breadths of which show the shearing stress at 
any point of the section. The diagram is parabolic in outline. Fig. 191 
shows the diagram of shear stress distribution for an I section. The 



Fig. 191.— Distribution of shear stress on an I section. 

quantities required for drawing it may be calculated by the same method. 
The result indicates the justification of ignoring the flanges and assuming 
that the web supplies the whole of the shearing resistance by means of a 
uniform shear stress (p. 154). 


EXERCISES ON CHAPTER VII. 

1 . A beam 20--feet span, supported at its ends, carries a load of 4 tons 
at the centre, another of 6 tons at 4 feet from one end, and a third load of 

2 tons at 6 feet from the other end. Calculate the bending moments and 
shearing forces at each load, and draw the diagrams of bending moment 
and shearing force. 

2 . A beam AB, 16 feet long, rests on a support at A and on another 
support at C, which is four feet from B. The beam carries a uniformly 
distributed Toad of 0-5 ton per foot run, together with a load of 4 ions at 
6 feet from A and another of two tons at C. Calculate the bending 
moments and shearing forces at intervals of 2 feet, and draw diagrams 
of bending moment and shearing force. 

3 . A beam A B, 10- feet span, supported at its ends, carries a distri- 
buted load which varies uniformly from 100 lb. per inch run at A to 
200 lb. per inch run at B. Find the bending moments and shearing forces 
at intervals of 2 feet, and draw diagrams of bending moment and shearing 
force. 

4 . Making use of a graphical method, draw the bending-moment 
diagram for the beam given in Question i. State the scale clearly. 

5 . Draw the bending-moment diagram for the beam given in 
Question 2, using a graphical method. Give the scale of your diagram. 

6. Find by calculation the neutral axis of a T section 4J inches broad, 
5 inches deep, metal ^ inch thick. Neglect any fillets. 

7 . A cast-iron beam has an I section, in which the top flange is 

3 inches broad, the bottom flange is 7 inches broad and the depth is 
10 inches over all. The metal has a uniform thickness of 075 inch. 
Neglect fillets and calculate the position of the neutral axis. 
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8. Draw the section given in Question 6 as it would be made in 
practice. Find the neutral axis and moment of inertia, using a graphical 
method. 

9 . Answer Question 7 in the manner directed in Question 8, giving 
the neutral axis the moment of inertia. 

10 . A timber beam of rectangular section, 3 inches broad by 9 inches 
deep by 12-feet span, can'ies a uniformly distributed load. Find the load 
if the stress due to bending is limited to 400 lb. per square inch. 

11 . A flat steel bar, section 2 inches by 1 inch, is 20 feet long, and is 
stored in a rack in which the two supports are each 4 feet from the end of 
the bar. Find the stress due to bending {a) at the middle of the length of 
the bar, {b) at the supports. Suppose the bar to be resting on its edge, what 
would be these stresses } Take the weight of the material to be 0*28 lb. 
per cubic inch. 

12 . A beam of I section 10 inches deep, 6 inches wide, thickness of 
flanges g inch, thickness of web I inch, has a span of 15 feet and rests on 
the supports. If a load of 2 tons is carried at the centre, find the 
maximum stress due to bending («) by an approximate method, (b) by 
first calculating the moment of inertia. Assuming the shearing force to 
be carried by the web and to be distributed uniformly, find the shear stress 
on the web. Neglect the weight of the beam. 

13 . A pipe 24 inches internal diameter is constructed of mild steel plate 
I inch thick, and is full of water ; the ends are closed by blank flanges. 
If the pipe is supported at its ends, find the maximum span if the stress 
due to bending is not to exceed 5 tons per square inch. Take the weight 
of steel to be 0-28 lb. per cubic inch and of water to be 62*5 lb. per cubic 
foot. 

14 . A timber beam of rectangular section, supported at its ends, carries 
a uniformly distributed load, and has been made to a certain drawing. 
Another timber beam has been made to the same drawing by simply 
altering the scale, so that span, breadth and depth are each multiplied by 
a constant factor n. Suppose both beams to be able to carry the same 
maximum stress due to bending, wdiat will be the ratio of the uniformly 
distributed loads which may be applied.^ 

15 . A cast-iron bar of rectangular section is used as a beam of 3-feet 
span, supported at the ends, and carries a central load of 3000 lb. The 
stress due to bending is not to exceed 1*5 tons per square inch. The bar 
is to have uniform strength, {a) Draw the profile in the elevation if the 
breadth is uniform and equal to 1*5 inches, {b} Suppose the depth to be 
uniform and equal to 3 inches, draw the profile in the plan. 

16 . Take the data of Question 10, and find the maximum shearing 
stress in the beam. 

17 . A beam of I section, 10 inches deep, 5 inches 
wide, metal § inch thick, has a maximum shear stress 
at a certain section of i ton per square inch. Find the 
shear stress at places i, 2, 3, 4 and 4iJ inches from the 
neutral axis. Plot a shear-stress diagram. 

18 . How is the section-modulus and radius of gyration 

of a section of a bar obtained, and how is this applied 
when ascertaining the strength of a beam? Calculate 
the section-)nodulus and radius of gyration of the section 
given in Fig. 192 about the axis YY. (I.C.E.) 






5 * 

t 
» 

4 


Y 

Fig. 193. 
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19 . A girder AB, 25 feet long, carries three loads of 6, 1 1 and 7 tons 
respectively, placed at distances of 7, 16 and 21 feet from the end A, 
Find the reactions at either end and the bending moment at the centre. 

(I.C.E.) 

20 . Fig. 193 represents a station roof, the centre pillars being 25 feet 
apart. The dead load can be taken as evenly distributed over the roof, 



TTTKjTTi^ 
Fig. 193. 


and of magnitude 15 lb. per square foot of projected plan area. The 
wind pressure is to be taken as shown. Find the magnitude and direction 
of the resultant force on the roof, and give the bending moment at the base 
of the pillar. (L.U.j 



CHAPTER VIII. 

DEFLECTION OF BEAMS. 

Curve assumed by a loaded beam. Any beam when loaded will 
bend ; if the neutral lamina is straight, as seen in elevation in the 
unloaded beam, it will assume some curve when the loads are 
applied ; any initial curvature of the neutral lamina will be altered 


ir 


Fig. X94. — Curve of a beam supported at ends and loaded at middle. 

to a new curvature on applying the loads. A useful way of studying 
the curves of a loaded beam is to employ a thin steel knitting 
needle ; this may be laid on a sheet of drawing paper and “loaded” 
by means of drawing pins pushed into the board. Figs. 194-196 
show some curves produced in this way. 

Examining Fig. 196, which represents the curve of a cantilever 
carrying a load at its free end, and taking two points P and Pj lying 





Fig. 195.— Curve of a be.un ov'erhauging the supports. 


close together, two normals drawn from P and l\ will intersect in 
O. It is evident that a short piece PP^ of the curve could be drawn 
as a circular arc struck from O as centre with radius OP. If P and 
Pi are taken very close together, O is called the centre of curyatore for 
the curve at P, and OP = R is called the radius of oarvature. It can 
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be seen readily in Fig. 196 that the radii of curvature for points near 
A are smaller than for others near B. In fact, as we shall see 



presently, the radius of curvature at any place is inversely proportional 
to the bending moment at that place. 

Curvature is a term used by mathematicians to express the rate of 
change of direction of a curve. Referring to Fig. 197, and taking 
points P and Pj lying close together, O will be the centre of curvature 

and R = OP. Draw tangents PT and 
Pil\. The direction of the curve at P 
is along PT, and that at Pj is along P^Tj ; 
the change of direction between P and P^ 
will be the angle a in the figure. It w'ill 
be evident that the angle P^OP is equal 
to a, and stating its value in radians. 

" R ‘ 

The rate of change of direction pay be expressed by dividing the 
change in direction by the distance PP^ along the curve in which the 
change is effected ; hence 

Curvature = rate of change of direction = 

PPi 



R X PP, 


'R‘ 
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Fig. lyS. —Slope and deflection of a cantilever. 


Curvature at a given point may therefore be stated as being the 
reciprocal of the radius of curvature. The units for curvature will , 
be change of direction in radians per foot, or per inch, length of the 
curve according as R is in feet or inches. 

It will be understood that, for ordinary beams which are straight 
when unloaded, the radius of cur- 
vature at any place when the x ^ 

beam is loaded will be very large ^ ^ j B 

and that the curvature will be ^ ^ 
very small. ^ 

Fig. iqS shows again the curve .... . 

. , _ , , , Fig. lyS.— Slope and deflection of a cantilever. 

AB of a loaded cantilever. 

Taking any point P on the curve and drawing a tangent PT, the 
angle i which PT makes with the original direction AB is called 
the slope at P ; 2 should be stated in radians. P is at a distance y 
below AB, andjK is called the deflection at P. For our purposes it 
is sufficient to be able to state R, / and y for any point. 

Curvature of a beam. Fig. 199 show^s a portion of a loaded beam. 
Two cross sections occupying originally the positions AB and CD 

have been strained to A'B' and C'lV. 
iP Assuming that they lie close together, the 

;;; point of intersection O will be the centre 

/;'• of curvature for the portion EF of the 

' 1 neutral lamina. Bisecting EF in M and 
; 1 \ joining OM cutting AC in K, we have 

I 1 *1 similar triangles OME and EA A'. Hence, 

J ; I using a similar method to that on p. 143, 

/TTIini \ MO EA’ 


fVR dO 

Fig. 199. — Curvature of a beam. 


Again, 


Strain of AK = 


strain of AK^ 

• . • r A L- / A A' 

• . strain of AK = ^ = -t-^7‘ 

E AK 
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Substituting in (i), we have 


Again, 


JL-Z J. 

R m 

= Z. i 

m E’ 

M AH = ~ . InA 


Substituting in (2) gives R^EI 


We see therefore that the curvature at any place on the neutral 
lamina is proportional to the bending moment and inversely pro- 
portional to the moment of inertia of the section at that place. 

Mathematical expressions for the slope and curvature of a curve, 
such as that shown in Fig. 198, are : 

W 


h(i)' 


dy means the change in deflection as we pass along the beam by 
a small amount dx. For curves which are very flat, and hence for 
all beams, equation (5) simplifies by the denominator becoming 
unity; thus i d'h 

R = ^ 

d'^y _ Mab 

Hence, from (3) and (6), - gj 


Slopes and deflections may be calculated from (7) by first evaluat- 
ing the bending moment ; integration of both sides will then give 
the slope ; further integration of both sides will give the deflection. 
The method is rather complicated, excepting in cases where the 
conditions of loading and supporting are simple. 

The following examples of an easier method are given as leading 
to a graphical solution which is simple in its application. It will be 
assumed that the bending is pure and that the beam is of uniform 
section unless the contrary be stated ; the latter assumption is made 
in order that Ina may be constant throughout the length of the beam. 
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Cantilever having a load at the &ee end. In Fig. 200 (a) is shown 
a cantilever of length L and of uniform cross section, so that I^a is 
constant. We may consider foi* a moment that the whole of the 
material is perfectly rigid, excepting the portion lying between the two 
adjacent transverse parallel sections AB and CD. Supposing a load W 
to be applied to the free end (Fig. 200 (/v)), deflection of this end will 



Fig. 200. — A rigid cantilever having a small elastic portion ABDC. 


take place by reason of the .strains in the portion ABDC. AE and 
C'F will remain straight as at first, but C'F' will now be inclined af 
an angle i to its original position. C'D', the new position of CD, 
will be still perpendicular to C'F, so that the angle made by C'D' 
with its original position CI3 will also be etiual to i. Let the deflec- 
tion of F under these conditions be 6, and let NP be a portion of 
the neutral lamina. As both 8 and i will be exceedingly small in 
any practical beam, we may write 

/=— radians, 

X 

or 5 = /’r (i) 

The strain of AC, produced by a tensile stress J induced by the 
bending moment Ma;, will be CC' divided by AC ; hence we have 



AC 



•(^) 


Again, from the general expre.ssion for the strength of a beam 
(p. 146) we have, noting that/ is the stress intensity at a distance 
CP from the neutral plane, 
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or 




/=CP. 


Substitution in (2) gives 


E==CP. 


Wx 


Wx 


(3) 


_ A? 

I ■ cc 

CP Wx 
CC I 
I W* . Sx 


Sx 


Hence, from (i), 


. Wx . Sx 


S - x^ Sx 

* El 


(4) 


(5) 


Had any other portion been taken similar in properties to ABCD, 
we should have obtained a similar expression for the deflection due 
to its strains. Hence the total deflection A of F will be obtained by 
integrating (5) between the limits x=^o and 


El Jo 
WL» 
'sEI- 


.( 6 ) 


The slope /max at the end F may be obtained by integrating result 
(4), which gives the slope produced by the strains of the small portion 
ABDC of the cantilever. 


‘ Eijo’'- 


t/x 


WI.2 

' 2Ei 


radians (7) 

The case of a uniform 


Cantilever having a distributed load 

cantilever having a uniformly distributed load per unit length 
may be worked out in a similar manner, the only difference being 

that 7i;x^ 

Nla; — • 

2 

Inserting this value in place of Wx in (4) and (5) gives 

. WX^,SX /n\ 



DEFLECTION OF BEAMS 


169 


Integrating (9) to obtain A, we have 
A 

2 El Jo 

8M 

The slope at the free end may be obtained from (8). 

"■6E1 


.(10) 


.{,!) 


Beam having a load at the middle. The results now obtained 
enable the case of a uniform beam simply supported at its ends to 
be solved easily by considering the beam as a double cantilever 
held fixed at the middle of the span and deflected upwards by the 
reactions at each end (Fig. 201). It is evident that the deflection 



Fig. 201.— Deflection of a simply-supported beam carrying a central load 


of C below AB will be equal to the elevation of A and B above the 
horizontal line through C when the beam is loaded. Hence, using 
the result obtained in (6) above, we have, by writing iW for W and 

. JW.(JL)* 

3Ei 


WI.* 

48 Ei' 


.(12) 


The slope at the ends may be obtained similarly from (7). 

■ 2EI 


wp 

i6EI' 


(13) 


Beam having a uniformly distributed load. This case (Fig. 202 (a) ) 
may be regarded also as a double cantilever fixed at the middle of 
the span. The loading will consist of a downward load JzwL on 
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each half span together with a concentrated upward load of IwL at 
each free end. I'he solution may be derived from the results already 
obtained by use of the axiom that the resultant deflection and slope 
of a beam under a combined system of loads will be the alaebraic 
sum of those produced by each load taken separately. 



In Fig. 202 (/^) the effect of the distributed load may be examined. 
Let Aj be the downward deflection of the ends, when we have, by 
substitution in (10), 7//(!.L)« 


ttflA 
128 Ei‘ 


(14) 


Fig. 202 (c) shows the effect of the reactions considered alone in 
producing an upward deflection A^. From (6) we have 


58EI‘ 


(is) 


The resultant upward deflection A at the supports, and hence the 
downward deflection at the middle of the span under the proposed 
loading', will be 


A = A. 


2 ^ 
is El 


7£fU 

I28EI 


5 

384' Ef 


.(i6> 
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Due to the distributed load there will be a downward slope at the 
supports the value of which, may be obtained from (ii). 

. zc/<iL)8 
6 EI 

“48Ei‘ 

The upward reactions will produce an upward slope obtained 

( 7 ). . IwUiLy 

*2- aEI 


Combining these results, we have for the slope /„,a» at the supports : 

^iiia* ~ ^2 ”” ^1 

_ wIj^ wL,^ 

~ i6Ei 48EI 

I w/L* , , 

24 El 

Graphical solution. The method of obtaining the slope and 
deflection at the free end of a uniform cantilever, employed on p. 167, 
may be extended in such a manner as to enable the slope and 
deflection in more complicated cases to be found graphically. 

Referring to Fig. 203 (a), the slope / caused by a portion ACDB 
being elastic, while the remainder of the cantilever is supposed to 
be rigid, is equal to the angle CPC', and will be given by 

. CC CC, . , , 

CP m ^ ' 

Now CC' divided by AC is the strain of AC caused by the stress /; 


hence, 




CC' = ^.AC 


Substituting this value in (i) gives 

. f, Sx 
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Again, from the general expression for the strength of a beam, 
we have y 


or 


Mab — • Ina> 
tn 

f .. ¥*b 

m Ina’ 


Inserting this in (3) gives 




( 4 ) 

•■(5) 


Let the diagram HKL (Fig. 203 (by) be the bending-moment 




Fio. 203. — Graphical method of deducing slope 
and deflection. 


diagram for the cantilever. It 
will be clear that the product 
Mab . Sx is the area of the shaded 
strip of the diagram. Hence 
we may say that the change of 
slope i produced by the elastic 
bending of the portion between 
AB and CD is given by the 
area of the strip of the bending- 
moment diagram lying under 
BD multiplied by the constant 

. Consider now the whole 

^■tNA 

cantilever to be elastic, then, 
the slope at E being zero, it 
follows that the slope at AB will 
be the sum of the areas of all 
strips between HL and QR 

multiplied by .vJ — , or 
EIna 


Slope at AB = /ab = area HQRL x y .(6) 

In cases where the bending-moment diagram has a simple outline, 
it may be possible to calculate the required area, otherwise it will be 
necessary to use a planimeter. If the area has been found in square 
inches, the result should be corrected by multiplying by the scale in 
inch-tons per inch used in setting out the ordinates such as QR, and 
by further multiplying by the scale in inches per inch used in setting 
out the abscissae such as HQ ; E should be taken in tons per square 
inch, and Ika in inch units. 
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HK being divided at a convenient number of points, the slope at 
each point may be found by the above method and a diagram drawn 
showing the slope at all parts of the cantilever by means of plotting 
the results and drawing a fair curve through them (Fig. 203 (^^)). 

Again, referring to Fig. 203 (a), let be the deflection at a point S, 
distant z from C, owing to the elasticity of ACDB. Then 



or y = tz. 

Now, t is given by the area of the shaded strip in the bending- 

moment diagram multiplied by ; hence, 

EIna 

' X area of shaded strip x 2. 


^ 'El 


That is to say, the increment j of the total deflection at S caused 
by the elasticity of ACDB is given by the moment about S of the 

shaded strip of the bending-moment diagram multiplied by — . 

To obtain the total deflection 8 at S, we must therefore evaluate the 
moment of area of Hl'VL about T (Fig. 203 (/^)) and multiply the 

result by , paying regard to the scales in the manner already 

noted. Repeating the same operation in order to obtain the deflec- 
tion at several sections, data will be obtained from which the 
deflection curve (Fig. 20^ (d)) may be drawn. 

^ Some applications of the graphical method. Taking again the 
case of a uniform cantilever carrying a load W at its free end (p. 167), 
and referring to Fig. 204, we have 

Mp = W:i;, 

slope at P = fp = area CFGD x 


= ^-(WL + Wx)(L-^>:)^ 


w 


(I) 


The maximum slope will be at B, and may be obtained by writing 


x = o. 


. WL2 


(*) 
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To obtain the deflection at P, we have 

Bp = moment about F of area CFGD x ~ 


= (moment of CFHD - moment of DGH)^ 

- {WL(L - *) (t^) - <WL - W») i (L - «) i (L - *) 


Ell^ 2 "6 /• 


( 3 ) 


The maximum deflection will occur at B, and may be obtained by 
writing x = o. 

. W f ^ 1,2 L n 

_WL3 

“ 3^1 


( 4 ) 


The case of a uniform beam simply supported at both ends and 
carrying a central load may be worked out in a similar manner, and 
is left as an exercise for the student 



A imiform oantdlever carrying a uniformly distributed load w per unit 
length may be worked out easily so far as its maximum slope 
and deflection are concerned. The bending-moment diagram is 
parabolic (Fig. 205), and it may be noted that its area is one-third of 
the area of the circumscribing rectangle, t\e. one-third of CD multi- 
plied by CE, and that its centre of area G is distant horizontally 
three-quarJt^rs of CE from E. 
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Hence, 


eareaCED x = 
I 

wU L I 
2 ‘ 3 ’ El 

'^1 


Ab = moment about E of area CED x ^ 


wU L I 

^ 2 " I ^ ‘El 


In the case of a imlfona beam supported at botb ends, and oarrylngr 
a uniformly distributed load (Fig. 206), the bending-moment diagram 


IP per unit Length 



Fig, ao6.— Uniformly loaded beam. 

is also parabolic. The maximum bending-moment occurs at the 
^middle of the span, and is given by 

The slopes at A and B will be equal, and may be found by apply- 
ing the rule to the area KFE, noting that the slope at the middle 
will be zero. 

^’a - 4 = area KFE x 

2 ... I 

= - area of circumscribing rectangle g j 

_ 2 L 

”” 3 8 2 El 


(7) 
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Noting that the centre of area G of KFE is at a horizontal distance 
I^FE from E, we have, reckoning the deflection of A or B upwards 
from the middle, 

A* =aa Aj, = moment of area KFE about E x i 

jifi 

— 2 wU 1 : 5 
"”3 8 2 8 2 El 


5 wh^ 
p4 El ■ 


( 8 ) 


Encastr^ beams. We may now examine the case of a uniform 
beam which is fixed rigidly at both ends by being built into walls or by 
some other method (Fig. 207 (a)). In such cases it may be assumed 

that the sections at A and B, which 
are in the plane of the wall before 
loading, remain in the same plane 
after loading ; hence the slopes at 
A and B will be zero. In order 
that this may be the case it is 
necessary that the means used 
for fixing the ends should apply 
restraining bending moments at A 
and B. We may obtain a fair idea 
of the conditions by examining 
the beam shown in T'ig. 207 (fi). 
Here the bending moments at A 
and B, applied by the loads 
on the overhanging ends, have the 
efiect of keeping vertical the sections at A and B. Hence, in the 
beam shown in Fig. 207 (a), the walls must supply the bending 
moments at A and B, which in Fig. 207 (^) are given by the loads W^. 

The curve of the bent beam will resemble Fig. 207 (r), and will be 
convex downwards between t#o points K and N, and convex up- 
wards between D and K and also between E and N. This comes 
about from the fact that the resultant curve is produced from two 
component curves, one (Fig. 2oS(a)) caused by the action of W 
tending to produce a curve wholly convex downwards, and the other 
(Fig. 208 (^)), caused by the action of the bending moments Ma and Mb 
( which are obviously equal and are transmitted uniformly throughout 
the length of the beam), tending to produce a curve which is wholly 
convex upwards. The resultant bending moment at any section may 
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be obtained by taking the algebraic sum of these moments for that 
, section. 

Fig. 209 {a) gives the bending-moment diagram for a beam simply 
supported and carrying a central load W. Its ordinates give the 


X 



Fig. 208.— Component curves of an Fig. aog.— Component bending moment 

encastr£ beam. diagrams for an encastr^ beam. 


positive bending moments at any section of the beam under con- 
sideration due to VV alone. Fig. 209 {/)) shows the uniform negative 
bending moments due to the fixing of the ends. These diagrams 
may be combined as shown in Fig. 210 («), when the shaded portions, 
which show the algebraic sum of the component diagrams, will give 
the resultant bending moments for the beam. 

The maximum bending moment due to W alone is represented by 

WL 

ch in Fig. 210 (^z), and is of value • r 

4 

To obtain the values of Ma and Mb, 
represented by ad and we have the 
consideration that the slopes at I ) and E 
(see Fig. 207 (r)) are zero. Hence the 
areas of the bending- moment diagram 

ad/sinQl /rm(F\g. 2 jo (a) must be equal, ^ i — ^ \tG 1 

because the slope at the centre is given ^ 

by their algebraic sum, and this must 

be zero for zero slope. For a .similar 

reason the areas emg- and arc etiual ; 

hence it is easily seen from the figure 

that the triangular area acb must be equal to the rectangular area 
udeb. Thus, hm must be one-half of hc^ giving 

I WL 




It will also be obvious from Fig. 210 («) that the points /and 
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where the resultant bending moments are of zero value, must lie at 
one-quarter span. 

The deflection upwards of E above F (Fig. 207 (r)) may be obtained 
by taking the a%ebraic sum of the moments about e of the areas 
cm^Bnd geb (Fig. 2io(/^)), and dividing the result by El. This will 
give the central deflection A of the beam. 

A = (moment of area cmg- moment of area^(?^) 

£1 

,lh. .Lh, iiVl -L 

8 24 12/ V 8 24 12/J El 

I . 

“lii-ET- 

An enoastr^ lieam of nnlfoizn section carrying a uniformly distributed load 

(Fig. 21 1 (a)) may be worked out in a similar manner. The parabolic 
curve afegb (Fig. 2ii(//)) re- 
presents the bending-moment W per unit Length b| 

diagram for a beam simifly sup- ^ ^ , 

ported at the ends and carrying I — 

w per unit length. The maxi- L - >1^ 

mum bending moment will 

occur at the middle of the span, m. 

, . , , , 7edJ » 

and IS represented by 1 

The rectangle adeb represents A 

the uniform bending moment encastre beam uniformly loaded, 

due to the fixing in the walls. 

The shaded area gives the resultant bending- moment diagram. 

Here, as in the last case, there is zero slope at A, C and B ; hence 
the areas ad/, fan, cmg and geb are equal ; consequently the parabolic 
area afegb must be equal to the rectangular area adeb, giving 

■ ~ ■ — o~ * E — ^aE j 

3 

7/;I 2 

Mx=*M„ = -- (i) 

1 2 

The bending moment at C will be given by 


W per unit Length 


(a) 

L 

c 


Fig. 211. — An encastre beam uniformly loaded. 


, _ 7VJJ^ 

Mc = -y Ma 


12 
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Thus, we see that the bending moment at ihe walls is double that 
at the middle of the span. 

To obtain the deflection at C, we must find the algebraic sum of 
the moments about k of the areas emg and geb^ or, since the result 
will be the same if the moment of the area mgbh be added to each, 
the calculation may be simplified by taking the algebraic sum of the 
moments about h of the areas chbg and hmeb. Hence, 

Ac = (moment of area chbg - moment of area hmeb^ ^ 

El 


^f/2 7^ L 3 

lV3’ 8 ‘T'S 

"VT28 “■967'EI 


L\ I-' 

2/ \ 12 2 


The distance of /and gy the points of zero bending moment, from 
d and e respectively will be ecjual, and may be found by obtaining an 
expression for the bending moment at a distance x from the wall and 
then equating this to zero. Thus, 

Maj = Ma - bending moment at x for a beam 
simply supported 

7lfh- /?£/L 7£fX-\ 


/7V\a 7JUX-\ 

\ 2 * ^ 2 / 
WJ^X 7tfX^ 


Equating this to zero gives 


^ Lx L^ 
2 2 12 


- Lx + J^L^ : 


L±v/L^ 

x== 


L±~L 


L±o» 577L 


= 0*2 1 iL or 0-788L (4) 

Hence the points of zero bending moment lie at 0-2 nL from each 
wall. 
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Points of contraflezure. The two last cases considered provide 
examples of beams in which the curvature is partly convex down- 
wards and elsewhere convex upwards. 'I'he centres of curvature for 
a portion of the length of the beam lie on the upper side, and for 
other portions lie on the lower side. Points on a beam where the 
curvature changes from convex upwards to convex downwards, i.e, 
where the centre of curvature changes from one side of the beam 
to the other, are called points of contraflexure. Curvature which is 
convex downwards may be called jKxsitive, and that which is convex 
upwards may be considered negative. The curvature changes sign 
at points of contraflexure, and hence must have zero value at such 
points. 

Considering the equation (p. i66), 

Curvature — A ~ 

K hii 


it is evident that, for the curvature to be zero, M must be zero. A 
point of contraflexure may hence be defined as a point of zero 
bending moment. Such points occur at quarter span for an encastre 

beam carrying a single load 

B 


w 




4W 



la) 

^ W per unit Length q 




~(b) 
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at the middle of the span 
(p. 176) and at 0*21 from 
the walls in the case of a 
uniformly distributed load 
(p. 178). It should be noted 
that encastre beams differ 
from beams which are simply 
supported at both ends in that 
one or both supports in the 
latter may suffer sinkage when 
the load is applied, or by reason of some alteration in the foundation 
conditions, without thereby affecting the distribution of bending 
moment along the beam. No such alteration in either of the walls 
fixing the ends of an encastr* beam can occur without affecting the 
bending moments on the beam. For example, if the encastre beam in 
Fig. 2 1 2 (<2) should for any reason become loose in the holes in the wall, 
so that the fixing couples and Mr disappear, the bending-mom tjnt 
diagram will change from that .shown in Fig. 210(a) to that for a simply 
supported beam, and the maximum bending moment, and consequently 
the maximum stress due to bending, will be doubled. In the case 
of a uniform load (Fig. 212 (//)) such an alteration in the wall fixings 
would produce a change in the maximum bending moment from 
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Fig. 213. — lieam cut at the points of 
contraflexure. 


to + — , that is, a numerical increase of 50 per cent. It 

12 o 

should also be noted that these alterations would be accompanied 
by very small alterations in the slope and deflection, the inference 
being that quite a small alteration in the shape or position of 
the fixing arrangements due to sinkage, or otherwise, will be 
sufficient to produce a large alteration in the bending moments and 
stresses. 

The difficulty may be overcome, if desired, by noting that at 
points of contraflexure there is zero bending moment, and that the 
beam may be cut at these points 

provided that means are provided ^^‘4""*!* *2 

there for taking up the shear. 

Fig. 213(a) shows diagranimati- 'C .|.w ^ 

cally how this may be effected D< F r 

for an encastre beam carrying a 

central load W. 'The beam is | ^ 

cut at quarter si)an, and links CD | ^ pU B | | 

and EF are used for suspend- ^ D E ^ 

ing the middle portion. These Fig. 213.— Beam cut at the points of 
links will be under pulls of |W contraflexure. 

owing to the shearing force. Obviously no moderate changes in 
the supports can now affect the bending moments in the com- 
ponent parts of the beam. A practical method of designing the 
arrangement is shown in Fig. 213 (/^), where the central portion is 
supported on a rocker at E and by a short column at CD. It will 
be observed that alterations of length, etc., due to expansion on 
heating, are taken up by this device without inducing stresses on 
the beam. The artifice of cutting a beam, or an arch, at places 
where it is desirable that there should be no possibility of any 
bending moment arising is often resorted to in practice. 

Propped cantilevers and beams. In Fig. 214(^7) is shown a 
cantilever AB carrying a uniformly distributed load. I'he fixing in the 
wall at A is sufficient alone for the equilibrium of the cantilever, 
but an additional support or prop has been placed under B. 
The pressure on this prop depends on the clastic properties of the 
material of the cantilever and also on the level of the top of the 
prop). Assuming that the cantilever just touches the top of the prop 
before appilication of the load, the reaction of the pirop may be 
calculated as follows. 

Supposing the prop to be removed (Fig. 214 (<^)), the deflection Aj 
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of the cantilever under the action of the distributed load would be 


given by 


^>“8Ei 


(P- i7S) (i) 


Now suppose that the distributed load is removed and that the 
prop is applied and pushed upwards until a deflection at B of the 

same magnitude as is obtained 




^ I (Fig. 214 (r)). The upward de- 

p .. flection A^ thus produced by the 

^ ' 7^ n force P exerted by the prop will 

‘ ^ be PT ^ 

^2=^ (p- 174). (2) 

fftT ^ If both P and the distributed 

T ^A applied simultaneously, 

- rrm ^ the levels will be the same at 

4 ^ both A and B (Fig. 214 (</)), for 

^ — *1 p Aj and Ag are equal and opposite. 

■*! Hence, 

„ ' , , PL* toU WL» 

F.O. -Propped canulcver. ^EI = ^ = 8 1't ’ 

where W is the total distributed load. Hence, 

P=iW (s) 

The bending moment at any section C may be calculated now : 

wx'^ 

Me = lx 

^ 2 

.. T 7£KX- . V 

Points of contraflexure may be found by equating Me to zero 
(p. 180). Thus, 

i 7 ULX - - - = o. 


(d) 

Fig. 214. — Propped cantilever. 


Zero is one value of x satisfying this equation, hence B is a point 
of contraflexure. To obtain the other point, we have 


or ^ ^ = 27 (5> 

The bending-moment diagram is shown in Fig. 215 (a). The bend- 
ing moment at the wall may be found by writing x==l^ in (4), giving 

= ( 6 ) 
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To obtain the bending moment at -§L from B, we have, from (4), 

= (7) 

It will be understood that STvvlrx. 

any vertical displacement of ^ 

the prop, whether by reason / Bendtn^ Moments, 

of sinkage of the foundations ® / (CL) 

or by changes in temperature, ^ 

will alter the bending moment, 5^ Forces 

and hence the stresses through- ® 

out the cantilever. The shear- Liyy 

ing-force diagram is given in K.r.. Bending moment and 
Fig. 215 (/^); the values of the diagiams for a propped cantilever. 

shearing force are + JW at the wall and -|W at the prop. 

The case of a beam resting on three supports at A, B and C is 

fliustrated in Fig. 216(a). The supports at A and B alone are 


21 Bending moment and Rhearing*force 
diagiams for a propped cantilever. 





Fig. 216. — A beam resting on three supports. 


sufficient for the equilibrium of the beam ; hence, in this case also, the 
reactions, bending moments, and stresses depend on the levels of the 
supports being preserved. 
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Suppose the supports to divide the beam into two equal spans and 
that the supports are all at the same level. If the support at C be 
removed (Fig, 216 (<^)), there will be a deflection Aj at C given by 


Ax 


5 a/I/ 
384 El 


(p. 176). 


0 ) 


Replace the support at C by pushing upwards until the level is 
restored (Fig. 216 (c)), The upward deflection Ag produced by Pc 
will be given by P I 3 

(P- *^ 9 ) (*) 

Clearly \ and are equal. Hence, 

Pci.'* ^ 5 7 t>h* 

48EI "384 El ’ 

Pc = g 70I. 

= |W, (3) 

where W is the total load. 

It will be evident that P^ and Pb are equal. Hence, 

Pa = Pb = ‘^W.' (4) 

The bending moment at L> may be found from 

= Pa^; 

2 

-5 r i \ 

■^f 7 v\.X-~ (5) 


have 


Points of contraflexure occur where is zero ; to find these, we 


3 T 

^^WL.X = o. 


The value zero for x satisfies this equation ; hence, A is one point 
and, from symmetry, B is another point of contraflexure. To obtain 
others, 


7VX 


^ =s= o, 


.(6) 


Points of contraflexure therefore occur at | L from A and also at 
an equal distance from B. The complete bending- moment diagram 
is given in Fig. 216(d) and the shearing-force diagram appears in 
Fig. 2 1 6 (e). 

The beam here discussed is a simple illustration of continuous 
beams, t\e. beams continuous over several spans and resting on several 
supports. 



BEAMS OF UNIFORM CURVATURE 


185 


Beams of unifom curvature. Considering again the equation 
I _ M 
1T» 

it will be remembered that it has been assumed that the moment of 
inertia is uniform in all the cases considered. This is the case very 
often in practice; for example, beams of comparatively short spati 
generally consist of a rolled steel beam or of two or more similar 
beams placed side by side. When we consider larger beams, w^e 
find that the section in general is not uniform, but is varied so as to 
produce more nearly a beam of uniform strength (p. 154). T'he 
above equation may be modified so as to include a great number 
of such cases. Thus, 

M = £i (p 146); 

. I _ J / 

•• R El El w 

E m 

A beam of uniform strength is one having uniform maximum stress 
I'his may be secured by having constant depth and varying the breadth, 
in which case m will be constant. In eejuation (i) above, the right- 

hand side will contain nothing but constants, and therefore i will 

K. 

be constant. Such a beam w'ill have constant radius of curvature, 
and hence will bend into the arc of a circle, in other cases of 
built-up plate girders having parallel flanges, the breadth is constant, 
and uniformity in / is secured by adjusting the thickness of the 
flanges, the number of flange plates becoming greater towards the 
middle of the span. Assuming that this variation of flange thickness 
does not alter the depth sensibly, we have a constant value of m, and 
the girder will have constant curvature. 

Constant curvature may also occur in a beam of uniform section. 
To obtain such a result, M must be constant in the equation 

I _ M 

This condition may be brought about by the loads and reactions 
being applied in the form of two equal opposing couples. A carriage 
axle is a common example (Fig. 217). Here AC = BD; equal 
loads W, W are applied at A and B, and the wheel reactions P, P at 


(0 
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C and D will be each equal to W. The portion CD of the axle will 
therefore have uniform bending moment, given by 

Mcd-Wx AC, 

and hence will bend into the arc of a circle. The curvature in the 



Fig. 2x7. — A carriage axle. 


overhanging portions AC and BD will vary, following the law for the 
cantilever worked out on p. 167. 

In Fig. 218 AB is a beam of length L bent into a circular curve 
ACB. Drawing the diameter EODC perpendicular to the chord AB, 



C 

Fig. 2f8. — Beam bent into a ciicular curve. 


and remembering that the deflec* 
tion will be very small in practice 
we have, by application of the 
principle that the products of the 
segments of two intersecting chords 
in a circle are equal 

EDxDC-ADxDB, 
or, very nearly, 

2 Rx 1 )C =(iL) 2 ; 

hence the deflection DC at the 
middle will be 


M I . , 

Substituting for in this 




i)c=^y 

8Er 


It will also be evident that the inclination of the tangents at A and 
B will be equal to the angle AOC. Expressing this in radians so as 
to obtain the slope at A and B, we have 


L 

* AO 2R 

ML 

2EI' 
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Belation of stress and deflection. In all the cases of deflection 
which have been considered, it will be noted that the expression for 
the maximum deflection has the form 




\VL» 

"ET’ 


where ^ is a numerical coefficient, the value of which depends on the 
circumstances of the case. Hence we may write. 


A oc 


WI^ 

ET' 


■\0 


Taking the general equation for the strength of a beam (p. 146), 

M = {l. , h) 

m 

it will be noted that M is always proportional to WL, and that m is 
always proportional to the overall depth of the beam. Hence, 
from (2), . 

WLoc-^I. 

a 


Substitution of this in (i) gives 


A 


oc WI. 


EI 


/t 

d EI 

fU 

dh 


■(3) 


Hence, in beams constructed of the same material, for which E 
will be constant, we may state that the maximum deflection will be 
directly proportional to the square of the length and inversely pro- 
portional to the depth when the beams are carrying loads which 
produce the same maximum value of f. 


Example. A steel bar of rectangular section is supported at its ends 
and carries a -^central load. The ratio of maximum deflection to span is 
not to exceed ; the maximum stress is not to exceed 5 tons per square 
inch. Find the ratio of span to depth if £=13,500 tons per square inch. 


48E1 


(p. 169), 




(0 
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or 


Hence, fro^ (i). 


or 


4 d * 



A=§Zl._y_ 

^ d 4«EI 

=zy, 

6^/E’ 

A 

//“ y ’ L 

_6 X 13500 _i 

s 

= 32 - 4 - 


( 2 > 

( 3 ) 

( 4 ) 


EXERCISES ON CHAPTER VIII. 

1 . A bar of steel of square section, 2 inches edge, is used as a canti- 
lever, projecting 24 inches beyond the support, and has a load of 400 lb. 
at its free end. Find the values of the radius of curvature for sections at 
3 inches intervals throughout the length. Plot R and the length of the 
cantilever. £ = 13,500 tons per square inch. 

2 . Find the slope and deflection at the free end of the cantilever given 
in Question i, 

3 . A beam of I section, 8 inches deep, 4-5 inches wide, metal 0-5 inch 
thick, is simply supported on a span of 10 feet and carries a central load 
of 1*5 tons. Calculate the maximum deflection and also the slope at the 
ends. What will be the radius of curvature at the middle of the span 1 
Take E= 13,500 tons per square inch. 

4 . Answer Question 3, supposing that the beam carries only a uniformly 
distributed load of 2 tons. 

5 . An encastrd beam of I section has its ends fixed into walls 12 feet 
apart. The depth is 12 inches, and I is 50 in inch units. If the stress is 
limited to 5 tons per square inch, what central load would be safe ? 
Draw the diagrams of bending moment and shearing force. 

6. Answer Question 5, supposing that the load is to be distributed 
uniformly. 

7 . Calculate the deflections at the middle of the span for the beams 
given in Questions 5 and 6. 

8 . A cantilever projects 8 feet from a wall and carries a load of 
1-5 tons at 4 feet from the wall and another load of 075 ton at the free 
end. Draw the diagrams of bending moment, slope and deflection, in 
each case giving the scale of the diagram. State the values of the slope 
and deflection at the free end. Take 1 = 350 in inch units and E= 13,500 
tons per square inch. 

9 . Calculate the uniform bending moment which must be applied to a 
bar ot steel of 0*25 inch in diameter in order to make it bend into the arc 
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of a circle of 20 feet radius. £ = 30,000,000 lb. per square inch. If the 
bar is 5 feet in length, what will be the deflection at its centre ? 

10 . A girder is 40 feet span by 4 feet deep, and rests on its supports. 
The uniformly distributed load produces a maximum stress due to bending 
of 5 tons per square inch. Find the deflection at the middle of the span. 
E= 13,500 tons per square inch. 

11 . Supposing the girder given in Question 10 to have uniform flange 
stress of 5 tons per square inch, what will be its radius of curvature? 
Calculate the deflection at the centre. 

12 . A cantilever of uniform section is built securely into a wall, and its 
outer end just touches a prop when there is no load. The cantilever is 
8 feet long, and carries a uniformly distributed load of 1000 lb. per foot 
length. Find the reaction of the prop, and draw the diagrams of bending 
moment and shearing force ; give the calculations required for these. 

13 . A beam 40 feet in length rests on three supports A, C and B at the 
same level ; the supports divide the beam into two equal spans. If there 
is a uniformly distributed load of 1-5 tons per foot length, find the reactions 
of the supports, and draw the diagrams of bending moments and shearing 
force, showing the necessary calculations. 

14 . A piece of flat steel has to be bent round a drum 5 feet in diameter ; 

what is the maximum thickness which the strip can be made so that there 
shall be no permanent deformation when it is removed from the drum ? 
The steel has an elastic limit of 14 tons per square inch. £=14,000 tons 
per square inch. (I.C.K.) 

15 . Three rolled steel joists 6 inches deep are placed side by side 

spanning an opening of 10 feet ; the moment of inertia of the two outer 
joists is 20 and that of the inner one 44 inch-units. A central load of 
5 tons is so placed as to deflect each of the three joists equally ; state the 
amount of the load carried by each joist and the maximum unit stress {/>. 
stress in tons per square inch) in the centre joist only. (I.C.h-.) 

16 . A beam is firmly built into a wall at one end, and rests freely at its 

other end on a vertical column whose centre line is distant 8 feet from the 
wall. The beam supports a wall, whose weight added to that of the beam 
itself is equivalent to a uniformly distributed load of 3200 lb. per foot run 
of the beam, f'ind (fi) the total load supported by the column ; (^) the 
bending moment and shear force at the section of the beam adjoining the 
wall ; {c) the position of the point of zero bending moment. Sketch 
complete bending moment and shear diagrams. (li.E.) 

17 . A rectangular timber beam, supported at the ends, is of uniform 

section from end to end, and it carries a uniformly distributed load. If 
the working intensity of stress in the wood is not to exceed 2000 lb. per 
sejuare inch, and if the modulus of elasticity of the wood is 1,700,000 lb. per 
square inch, determine the ratio of the depth of cross-section of beam to 
span of beam in order that the deflection may not exceed part of the 
span. (B.£.) 

18 . A horizontal beam, span 25 feet, is fixed at the ends. It carries a 

central load of 5 tons, and loads of 2 tons each at 5 feet from the ends. 
Determine the maximum bending moment, the bending moment at the 
centre of the span and the position of the points of contraflexure ; sketch 
also a diagram of shear force. (L.U.) 
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19 . A floor, carrying a iinilormly distributed load of 2 cwt per square 

foot over a span of 20 feet, is proposed to be carried by either : (<2) I joists, 
10 inches deep ; area, 12-35 square inches ; 1 (nmximuni), 212 inch-units ; 
pitch, 4 feet. Or, {b) I joists, 12 inches deep \ area, IS'9 square inches ; 
I (maximum), 375 inch-units ; pitch, 6 feet. Compare these two pro- 
positions by finding the ratio of strengths, deflections and total weights of 
girders. Find the maximum skin stress in case (a). (L.U.) 

20 . A uniform beam, 30 feet long, fixed at the ends, has a load of 

20 tons spread uniformly along it. It has also two loads of 3 tons, each 
hung fro^ points which are 10 feet from the ends. What is the bending 
moment everywhere, and what is its greatest value ? (B.E.) 
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WORKING LOADS. BEAMS AND GIRDERS. 

Bead and live loads. The loads lo which any structure is 
subjected may be divided into dead and live loads. The dead loads 
include the weights of all the i)ernianent parts of the 
structure ; the live loads may consist of travelling weights 
and other forces, such as wind pressure, which may occur 
periodically. Dead loads produce stress of constant 
magnitude in the parts of the structure; the live loads 
produce fluctuating stresses; hence each {)art of the 
structure may be called upon lo withstand stre,sses which 
fluctuate between maximum and minimum values. 

A load may be applied to a bar in three different 
ways: (a) in gradual application, the load on the bar 
is at first zero and the magnitude of the load is increased 
uniformly and slowly until the bar is carrying the whole 
load ; (d) sudden application may be realised by reference 
to Fig. 219, in which the load W is supf)orted by short 
rods so that it is just touching the collar at the lower end of AB ; 
if the rods be knocked out, the load will suddenly rest on the 

collar; (c) impulBire application may be 

Load obtained by allowing W in Fig. 219 to 

drop from a height on to the collar. 

Eesilience. Fig. 220 illustrates the case 
of gradual application of pull to a bar. 

Q, _ The bar extends by an amount propor- 

j^.^ . tional to the load, up to the elastic limit, 

K. — t — )j ^j.,y instance the resistance of the 

Kic. *3o.-Dra|M for a gradually jjar is equal to the pull applied. When 

the load applied is Pj, the extension of 
the bar is and its resistance is equal to Pj. It w'ill be evident 
from the figure, that the average value of the load is JP, and as 
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this force acts through a distance the work done will be given by 
the product of these quantities (p. 325). 

Work done in stretching the bar==|P<? (1) 

As the resistance of the bar is at all times equal to the pull, it 
follows that the energy stored in the bar will be equal to 
Let a = the sectional area of the bar in square inches. 

P = the final pull in tons. 

P 

^ = the stress produced by P in tons per square inch. 

L = the original length of the bar in inches. 
e = the extension produced by P in inches. 

E — Young’s modulus in tons per square inch. 

X. P L 


PL .L 

Also, P = a/ 

Substituting these values in (i) gives : 

Energy stored in the bar = ^a/*./jg 

_„T f'i 


inch-tons (2) 


This quantity is called tlie resilience of the bar. I'he resilience of 
the material is stated usually as the energy which can be stored in 
a cubic inch when stressed up to the elastic limit. This may he 
obtained from (2) by taking / to be the elastic limit stress and 
noting that aL is the volume of the bar in cubic inches. Hence. 

p . 

Resilience = * inch-tons per cubic inch. 

Load suddenly applied. If the load be applied suddenly as in 
Fig. 219, and if the bar extends by an amount e, gravity is doing work 
on W throughout this extension. Hence, 

Work done on W = W^ inch-tons. 

This work may lie represented by the rectangular diagram OKLM 
(Fig. 221), in which OK represents W and OM represents e. The 
resistance offered by the bar during the extension still follows the 
same law as before, at first the resistance is zero and it gradually 
increases, being proportional to the extension up to the elastic limit 
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This may be represented by the triangular diagram OMQ. At PN 
the resistance of the bar and the weight of the load are equal, but 
extension does not stop here, since more work has been done by 
gravity than can be stored in the rod. Extension will go on until 
the work done by gravity has been stored 
entirely in the rod, i.e, until the area 
OKLM is equal to the area OMQ. 

This will occur evidently when OM is 
equal to twice OP, or when MQ is 
twice OK. Now, had W been applied 
gradually, the stretch would have been 
OP; hence the sudden application of Fig. 221.— Diagram for a load applied 
VV has produced a stretch double of suddenly 

this amount. Also PN would have been the final resistance of the 
bar had W been applied gradually ; hence the sudden application 
has produced a resistance of twice this magnitude, and therefore 
also a stress equal to double of that which would have occurred 
with gradual application. 

The conditions are not attained easily in practice, but the effects 
of live loads in producing stress are often taken account of by 
estimating what the stress would be had the load been applied 
gradually and then taking double this stress as that which the part 
will be called upon to carry. 

Impulsive application of a load. In an impulsive application, 
let W be dropped from a height H inches (Fig. 219). Then 
lotal work done by gravity = W (H -f inch-tons. 

Extension will go on until the wliole of this work is stored in the 
bar. From equation (2) (p. 192), we have 


Energy stored in the bar ^ ah 


/I 

2E 


Hence, 


aLQ = W(H + e), 


cr 


f- 


-V 


2EVV(H+«’) 
aL ■ 


( 3 ) 


If e is small compared with H, as is the case generally, then 

f /2EWH , V 

Working stresses. The stresses which may occur in any part of a 
s'^ructure are estimated by first calculating the stress produced by the 
dead load. Separate calculations are then made in order to determine 
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the stress produced by the live loads. The stress in the part under 
consideration will then fluctuate between known limits, and it remains 
to determine what ought to be the safe stress permitted in the part. 
The determination may be based on the known breaking strength of 
the material by taking the working stress as a fraction of the ultimate 
strength. The reciprocal of this fraction is called a factor of safety, 
and its value depends on the kind of material and the nature of the 
loads. Thus, for wrought iron and steel, the factor of safety may 
be 3 for a dead load, 5 for a stress which does not change from pull 
to push, 8 for a stress which alternates from a certain pull to an 
equal push and 12 for parts subjected to shock. Somewhat higher 
factors may be taken for cast iron and for timber, as these materials 
are less trustworthy. 

It may be noted here that a load which a piece of material may 
carry for an indefinite time, if applied steadily, will ultimately cause 
fracture if it is applied and removed many times. The effect is more 
marked if the load be alternated, /.c. applied first as a pull and then 
as a push, in the manner in which the piston rod of a steam engine is 
loaded. The experiments of Bauschinger, Wohler, Stanton ana 
others, on the effects of repeatedly applied and alternating loads 
show that the strength to resist an indefinite number of repetitions 
depends on the range of stress rather than on the actual values of 
the maximum and minimum stresses. 

The following rule has been deduced by Unwin* from the results 
of Wohler's experiments, and applies to cases of varying stresses. 

Let y^=:the breaking strength of the material in tons per square 
inch under a load applied gradually. 
y]^ = the breaking strength of the same material in tons per 
square inch when subjected to a variable load which 
fluctuates from to and is repeated an indefinite 
number of times. Let this be of the .same kind (push or 
pull) as /*,. 

/2 = the lower limit, in tons per square inch, to which the 
material is subjected, + if is of the same kind as 
and yi, - if^ is of the opposite kind, 
r “/g = the range of stre.ss. 

Then Unwin’s formula is 

'Jf»^ - nrft ^i) 

^Machine Design^ Part I. Prof. W. C. Unwin. (Longmans, 1909.; 
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n has the value 1*5 for wrought iron and mild steel. From 
equation (i), we have ✓ 


or 


nr+ ^«V + 4(/i- 


/.= 


•(2) 


in which the negative sign has been disregarded. Equation (2) gives 
a dead-load stress _4 which would produce, when applied steadily to 
the member, the same effect as the actual fluctuating stresses. 

If each side of (2) be multiplied by the sectional area of the bar, 
the stresses in the ec^uation become total forces on the bar. Using 
capital letters to represent the total forces corresponding to the 
stresses r and /j, we have 

«R+ J«2R2 + 4('Fi--y 

Equivalent steady load = ^ • • (3) 


The LaunhardtrWeyraucli formula also takes account of stress varia- 
tion. Let and F., tons be the maximum and minimum forces 
to which the bar may be subjected, and let fs tons per square inch 
be the breaking strength of the material under a gradually applied 
stress. 7 'hen 


Breaking stre.is = 



tons per square inch. 


....(4) 


Applying a factor of safety of 3 to this, we have 


Working stress == 



tons per square inch (5) 


Example. A certain bar in a structure carries a pull of 80 tons due 
to the dead load ; the live load produces forces in the same bar varying 
from 20 tons pull to 40 tons push. Find the working stress and the cross- 
sectional area of the bar. The breaking strength of the material under a 
gradually applied pull is 30 tons per square inch. 

First Method. By doubling the live load pull and adding the result 
to the dead load pull, we have 

Equivalent dead load = 80 + (2 x 20)= 120 tons. 

Taking 9 tons per square inch as the working stress, we have 
Sectional area of bar — ^5**— sq. inches 
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Second Method By Unwin’s formula (3), 

R = 6o tons. 
Fj«=8o4-2o= ioo tons 


Equivalent dead load=^ ^ ±^ <^ yo)+4(ioo-3 g 
= 128 tons. 

Again using 9 tons per square inch as the working stress, we have 
Sectional area of bar = — T4 2 sq. inches. 

Third Method. By the Launhardt Weyrauch formula (5), we have 
^=30 tons per square inch. 

Fi = 8o + 2o=ioo tons pull. 

F2 = 8o-40==4o tons pull. 

Working stress = g x 3o( 1+ 

= 8 tons per square inch. 

Cross-sectional area = ^ 

= I2«5 square inches. 

Wind pressure. If wind pressure be treated as a live load, then 
30 lb. per square foot of vertical surface may be assumed to be the 
maximum. If treated as a dead load, then pressures up to 55 lb. 
per square foot of vertical surface may be taken. Stanton\s experi- 
ments at the National Physical I.,aboratory give, for small plates, 

^ = 0-00 2 7 lb. per square foot, 
or, for large plates, 

/=- 0-0032 lb. per square foot, 

where V is the velocity of the wind in miles per hour. Hutton's 
formula may be used in calculating the normal pressure on inclined 
surfaces. 

Let ^ = the pressure in lb. per square foot on a surface perpen- 
dicular to the direction of the wind. 

/n = the normal pressure in lb. per square foot on a surtace 
inclined at an angle B to the direction of the wind. 

Then Hutton’s formula gives 

/ =/n • sin 0 <i'84Cos«- x) 

where a is a coefficient depending on the value of B. Values of a 
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corresponding to different values of B have been plotted in Fig. 222, 
and the value of a appropriate to any given surface may be taken 
from the curve. 


CL 



Travelling load. In Fig. 223(a) AB is a beam simply supported 
at A and B and carrying a load W. The effects of W alone will be 
considered, any other loads 
being disregarded. If VV 
remains fixed in position, 
the reactions P and Q as 
well as the bending moment 
and shearing force at any 
section, such as I), have 
definite values. These values 
will alter if W travels along 
the beam, and it then be- 
comes necessary to determine 
what position W must occupy 
when a given section is sub- 
jected to the greatest bending 
moment it will be called upon 
to resist, as well as the value 

of this bending moment. 223.— Beam carrying a single rolling load. 

I'he same questions must 

also be considered in relation to the shearing force at any given 
section. 

Let a; — the distance of W from A. 

a = the distance of the given section D from A. 

L = the span of the beam, all in the same units. 
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Then, taking moments about B, we have 
PL = W(L-a'), 

“ P-(^i£)w-(.-0w (,) 

Let W he on the right-hand side of D as shown in Fig. 223(a), 
Then the bending moment at D will be 

Mo = Pa 

= («-L)Wa (3) 

Hence, as x diminishes, i.e. as W travels towards the left and so 
approaches the section D, the bending moment at D increases. 

Now let W be on the left-hand side of D as shown in Fig. 223 {h) 
Writing down the bending moment at i), we nave 
M ij — Pa - W ya - x) 

”0 "" r ) ~ “ x) 

= W^(i-“) (3) 

This result indicates that as x diminishes, as W, still travelling 
towards the left, recedes from the section D, the bending moment 
at D is becoming smaller. Therefore, the greatest bending moment 
which the section 1) will be called upon to resist will occur when W 
is immediately over the section. 'I'he value of this bending moment 
may be obtained by writing x = a in either (2) or (3) above, giving 

Maximum bending moment M,)=- \\a 

= w(a-Q (4) 

If a be varied so ^ to obtain the maximum bending moments 
for other sections of the beam, and if the results of calculation 
from equation (4) be pUjtted, a parabolic curve will be obtained 
(tig. 223 (c)), the ordinates of which will show the maximum bending 
moment for all sections of the beam. The centre section C is 

called upon to resist a bending moment — It will, of course, be 

4 

understood that the values shown by the ordinates in Fig. 223 (c) are 
not attained simultaneously. The diagram must be interpreted as 
indicating that the bending moment at any section, say D, is zero 
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when W is off the beam, and increases gradually as W travels 
towards the section ; the maximum value Md is attained when W 
reaches the section. 

The shearing force at D, when W occupies any position on the 
beam lying on the right of 1), will be positive and equal to P ; 
hence, from (i), / -y.\ 

S„ = P = (i-f)w (5) 

This result shows that the shearing force increases as x diminishes, 
i.e, as W approaches the section D from the right. 

Taking W in a position on the left of D, the shearing force will 
be negative, and will be given by 

Su = P- W = ^I - 0W-W 

= -Jw (6) 

We infer from this result that the negative shearing force at D 
diminishes as x becomes smaller, t.e, as W recedes from the section 
and approaches the left-hand sup[)orr. 

The inferences from this discussion are that the shearing force 
at any section attains a maximum positive value when W lies close 
to the right-hand side of the section, that it becomes zero as W 
crosses the section, and attains a maximum negative value w^hen 
W lies close to the left-hand side of the section. To obtain 
the values of these shearing forces, write x~a in equations (5) and 


(6), giving 

Maximum positive shearing force Sd = ^i (?) 

Maximum negative shearing force Sr)= - ^ W (8) 

Xv 


Varying a so as to obtain values of the shearing forces for other 
sections and plotting the values so found (Fig. 223 (^/)), we obtain two 
sloping straight lines. I'his diagram must be interpreted as follows : 
the shearing force at any section is zero when W is off the beam ; 
as W travels along the beam from right to left, the shearing force 
at any section I) is po.sitive and increases gradually, until the 
maximum value DE is attained when W is on the point of arriving 
at the section. As W crosses the section, the shearing force becomes 
negative and attains the maximum value DF when W reaches the 
other side of the section. 
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Uniform travelling load. In I 

of a beam AB simply supported 
uniform load w per unit length, 


£ H' per unit length 



Fig. 284. — Beam carrying a uniform travellii 
load ; maximum bending-moment diagram. 


1g. 224(a) is illustrated the case 
at A and B and subjected to a 
Taking the load of sufficient 
length to cover the whole span, 
it will be evident that the maxi- 
mum bending moment at any 
section will occur when the 
beam is loaded fully, i.e. when 
the whole span is covered by 
the load. The bending-moment 
diagram will therefore be para- 
bolic (Fig. 224(/j)) and of maxi- 

mum height - 

o 


In Fig. 224 (a) the nose E of the load is advancing towards a given 
section 1 ). The shearing force at D is positive and is equal to 1 * ; 
hence it increases as F af)proaches D. When E has crossed to the 
other side of D (Fig. 225 (a)\ the shearing force is P diminished by 
the portion of the load lying between D and E. This shearing 
force will be less than that 
existing at D when the nose 
E is vertically over D, for P 
will then have a certain 
value, and this value will 
be increased in Fig. 225 (a) 
by a fraction only of the 
portion of the load lying 
between D and E ; as the 
whole of the latter must be 
deducted from P in calcu- 
lating the shearing force in 
Fig. 225 (a), it follows that 
the positive shearing force 
at D in Fig. 225 (a) is 
diminishing. Hence the maximum positive shearing force at any 
section occurs when the whole of the part of the beam lying to 
the right of the section is covered by the load, the end of the load 
being vertically over the section. In the same manner it may 
be shown that the maximum negative shearing force at any section 
occurs when the part of the beam lying on the left of the section 
is covered by the load (Fig. 225 (h)). 




’ ^////7r/ r // 777j 


K- (a) 
- L 



Fig. 225.— Beam carrying a uniform travelling load; 
maximum shearing-force digram. 
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To obtain the values of these shearing forces, first let the load 
cover DB (Fig. 225 (a)) and take moments about B ; 

PL = a;(L-g)- ^-~^^ 

maximum positive shearing force Sp =» P = ^(L - d)^ (9) 

Now let the load cover AD (Fig. 225 (/^)) and take moments 
about A; 

QL = 7 va^ = 


or 




wa^ 

2L' 


Hence, Maximum negative shearing force S,, == Q = (10) 

Variation of a in (9) and (10) so as to obtain values for other 
sections will evidently produce two parabolic curves when plotted 
(Fig. 225 (^)). The interpretation of this diagram is similar to that 
of Fig. 223 (d)), I'he end ordinates are of magnitudes ± \iv\u. 
Combined dead and travelling loads. If, in addition to the 


cravelling or live loads, the dead 
bending moments and shearing 
forces may be drawn separately 
for tne latter. Combined dia- 
grams of bending moments and 
shearing forces may then be con- 
structed by adding algebraically 
the. corresponding ordinates of 
the diagrams. This has been 
done in Fig. 226 for a uniformly 
distributed dead load and a 
single rolling load. 

In Fig. 226 (/v), ACB is the 
bending-moment diagram for the 
dead load and ADB is that for 
the live load ; AEB is the com- 
bined diagram. In Fig. 226 (r), 
FGKH is the shearing- force 
diagram for the dead load ; PXIL 
and FGM are the shear diagrams 
for the live load; FGKRN is 
the shear diagram for the corn- 


loads be considered, diagrams of 
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bined loads, and shows the shearing force on any section lying close 
to the left of the live load ; GFHTQ is a similar diagram for sections 
lying close to the right of the live load. The construction consists in 
making FN = FH -fFL and joining NK ; also make GQ = GK. + GM 
and join QH, Zero shearing force occurs at T and at R, Sections 
lying between F and T are subjected to positive shear only, 
those lying between R and G have negative shearing force only ; 
sections lying between T and R have to resist both kinds of shearing 
force. 

Maximum bending moments for a non-uniform travelling load. 

In designing bridge girders, it is necessary sometimes to consider the 



effects of a non-uniform travelling load. Fig. 227 illustrates a con- 
venient method ; bending moment diagrams for the girder when the 
load is occupying several given positions are obtained first ; from these 
diagrams the maximum bending moment at any section is determined. 

Aii is the girder resting on supports at A and H ; sections at E, D 
and C divide the girder into four equal bays. Three loads Wj, Wg 
and W3 at fixed distances apart have been chosen, but it will be 
understood that the method applies to any number of loads. 

First let be vertically over B, and let the distances of Wg and 
Wg from A be a and b respectively. 

Take moments about A and set these off along AN, which is 
drawn at right angles to AB. 

Moment of ~ W^L, represented by AF. 

„ FH. 

HN. 
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IjQt Q| be the reaction at B, then the sum of the above moments 
is equal to the moment of about A ; hence the moment of Qj 
about A is represented by AN. 

Join BF and produce the line of to cut BF in G. Join GH 
and produce the line of Wg to cut GH in K. Join KN and also 
BN. Draw the vertical ESTUV. 

From the laws of proportion applied to similar triangles, the fol- 
lowing statements may be made : 

Moment of about E = EV. 

„ W, „ E = ES. 

„ W2 „ E = ST. 

„ Wg „ E=TU. 

Now, by taking moments about E, we have 

Bending moment at E — moment of - moment of Wj 

- moment of - moment of Wg 
- EV - ES - ST -- TU 
= UV. 

In the same way M,, -=- WX and Mc = YZ. Hence the bending- 
moment diagram for the given position of the loads is the shaded 
diagram in Fig. 227. 

To obtain the bending-moment diagram when W^ is vertically over 
the section C, instead of moving the loads, leave them in their 
original position and shift the girder tow'ards the right until C is 
vertically under W^. 1'he end B will then oe at Bg and A w'ill 
coincide with the original position of P' The reaction Q2 at Bo wall 
be obtained by taking moments about E, giving 

Q2 X ByE = moment of Wj + m .menl of W., + moment of Wg 
-ES + ST-hTU 
- EU. 

Join UBo, when it will folkwv, by similar reasoning to that already 
employed, that the bending-moment diagram for over C is 

BoBGKWUB^. 

Similarly, when W^ is at D, the diagram of bending moments will 
be BgB^BGKWBgl also when W^ is at E, the bending-moment 
diagram will be B4BgB2BGYB^. 

Measure these diagrams so as to obtain from each the bending 
moments at E, D and C. If these are tabulated, there will be no 
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difficulty in obtaining the maximum value of the bending moment at 
each section by inspection of the table. 


Position of 
load Wj . 

Bending moments at sections. 

C 

D 

£ 

B 




c 




D 




E 




A 

0 

0 

0 


It should be noted that the loads may run on to the bridge girder 
from either end, and that either \V| or W.j may lead. I'he effect 
of this on sections lying equidistant from the middle of the span, 
such as E and C, may be taken account of fully by choosing the 
maximum of tlie tabular values for C and E as being the bending 
moment to which both E and C may be subjected depending on 
which way the load runs on to the bridge. 



t’lG. 228, — Portion of a continuous beam. 


Continuous beams. Let ABC (Fig. 228) be a portion of a beam 
which is continuous over several supports ; three of the supports are 
situated at A, B and C respectively, the spans being and respec- 
tively. For simplicity, the load is taken as 7 if per unit length, 
uniformly distributed throughout. 

There will be bending moments at each support owing to the 
beam being one continuous piece ; let these l>e M^, Mb and Me 
respectively. Erect perpendiculars AD, BE and CF to represent 
these bending moments (Fig. 228 (^)) and join DE and EF. Draw 
also the parabolic bending-moment diagrams AGB and BHC for the 
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two segments AB and BC taken as cut at A, B and C, and simply 
resting on the supports. Then, as has been shown for an encastre 
beam (p. 176), the difference between the bending-moment diagrams, 
shown shaded, will be the bending-moment diagram for the portion 
ABC of the continuous beam. 

It is evident that the solution will depend on the determination of 
Ma> Mb and Me- To determine these, we have the principle that 
if all the supports are at the same level, then the deflections at A, B 
and C must be zero, whatever may be the changes in deflection 
occurring in the spans. Hence, taking moments of area about A, 
the moment of ADEB must equal that of AGB ; also taking moments 
of area about C, the moment of BEFC must equal that of BHC. 

Taking moments about A, and remembering that the parabolic 
area is two-thirds that of the circumscribing rectangle, we have 


2 

3 • 


4 


-4 


4 


4/:^^Ma4-J + (Mb-Ma)^ 



It will be noted that the right-hand side has been obtained by 
splitting ADEB into a rectangle of height AD and base AB, and 
a triangle of height (BE - AD) and base equal to AB. The equation 
is reduced as follows : 

= + (i; 

Taking moments about C in the same manner, we have 

2 

3 

w/J' 


“8 * “ 


2 2 23 


24 


Add (i) and (2) : 


= iM<-4 + J(MB-Mc)4 
-iMc4 + JMb4 


(2) 


2V 

24 


(4'* + //) - 1Ma4 + /,Mb( 4 + 4) + JMc4, 


or (4*’ + //) = Ma4 + 2Mb( 4 + 4) + Mc4 ( 3 ) 

4 ^ 

Should the spans be carrying uniformly distributed loads of 
different values, let and uf^ be the loads per unit length on AB 
and BC respectively. Then (i) and {2) will become 


24 


O'/*’ 


= iMc 4 + JM 


b 45 

b4- 


24 
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Adding these and reducing as before gives 

rtflj / cpt J 

-- t '- + ~r = -< 4 ) 

4 4 

Equations (3) and (4) are cases of Clapeyron's theorem of three 
moments. By use of these, an equation may be written down for 
any three successive supports of a continuous beam. If there are 
n supports, there will be (n- 2) equations ; other two equations may 
also be written from the data supplied for the ends of the beam. 
Thus, if the beam simply rests on the support at each end, the 
bending moments at these supports will be zero, and the other 
equations will be sufficient in order to obtain the complete solution. 


i Con par foot 


I ton per foot 



Fig. 2 ag. — A continuous beam having three spans. 


Example i. A continuous beam rests on four supports on the same 
level and carries loads as shown in Fig. 229. Find the bending moments 
at the supports. 

Equation (4) applied to A, B and C gives 

(2:S^L5!) + (ilS_J3,8^)=.,5M,+2M.,(is + 2o)+2oMc. 



CONTINUOUS BEAMS 


207 


Ajso, Ma=^o; 

422 + 30 cx) = 7 oMb 4-2 oMc 

Equation (4) applied to B, C and D gives 

(ilS_^J.e’) + (L5_^J.^) = 3oMB + 2Mc(20+.o)+,oMo. 

Also, Md=o; 

3000+ 375 = 2oMjj + 6oMc 

From (i) and (2), 2 ioMb+6oMc~ 10,266, 

2oMb + 6oMc = 3375 J 
/. 1 90M 11 = 6891, 

Mb = 36 3 ton-feet 

From (2), (2ox36-3)4-6oMc = 3375» 

6oMc- 2649, 

Me — 44 15 ton -feet 

Example 2. Find the reactions of the supports of the beam given in 
Example i. 

To find Ra, write down an expression for the bending moment at B, 
obtained by calculating the moments about B of the forces acting on AB. 
(o-5 X 15X Y)-(Rax i 5 )=Mb = 36-3, 

56-25- I 5Ra = 36-3, 

Ra= tons. 

In the same way, Rb may be found by writing down an expression for 
Me, taking moments about C of all the forces acting on ABC. 

<0-5 X 35 X + X 20 X 2^0 ) - (Ra x 35) (Rn x 20)= Mc = 44‘i5> 

306*25 200- (1*33 X 35) - 2 oRb = 44 'I 5 j 

2 oRb=- 4I5'5 j 
Rb = 20 77 tons. 

To find Rc, take moments about D of all the forces acting on the beam. 
.0*5 X 45 X */) + (! X30X Hj<0-(1<aX45)-(RbX3o)-(Rcx io) = Md=o, 
506*25 -H 450- (45 X 1*33)" (30 X 20*77)- ioRc==o, 

ioRc = 273*25, 

Rc = 27»32 tons. 

Also. Ra + Rb + Rc 4- Rd = the total load on the beam, 

Rd = 52*5 - (i*33 4- 20*77 4- 27*32) 

= 3 08 tons. 

In order to check the accuracy, calculate Rn by taking moments about 
C of die forces acting on CD. 

(1*5 X lox V*)-(Rdx io)=Mc= 44**5 > 
ioRd = 30*85, 

Rd = 3’o 8 tons. 


(I) 


(2) 
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Example 3. Draw the diagrams of bending moment and shearing 
force. 


S on the right of A = + Ra= + 1*33 tons. 

S on the left of H =* Ra - (0-5 x 15) 

= 1-33 - 7*5 = tons. 

S on the right of R — Ra + Rb-(o-5 x 15) 

I *33 + 20*77 -^7*5 = + 14*6 tons. 
S on the left of C ~ Ra + Rb-(o-5 x 35) -(i x 20) 
=-i*33-|-2o*77~i7.5-2o 

= - 15*4 tons. 

S on the right of C = Ra + Rh + Kc - 17 5 -20 
= I *33 + 20*77 + 27*32 - 37*5 
— -f 1 1*92 tons. 

S on the left of D = - Rn^ ~ 3*08 tons. 


The shearing force varies uniformly between the supports ; the com- 
plete shearing-force diagram is given in Fig. 229 (r). 

The following quantities, together with the bending moments at the 
supports, are required for the bending-moment diagram. They are 
obtained by calculating the bending moments at the middle of each span, 
assuming that the beam is cut at K and C. 


Bending moment at the centre of AB = 


8 


o:^x I5_x 15 
“8 


— 14*06 ton -feet. 

r 1 . A- 1*5 20 X 20 

Bending moment at the centre of BC- ~ ' " g 

— 75 ton -feet. 

3- .. X .u . rr*Tx 1*5X10X10 

Bending moment at the centre of CD — - — 8 ’ ~ 


^ 1 8*75 ton-feet. 

The bending-moment diagram is given in Fig. 229(/'), and is drawn by 
making BE and CF equal to Mu and Me respectively and joining AE, 
EF and FD. GH, KL and MN arc then set up from the centres of AB, 
BC and CD, and are made equal to 14*06, 75 and 18*75 ton-feet respec- 
tively. The curves AGB, BKC and CMD are parabolic. The difference 
of these diagrams, shown shaded, is the bending-moment diagram for 
the beam. Points of contraflexure (p. 180) occur at O, P, Q and R, as 
the bending moments are zero there. 


Plate gprdere. Plate girders are used instead of rolled I sections 
when the dimensions of the girder become large. Such girders con- 
sist of top and bottom flange plates (Fig. 231) and a web plate 
secured to the flanges by riveted angles. The flange plates, as may 
be observed in Fig, 230, increase in number towards the middle of 
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the span, where the bending moment is large. The web plate is 
generally of uniform thickness in girders of comparatively small span ; 
in very large girders, in which the web is built of several plates 
placed end to end, the plates near the supports may be made thicker 
than those at the middle, thus making allowance for the larger 
shearing forces near the supports. In calculating the dimensions of 



Fic;. 230. — Side elevation of a plate girder. 


the parts, it is customary to assume that the flanges supply the whole 
of the resistance to bending and that the web supplies the whole of 
the resistance to shearing. The web is liable to buckling, and 
requires to be stiffened at intervals. For this purpose vertical 
stiffeners are riveted to the web plate at intervals as shown in 
Fig. 230 ; these are of closer pitch near the supports, and may be 
constructed of angles as in Fig. 231, or may be of T section. 

The method of finding the principal dimensions may be understood 
by study of the following example : 

Example. A plate girder of 30 feet span with parallel flanges has to 
carry a uniformly distributed dead load of 2 tons per foot length, including 
the weight of the girder. Find the principal dimensions. 

Taking the depth as of the span gives a depth of 2*5 feet. The 
breadths of the flanges may be of the span, giving 10-5 inches 
for this dimension. 

The total load will be 60 tons. The maximum bending moment will be 
M,.,ax=^-=^^^-^=225 ton-feet. 

Taking working stresses of 7 tons per square inch pull and 6 tons per 
square inch push, the sectional areas of the flanges at the centre of 
the span may be found. Let these be At and Ac square inches for the 
bottom and top flanges respectively. The moment of resistance of the 
section to bending will be 7 A* x the depth of the girder, or 6 Ac x the depth, 
according as the bottom or the top flange is considered. Equating these 
to the bending moment at the centre of the span gives 
7AtX 2^ = 225 , 

Ae = -?^ = 12-85 square inches. 

17.5 

6A0X 2j= 225, 

Ac=»-|^=^ square inches. 


IKM, 


B 
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It will be noted, from inspection of the section given in Fig. 231, that two 
rivet holes occur in each flange. In the case of the flange under push, it may 

be assumed that the rivets fill the holes 
J rivets ^ ^ perfectly and that no compensation is 

B ^plates IOix| necessary. In the case of the flange 
^ ^ under pull the sectional area of the two 

Angles 31^34*4 rivet holes must be deducted from the 
total sectional area of the flange plates. 
web plate The rivets in the present example may be 

taken as j" in diameter ; it is not customary 
packing to exceed this dimension to any extent on 

account of the difficulty of closing larger 
rivets by hand, as has sometimes to be 
plates 104 xj* done during erection. The sectional area 

„ e .■ r 1 . ■ j of the horizontal limbs of the angles used 

for securing the flange plates to the web 
plate may be included in the flange area. Angles 3^" x 34" x are used 
in the present case. 

Taking the bottom flange first, in which the rivet hole allowance must 
be made, we have 

Net area of the horizontal limbs of two angles = 2 (34 - 1)4 

— 2-75 square inches. 

Using plates g" thick, 

Net area of one plate iO'5" X"g''=t (10-5 - i*5;g 

= 3-375 square inches. 

If three such plates are used, Net area = 3 x 3*375 

= 10-125 square inches. 

Adding this to the area provided by the angles, we have 

Sectional area supplied in bottom flange = 2-75 + 10-125 

= 12-875 square inches. 

This is slightly in excess of the area actually required, viz. 12-85 square 
inches, and may thus be adopted with safety. 

Considering now the top flange, which is under push, and using 
the same dimensions of angles and also the same thickness of plates, 
we have 


Area of the horizontal limbs of two angles = 2 x 34 x i 

= 3-5 square inches. 

Area of one plate, 10-5" x ^''= 3-94 square inches. 

Area of three plates = 11-84 square inches. 
Total flange area = 3-5 + 11-84 

= 15-34 square inches. 

The area actually required is 15 square inches; hence the assimied 
dimensions may be adopted. 



PLATE GIRDERS 


2 lt 

The method of finding the lengths of the flange plates may be under- 
stood by reference to Fig. 232. The bending-moment diagram for the 
girder is drawn on a base AB, and is also redrawn inverted. The moment 
of resistance of the angle limbs is calculated, and also the moment of 
resistance of each plate separately, making allowance for rivet holes in 
the cases of those under pull. These are set off vertically from AB and 
horizontal lines ruled. The angles and the plates adjacent to the web 
must run the whole length of the girder. The other plates may stop at 

Ton*£eet. 



Fig. *33.— Construction for obtaining the flange-plate lengths in a plate girder. 


the points where their moment-of-resistance lines cut the bending- 
moment diagram, but are made a little longer in order that the riveting 
at the ends of the plates may be carried out properly. 

The thickness of the web plate may be found on the assumption that 
the shearing force is distributed uniformly over the section of the web. 
Assuming a shearing stress of 6 tons per square inch and taking a section 
close up to either support where the shearing force is a maximum and 
attains the value of 30 ions, the area required will be 

Sectional area of web = ^^ = 5 square inches. 

For a plate 30 inches deep this would give a thickness of ^==i inch. 
To guard against the effects of rusting, no plate should be less than 
'i inch thick ; further, buckling has to be considered ; hence the web may 
be taken as *2 inch thick 
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The stiffehers should have a pitch not exceeding the depth of the girder, 
and the pitch may be halved near the supports. 

To find the pitch of the rivets connecting the flanges to the web, taking 
a section near the end of the girder, the shearing force is 30 tons, and as 
the girder is 2*5 feet deep this will be equivalent to an average shearing 
force of 30-^2-5 = 12 tons per foot Now the shearing force per foot of 
vertical section must be equal to the shearing force per foot of horizontal 
section (p. 126) ; hence the resistance which must be provided by the 
rivets will be 12 tons per horizontal foot 

Taking rivets J inch in diameter, a shearing stress of 6 tons per square 
inch and a bearing stress of 10 tons per square inch, we have 
Bearing resistance of a J inch rivet in a g inch plate = | x g x 10 

= 2-8 1 tons. 

Shearing resistance, under double shear = i| x^^ x 6 

= 4-64 tons. 

Hence the bearing resistance must be taken. 

1 2 

Number of rivets per foot= =4 ; 

pitch = 2 inches. 

As the shearing force diminishes for sections taken nearer to the centre 
of the span, the pitch may be increased towards the centre. It is, how- 
ever, undesirable that the pitch should change too frequently. To find 
the section at which the pitch may be changed to 6 inches is equivalent 
to finding the section at which the shearing force is half the maximum, 
viz. 15 tons. This will occur evidently at quarter span ; hence the middle 
15 feet of the girder may have a rivet pitch of 6 inches. 

Parallel braced bridge girder. Fig. 233 shows in outline a bridge 
constructed of two Pratt girders A and B, one on each side of the 


Cross Section. 


bridge; the roadway is supported by cross girders C which are 
attached to the main girders at the lower panel points a, d, f etc., 
and transmit the road loads AVj, Wg, W3, etc., to the girders at these 
points. The main girders each consist of two parallel booms, con* 
nected by inclined web bracings and vertical bars. The forces in 
the various parts of the girders are found generally by calculation 
in the following manner. 
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Foroes In tbe top boom. Consider the bar ce (Fig. 233) ; if this bar 
were dropped out, the portion acd would rotate about d. Take 
moments about d of all the forces acting on 
acd which is shown separately in Fig. 234. 

Tee is the force in ce ; Wg has zero moment, w 

(Tee X D) + (Wj X ad) + (Wg X M) = P x ad, 
or Tee X D = (P X ad) - (W^ x ad) - (Wg x M). 

The right-hand side of this expresses the 
bending moment at d; writing this as M^/, the equation gives 

rp 




k 1 

X ' 


5 <£ 


' V 


Fig. 234. 


(0 


In the same way, 
And 


rp 


Tgk — 


D' 


There is no necessity for calculating the forces in the bars on the 
other side of as, with symmetrical loading, it is evident that the 
forces will repeat themselves. 

Forces In the bottom boom. It is evident that, as there are only 
horizontal and vertical forces at the joint b (Fig. 233), the force in 
ab will be equal to that in bd. If tlie bar bd V)e dropped out, then 
the portion abc will rotate about c. Taking moments about c of 
all the forces acting on abc (Fig. 235), we have 
(Tba X D) + (Wi X ab) - P x ab, 

Tm X D - (P X ab) - (W^ X ab) 




= Mu; 
Ml 


D ‘ 


(2) 




If ^^be dropped out (Fig. 233), adec will rotate about e (Fig. 236) 
Hence, x D) + ( Wj x ad) + (W^ = ad, 

T<y X D = (P X arf) - (Wj X ad) - (W^ x 
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In the same way, 




(3) 


Foroee In tbe inclined israoes. Considering the bar ac (Fig. 233), 
evidently the horizontal component of the force in it will 


^ ^ad. Ttiti — ae cos 6^, 

Fic. *37. or T„e = T„dSecft (4) 


'acj 


be balanced by the force in abd. Let B be the angle of 
inclination of the brace to the horizontal (Fig. 237). Then 


In the same way, the horizontal c()m})oncnt of the 
force in cd is balanced by the forces in bd and df 
(Fig. 238). Hence, 

T<// - Tbd — Ted cos 0^ 

or . Ted = - T o,t) sec ^ 

= (■ D" 





Fig. 338. 

(5) 

.( 6 ) 


in the same manner, 


Te/=^ (V/h - Td/) sec 0 


The force in requires special treatment. If the forces in gA 
and Am be both resolved vertically, the sum will be 
equal to (Kig. 239). Hence, 

2'r^Asin 



Fig. 339. 



cosec 6 . 


(7) 


Forces In the vertical bars. The only force possible in be is the 
load \V.2 applied at its lower end (Fig. 233). Inhere can be no force 
in AAf as there is no load at its upper end. Consider « 
the bar de ; the force in this bar is balanced by the 
vertical component of the force in the inclined brace 


which is connected to its top. Hence (Fig. 240), Fic. 340. 

Ttz,> = TV/sin Q fS) 

In the same way, Tjg ^ Tgh sin B. 


The forces in the various members due to the dead load may be 
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found also by graphical methods. Fig. 241 shows the force diagram 
for the girder under discussion. 




Fig. 341 Graphical solution of a Pratt girder carrying a dead load. 

Live load forces. Suppose that a uniform live load, of length 
sufficient to cover the entire span, may run from either end on to 
the girder shown in Fig. 233. It is evident that maximum bending 
moment will occur at all sections when the span is covered wholly 
by the live load ; hence maximum forces will then occur in all the 
members of both top and bottom booms. If both live and dead 
loads are uniform, producing a ratio of live to dead load per foot 
length of girder equal to then the bending moments at any section, 
produced by these loads, will also have the ratio //, and the force in 
any boom member due to the live load will be n times the force in 
the same member due to the dead load. 

In finding the maximum live-load forces in the inclined bars of 
the web, it may bo taken that the shearing force in any panel is 
balanced by the vertical component of the force in the inclined bar 
belonging to that pan^l. Maximum force in any inclined bar will 
therefore occur when maximum shearing force exists in the panel to 
which the bar belongs. The following simple practical rule gives 
results sufficiently accurate. Assume that maximum pull in the 
inclined bars cd, ef^ (Fig. 233) occurs when each panel point 
situated on the right of the bar is carrying a load W, W being the 
live load per panel ; also tlmt the maximum push in the inclined 
bars hm^ /o, ng, occurs when each panel point situated on the right 
of the bar is carrying a load equal to AV. ITnder these conditions. 
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the shearing force in the panel will be equal to^ the left-hand 
reaction P, P being calculated from the loads applied to the selected 
panel points. The force in the bar may then be found from the 
product P cosec 6 , The maximum forces in the end bars ac and 
(Fig. 233) may be found by resolving vertically and horizontally the 
forces at a and r when the span is wholly covered by the live load. 

It will be noted that corresponding bars on each side of the 
middle of the span, such as cd and nq^ undergo reversal from pull to 
push, owing to the condition that the live load may run on to the 
girder from either end of the bridge. In general it will be found, 
when the dead-load forces are combined with the live-load forces, 
that the inclined bars near the ends of the girder have forces fluctu- 
ating between maximum and minimum pulls, and that a few only 
near the middle of the span undergo actual reversal from pull to 
push. It is customary to design the inclined bars in such girders 
to withstand pull only, and to counterbrace those panels in which 
the inclined bars suffer reversal from pull to push as shown by the 
results of the calculations indicated above. Counterbracing is 
shown by dotted lines in the two centre panels of the girder showm 
in Fig. 233. It is assumed that the counterbraces fk and kl take 
as pulls the forces which would otherwise have to be carried as 
pushes by gh aiiu nm. 

Having found tne maximum forces which may occur in the 
inclined bars due to the live load, the forces in the verticals may 
oe found by considering the upper panel points r, etc. (Fig. 233). 
The force in any vertical bar will be equal to the vertical component 
of the force in the inclined bar which is connected to the same upper 
panel point. 

Bridge girder of varying depth. The principles underlying the 
solution of a bridge girder of varying depth may be understood by 



reference to Fig. 242. a single load W is alone considered, and 
P and Q are calculated first. 
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To find the force in the member be belonging to the bottom boom, 
it will be noticed that, if the bar be removed, Kbed will rotate about 
e. Taking moments about we have 

Force in be y. be —V y. hb ; 

force In be— (i) 

To find the force in the member i^of the top boom, the rotation 
point would be e if the bar were dropped out. Taking moments 
about c, first drawing ex perpendicular to ef^ we have 
Force in cfycx — Vyhe— ; 

force in (2) 

''ex ^ ' 

To find the force in ee, reference is made to Fig. 243, showing 
Ab^d together with all the forces acting on it- T^, 'I’g ^ 




Fig, 243, — Construction for finding the f^rce in a diagonal brace.' 


forces in ef^ be and ec respectively. 1\ and To intersect, when pro- 
duced, at s, and hence have no moment about z. Draw zm perpen- 
dicular to the line of T and take moments about z. 



Fig. 244.-^Construction for finding 
the force in a vertical memlier. 


P X As = T X zm, 

rj. o As 

T = P X — - 


(3) 


To find the force in be, resolve horizon- 
tally and veriically all the forces acting at 
the top joint e (Fig. 244). For balance 
of the vertical compoiients, we have 


T sin y + T^ sin a = T^ 4 - sin ^ ; 

T4 = T sin y -1- T^ sin « - T3 sin 


(4) 
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Double Wmen girder. As an example of another method of 
solution, consider the double Warren girder shown in Fig. 245 (a). 
The girder may be taken as made up of two component girders 
shown separately in Figs. 245 (/;) and 0 , each carrying the loads which 
hang, in the complete girder, from panel points belonging to the 
component girder. Each component girder should be solved 
separately. The force in any member of the complete girder may 
then be found by adding algebraically the forces in the corresponding 
bars of the component girders. 



Fig. 245.'— Double Warren girder and the component girders. 


Assume that the bracing is at 45”, as is often the case in this 
type of girder ; also that the proportion of each load which is borne 
by each support takes the shortest route between the panel point and 
the support. Consider (Fig. 245 (fi)) ; J is supported at and 
is supported at n. I'he iWj arrives at after traversing ha as pull 
and ag as push, thus producing forces -JWjv/J pull in ah and Wj 
push in ag. The | arrives at after traversing h€K% pull, d as 
push, k as pull and en as push, and produces forces equal to 
yWi\/ 2 in each of these bars. 

In the same manner, arrives at n by producing pull in 

/if and fW3\/2 push in en ; also |Wg arrives at ^ by producing jWgv'^ 
pull in Ic^ IWgs/i push in ch^ fWg\/2 pull in ha and ^Wg push in ag. 





REINFORCED CONCRETE BEAMS 


2ig 


The total forces in these bars in Fig. 245 (/^) may be found now by 
adding algebraically the results calculated fbr each. The forces in 
the boom members are best found by calculation from the bending 
moments in the manner described on p. 213. It will be noted that 
there are no forces in ^and fn. 

The solution of the other component girder (Fig. 245 (r)) is obtained 
in a similar manner. The force in any member such as be in 
Fig. 245 (a) will be found by adding algebraically the forces in ac 
(Fig. 245 (^)) and bd (Fig. 245 (r)). 

In girders of the double Warren type containing a large number 
of panels and uniformly loaded, the assumption may be made that 
the inclined bars in any panel share equally the shearing force in 
that panel. This assumption should not be made if the number of 
panels is small, as it then leads to absurd results. 

If vertical bars bh^ ck^ etc., be added to the girder shown in 
Fig. 245 (a)y it may be assumed that each vertical bar transfers 
one half the load applied at the lower panel point to th^ upper 
panel point, and the solution may then be obtained in the same 
manner as before, with the vertical bars left out. 

Eeinforced concrete beams. In Fig. 246 (a) is shown the section of a 
concrete beam having steel reinforcement bars near the bottom ^dge. 



In making calculations regarding the strength of beams of this type, 
it may be assumed, as has been done for meUil beams, that there is 
pure bending, that there is no resultant pull or push along the length 
of the beam and that cross sections which were plane in the unloaded 
beam remain plane when the beam is loaded. It follows from the 
last assumption, that the strains of longitudinal filaments will be pro- 
portional to the distance from the neutral layer (p. 143). Hence the 
strains all over any section AB (Fig, 246 (/^)) may be represented in the 
side elevation of the beam by a sloping straight line CE which passes 
through the neutral axis at O, giving the two strain diagram§ AOC 
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and BOE, the horizontal breadths of which show the strain at any 
point. 

Let Sc be the maximum strain in the concrete under compression, 
represented by AC (Fig. 246 (/^)), and let j,, represented by DF, be 
the strain in the steel. Let d be the depth of the beam measured 
from the top to the centre of the reinforcement bars, and let xd be 
the distance of the neutral axis from the top. Then 


Sc _ xd _ ^ 

Ss (i - x)d 1 - x‘ 


Let rc be the push stress in the concrete corresponding to the 
strain Sc and connected with it by 



where Ec is Young’s modulus for the concrete. Also let 4 be the 
pull stress in the steel corresponding to the strain Sgy the connection 


oeing 




where is Young’s modulus for the steel. Then 

E,f 4 Sc 4 

Etf Sg Ce Cc Sg 


= — • 7 r, (from i) (2) 

Cc (\-x) ^ ' 

The ratio of denoted by is rather variable owing to the 

nature of concrete; the average value of 15 is taken in practice; 
hence the above result may be written 


m- 


4 




( 3 ) 


It is customary to allow safe stresses of 600 lb. per square inch 
push in the concrete and 16,000 lb. per square inch pull in the 
steel. Suppose that the section is so proportioned as to secure that 
these values occur simultaneously on a certain load being applied. 
Then, from (3), 16,000 x 

600 1 — * ~ ^ 


whence ^ = A = ® ’36 ( 4 ) 

A section so designed is leferred to generally as an eoonomlo 
fleotioiL 

In estimating the strength of the section to resist bending, it is 
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usual to disregard the stresses in that portion of the concrete lying 
below the neutral axis, and hence under pull stress. It follows that 
the stress diagram for the section will resemble that shown shaded in 
Fig. 246 (r), in which push stress on the concrete is proportional to the 
distance from the neutral axis, being the maximum value, and the 
stress /<, on the steel is assumed to be distributed uniformly over 
the steel. These stresses will give rise to equal resultant forces C 
and T on the concrete and steel respectively (Fig. 246 (^/)), equal 
because there is no resultant force along the length of the beam. 

Let p be the ratio of the area of the steel to the rectangular area 
bd (Fig. 246 (<2)), and let be the total sectional area of the steel bars 
in square inches. Then = (5) 

and T — fftpbd, (6) 

Also, Area of the concrete under push = bxd (Fig. 246 (a)). 
Average push stress in the concrete = 

Total push in the concrete = C = \ccbxd, (7) 

Also T = C; 

tspbd ~ \ccbxdy 

or tsp^lccx. 


-i 

If the beam is of the economic section, then x is 0*36 from (4), and 
(9) becomes p = 0-0067 5 

= 0*675 per cent (lo) 

To obtain the moment of resistance to bending, w^e must calcu- 
late the moment of the couple formed by T and C. C acts at a 
distance -^xd from the top ; hence the distance between C and T is 


(d- lxd)=.d(T 

Hence, Moment of resistance = Cd(i - ^x), (i i) 

or „ „ =-T^(i-ix) (12) 

From (7) and (ii), we have 

Moment of resistance = - ix)j (13) 

or, from ( 6 ) and (12), 

Moment of resistance = /*/o^i/^(i -5^) (14) 
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Fig. *47.— Reinforced concrete T beam, NA below the 
slab. 


Reinforced cx)ncrete T beams are much used. There are two 
cases, one in which the neutral axis falls below the slab (Fig. 247 (a)) 

and the other in which the 
neutral axis falls within 
the slab (Fig. 248 (a)). As 
the concrete under pull is 
neglected, the stress diagram 
for the latter (Fig. 248 (/ 5 )) 
is identical with that for a 
beam of rectangular section 
(Fig. 246(c)) ; hence all the 
results already found apply 
to this case. In the former 
case (Fig. 247 (a)\ it is 
customary to disregard the shaded area, representing a small portion 
of the concrete under push. The stress diagram will then take the 
form shown in Fig. 247 (/^), 
and the equations become some- 
what altered. 

It should be noted that re- 
inforced concrete buildings are 
practically monolithic; columns, 
beams and floors are so con- 
structed as to form one piece. 

Hence all such beams must be 
regarded as fixed at the ends. It has been shown already (p. 177) 
that in such beams the bending moment reverses in sense near 
the walls ; hence the top sides of the beams near the walls w^ill be 
under pull, and some of the reinforcement bars should be brought 
diagonally upwards and run near the top of the sectiorj over the 
supports. 


o o 






(a) 


(b) 


Fig. 248. — Reinforced concrete T beam, 
within the slab. 


NA 


Example i. A reinforced concrete beam is 9 inches wide, and is to 
have a moment of resistance of 200,000 Ib.-inches. The stresses of 600 lb. 
per square inch on the concrete and 16,000 lb. per square inch on the steel 
are to be attained simultaneously. Ratio of elastic moduli — 15. Find 
the depth of the beam and also the sectional area of steel required and 
the position of the neutral axis. 

From (10), ,0=0-675 cent. 

From (4), r=o-36. 

F rom (13), M = hccdxd^( i - 
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Or 


=V; 






2M“ 

2 X 200,000 


'0*36x9x600(1 -0*12) 

= 15*3 inches. 

Distance from the top to the neutral axis 

= ;r^3?=o*36x 15*3 
= 5*51 inches. 

Sectional area of steel = 

=0*00675 xgx *5‘3 
= 0*93 square inch. 

Examplk 2. A reinforced concrete beam 9 inches wide by 18 inches 
deep has three steel reinforcement bars, each 075 inch in diameter. 
Find the position of the neutral axis and the moment of resistance. 
Neither of the stresses of 600 lb. per square inch for the concrete and 
16,000 lb. per square inch for the steel may be exceeded. Take the ratio 
of E* to Ec= 15. 


Sectional area of steel = Aa = 3 x ~ 

4 4 X 7 x 16 


From (3), 
Also, 


= 1*33 square inches. 

_ i5(i -.r) 

Ce X 

T = C; 

* *33 ^ X 9 X iSxccX ; 

fs _ 8 1 A- 

^c~T^3 

Equating (i) and (2) above, we have 

15(1 -x)_ Six 
~ "‘ 1 * 33 ’ 

(l 5 -ISj:)t -33 = 8lj:2, 

>9'95-I9-95^=8i-*^. 

8ij:*+ l9-9Sjr- 19-95=0 ; 

whence -r= 0*387. 

Distance of the neutral axis from the top 0*387 x iS 

= 6*96 inches. 

J* ^ * ill Z£) = * * 3 

Cc X 0*387 ’ 

or A = 23*8t>. 

Suppose /j be taken as 16,000. Then 

£•<,= l^’^^^673 1^* per square inch, 

23*0 


.01 


•\2) 


Again, from (i), 
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a value inadmissible by the data. Take, therefore, fc as 600 lb. per 
square inch, giving 

As=6ooX23-8 

= 14,280 lb. per square inch, 
and t c = 600 lb. per square inch. 

From (14), 

Moment of resistance = - J.r) 

= i 4 , 28 oAi«'/(i - Jjf) 

= 14,380 X 1-33 X 18^1 - 
= 298,000 Ib.-inches. 


EXAMPLES ON CHAPTER IX. 

1 . A steel bar is 20 feet long and has a sectional area of 4 square 
inches. Find the work done while a pull of 24 tons is applied gradually. 
Take E= 13,500 tons per square inch. Find also the energy stored in a 
cubic inch of the bar. 

2 . Suppose, in Question i, that the load is applied suddenly, and 
calculate the maximum stress produced. What will be the momentary 
extension of the bar ? 

3 . It is found that a steady load of 400 lb. resting at the middle of a 
beam produces a deflection at the centre of o*oi inch. What central 
deflection would be produced by a load of loO lb. dropped on to the 
middle of the beam from a height of 16 inches ? 

4 . A certain steel bar in a girder carries a constant pull of 20 tons 
owing to the dead load. Tiie live load produces in the same bar forces 
which range from 60 tons pull to 10 tons push. Find the working stress 
and the sectional area of the bar. Take ultimate tensile strength = 30 tons 
per square inch. 

5 . A single load of 10 tons rolls along a girder of 30 feet span. Draw 
curves showing the maximum bending moments and shearing forces at 
every section. State the scales. 

6. Answer Question 5 for a uniformly distributed travelling load of 1*5 
tons per foot length which may cover the whole span. 

7 . Supposing that the girder in Question 5 is uniform in section and 
weighs 8 tons. Draw the diagrams of M and S for the dead load. Then 
combine these diagrams with those already drawn for the single rolling 
load in order to show the effects of combined live and dead loads. 

8. A girder of 40 feet span is traversed by three concentrated loads of 
6 tons each at 7 feet centres, followed at an interval of 6 feet by a 
uniformly distributed load of 0*5 ton per foot. Find graphically the 

"maximum bending moments at sections of the girder taken at 5 feet 
intervals. The load may run on to the girder from either end. 

9 . A continuous beam of length 50 feet rests on four supports on the 
same level. The left-hand span is 20 feet and the others are 1 5 feet each. 
The left-hand span carries a uniform load of 2 tons per foot, the other 
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spans carry uniform loads of i ton per foot. Find the bending moments 
at the supports. 

10 . In Question 9, find the reactions of the supports. 

11 . In Question 9, draw diagrams of bending moments and shearing 
forces for the complete beam. State the scales. 

12 . A plate girder 24 feet span» 2 feet deep, flanges 10 inches wide, 
carries a uniformly distributed load of 45 tons. The angle sections are 
3*5 ^ 3*5 ^ 0*5 inches. Take stresses as follows : pull, 7 tons per square 
inch ; push, 6 tons per square inch ; shearing, 6 tons per square inch ; 
bearing, 10 tons per square inch. Find the sectional area of each flange ; 
state the number and thickness of plates required for each flange at the 
middle of the span. What thickness of web plate would be suitable? 
If the rivets arc 0*75 inch in diameter, what will be the pitch of those near 
the ends of the girder? 

13 . In Question 12, find the length of each plate in (a) the top flange, 
(d) the bottom flange. 

14 . A Pratt girder (Fig. 241) 48 feet span has 6 equal bays of 8 feet 
each. The bracing bars make angles of 45** with the horizontal. There 
is a uniform dead load of i ton per foot length. Find the forces in the 
horizontal top and bottom bars of the two central bays ; also those in 
the two inclined bars nearest to one support. Find also the force in the 
vertical bar second from one support. 

15 . In Question 14 a uniform live load of 1-25 tons per foot travels 
along the girder. Find the maximum forces it will produce in the same 
bars. The load is long enough to cover the whole girder. 

16 . A model reinforced concrete beam 3-5 inches wide by 4*25 inches 
deep from the top to the centre of the reinforcement has to be made so 
that stresses of 600 and 1 6,000 lb. per square inch wmU occur in the con- 
crete and in the steel respectively. Taking the ratio of the elastic moduli 
as 15, find the percentage of reinforcement required, ’lie sectional area of 
the steel, the position of the neutral axis and the moment of resistance of 
the section. 

17 . A reinforced concrete beam of rectangular section 12 inches wide 
by 18 inches deep has three steel reinforcement bars each 1*25 inches in 
diameter. Find the position of the neutral axis and the moment of 
resistance. Stresses of 600 and 16,000 lb. per square inch respectively 
for the concrete and steel must not be exceeded. Take the ratio of the 
elastic moduli as 15. 

18 . Experiments upon some wrought-iron bars showed that a per- 

manent set w'as taken when the bars were strained to a degree greater 
than that produced by a stress of 20,000 lb. per square inch, but not when 
strained to a less degree. At that point the average strain was 0 0006 
foot per foot of length ; wliat w-as the resilience of this quality of iron in' 
foot-pounds per square inch section per foot of length ? (I.C.E.) 

19 . An iron bar 10 feet long having £ = 14,000 tons per square inch 

and a limit of elasticity = 14 tons per square inch is subjected to shocks of 
a total value of 224 foot-pounds. The bar is not to have any permanent 
set produced in it, this being guaranteed by the adoption of a factor of 
safety of 2, Find the required sectional area of the bar. (I.C.E.) 
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20 . A vertical steel rod, lo feet long, the cross section ot which is 

I square inch, is fixed at its upper end and has a collar at its lower end. 
An annular weight of 300 lb. is allowed to fall through a height of 
3 inches upon this collar. Determine the maximum intensify of stress 
produced in the steel rod if Young’s modulus is 12,500 tons per square 
inch. (B.E.) 

21 . Two bars, A and B, of circular section and the same material, are 
each 16 inches long. A is i inch in diameter for 4 inches of its length 
and 2 inches in diameter for the remainder ; B is i inch in diameter for 
12 inches of its length and 2 inches in diameter for the remainder. A 
receives an axial blow which produces a maximum stress in it of 10 tons 
per square inch. Calculate the maximum stress produced by the same 
blow on B. How much more energy can B absorb in this way than A 
without exceeding a given stress within the elastic limit of the material. ? 

(LU.) 

22 . A double Warren girder (Fig. 245) is 50 feet span and 10 feet deep 

and has five equal bays of 10 feet each. It is supported at the ends 
and carries a load of 12 tons at each of the four lower panel points 
(48 tons in all). Find the forces in the members. State the assumptions 
made. (LU.) 
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Fig. 249.~A straight tie. 


Ties and struts. Those portions of a structure which are intended 
to be under pull are called ties ; parts under push are called stmts, 
or colUDas. Columns are usually vertical pieces intended to carry 
weights. There is an essential difference which modifies greatly the 
method of calculating the strengths of ties and struts ; a loaded tie 
exhibits no tendency to bend if it is straight originally, and will tend 
to become straight if originally curved. A strut, if originally curved, 
will have its curvature increased 

by application of the load, and, o. p 

if straight at first, may very easily 
be under such conditions of load- 
ing as will produce bending; want 
of uniformity in the elastic properties of the material may produce 
a similar effect. 

A straight tie AB is shown in Fig. 249, loaded with pulls P, P, 
applied in the axis of the bar. It is evident there is no tendency to 
bend the tie, and any cross section CD, at 90° to the axis of the bar, 

will have a uniformly distributed 
M pull stress. A bent tie bar AB 
is shown in Fig. 250(a). The 
nature of the stresses on CD may 
(l)j be understood by considering the 
equilibrium of one half of the bar 
j (Fig. 250 {^)). It will be observed 
that there is a bending couple of 
clockwise moment IV; this is 
balanced by the moment of resist- 
ance at the section CD, the latter being represented by the forces 
Q, Q. It is apparent that the bending couple IV is endeavouring 
to straighten the bar. 



— -D*" 


Fig. 250.— Bent ties and struts. 
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Had a strut of similar shape been chosen, the forces acting on one 
half of it would be as shown in Fig. 250 (c). Here the couple Vd is 
anti-clockwise, and tends to produce further bending. 

In each of these cases there will be two kinds of stresses on the 
section CD: («) a stress of uniform distribution due to the axial 
force P' ; (^) a stress due to the bending couple, varying from a 
maximum push stress at one edge to a maximum pull stre.ss at the 
opposite edge. An initially straight strut which has been allowed to 
bend under the load will have a similar stress distribution. It may 
be taken that the effects of bending may be disregarded in axially 
loaded straight ties, but must be taken account of in all struts. 

Euler’s formiQa for long columns. This formula may be deduced 
by considering the bending of a long flexible column of uniform 
cross section and carrying a load applied 
axially. If such a column is perfectly straight 
to begin with, and there are no inequalities 
in the elastic properties of the material, the 
application of an axial load will not tend to 
bend the column. On increasing the load, 
a certain critical load is reached, the mag- 
nitude of which depends on the method of 
fixing the ends of the column ; under this 
load the material of the column becomes 
elastically unstable. This condition is evi- 
denced by the column refusing to spring back 
if slightly deflected from the vertical, while 
it does so readily for loads lower than the 
critical load. The slightest increase in the 
load beyond the critical value will cause a 
small deflection imparted to the column to 
increase without limit, and the column collapses. It will be evident 
from what has been said regarding the conditions to be realised, that 
it is not possible to obtain a column of such ideal material and 
construction as will show perfect agreement under test with Euler’s 
result. But the formula is of service in enabling other more 
practical formulae to be devised. 

Considering a long column AB (Fig. 251 (a)) of uniform cross 
section and length L. Let both ends be rounded, or pivoted, in such 
a manner that, if bending does occur, the column will assume a 
curve resembling a bow (Fig.251 (/^)). The effect of a load P applied 
at A in producing stresses at any section D will be understood by 
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shifting P from A to D as shown by P'; the section at D will 
evidently be under an axial load P' = P producing uniform stress, 
together with a couple of moment Pj. The couple gives a bending 
moment, and the effect of this alone is considered in the following ; 
the stress at D caused by the axial load P' is disregarded, as it is 
small compared with that produced by the bending moment in the 
case of a long column. The maximum bending moment will be 
found at the middle section C, at which the maximum value of 
viz. A (Fig. 251 occurs, and will be given by 

Maximum bending moment — Me = PA (i) 

Taking the equation for the curvature of a beam (p. 166), we have 
for the curvature at D : i M 


EI-^* 


•(*) 


p- 


Since — will be constant for a given load on a given column, 
El 


we may write 


Rd 


CJ. 


It may be shown readily that a curve, plotted so that its ordinates 
y (Fig. 252) are the sines of the angles a represented by its 



Fig. 252.— Curve of sines. 


abscissae, possesses the same property, viz. the curvature at any 
point is directly proportional to the ordinate j = sina. It may 
thus be inferred that the curve of the bent column is a curve of sines 
to some scale. The scales of x and j may be stated by taking the 
origin at A (Fig. 251 (^)), when AB = L will represent tt radians, 
AE = -JL will represent radians; also CE = A will represent 

sin~=i, and j will represent the sine of an angle AF, which will 
have a value — Hence, 

^ j. • X • TT 

y : A = sin — ^ : sm 
L 2 

= Asin^x. 


(4) 
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It can be shown that, if a curve be given by an equation show- 
ing the relation of y and Xy the curvature at any point may be 

obtained by finding the second differential coefficient, viz. pro- 

vided that the curvature is not too great. Application of this 
process to equation (4) will lead to a result which may be equated 
to that of equation (2) above. Thus, 


A . It 

sin — Xy 
L 

dy .It Tt 
— -Aj-. COSj-a:, 


d^y 

dx^ 



= - Ta-y- 4) 


(S) 


This gives the curvature at D (Fig. 251 (/^)), viz. The negative 

sign may be disregarded, as its only significance has reference to the 
position of the centre of curvature. Equating (2) and (5), w^e have 
P 7r2 


It is important to note that y cancels, giving 
El L 2 ’ 





This is Euler^s formula for a long column having both ends 
rounded. The meaning to be attached to the deflection disappear- 
ing from the final result is that no deflection will occur until a 
certain load P given by (6) is applied. When the load attains 
this value, any small deflection will increase indefinitely with the 
consequent collapse of the column. 

A more general way of writing Euler’s formula is 


P = 


7r2EI 
/2 ’ 


(7) 


where is a function of the length L of the column. The value of I 
depends on the method of fixing the ends, a point which we now 
proceed to examine. 
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Effect of fixing the ends of colnmns. In the case of the column 
discussed in finding Euler’s formula, the ends were taken as rounded 
and the column bent as a whole. There was no bending moment at 
the ends, and these may be looked upon as points of contraflexure 
(p. 180). Fixing the ends will produce a stiffer and consequently 
stronger column. This may be taken account of in the formula by 
writing, instead of L, the length of the column, the distance I 



A B C D 


Fig. 253.— Vaiious methods of end-fixiug in columns. 


between the points of contraflexure in the actual curve of the 
bent column. Some cases are noted below ; reference is made to 
Fig- 253- 

Case A. Both ends rounded. This is the case examined above ; 
/=L. 

Cask B. Both ends fixed and so controlled that the forces P, P 
remain in the same vertical line. Here /—iL. 

Cask C. One end (the lewder) fixed ; the other end guided so 
that the forces P, P remain in the same vertical, but the column is 
otherwise free at this end to take up any direction. In this case 
/-0.7L. 

Case D. Both ends are fixed so that the directions at the ends 
of the curve of the column remain vertical, but one end is free to 
move horizontally relative to the other end, so that the forces P, P 
are not in the same vertical when the column bends. Only one 
point of contraflexure will occur in the column itself ; the position of 
the second point may be seen by f)roducing the curve of the column 
downwards (shown dotted in Fig. 253 D). In this case /=L. 
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Cask E. One end fixed, the other end perfectly free. In this 
case, the free end is a point of contraflexure. The second point 
may be obtained by producing the curve of the column downwards. 
Here /= 2L. 

Using Euler’s formula, it will be noticed that, as I has to be 
squared, the effect of fixing both ends of the column as in Case B will 
be to give the column four times the strength of the same column 
having both ends rounded. 

Curve illustrating Euler’s formula. Euler’s formula may be 
modified by writing 


where A is the sectional area of the column and k is the least radius 
of gyration of the section, t.e, k is taken with reference to that axis 
containing the centre of the area of the section 
for which I has the minimum possible value. 
It is evident that the column will bend in a 
plane perpendicular to this axis. Two instances 
are given in Fig. 254 {a) and {d) ; in each of 
these OX is the axis jierpendicular to the 
plane of bending, and k should be taken with 
respect to OX. Inserting this expression for I 
in equation (7), (p. 230), we have 

Let l—fiL, where is a coefficient depending 
on the method of fixing the ends. Then 

lJ’ 



or 


P = 

P 

A 


r-’E 


The left-hand side of this expresses the collapsing load p per unit 
of sectional area. Hence, 

This will be in tons per square inch, provided the following units 
are employed : 

E = Young’s modulu.s, in ions per square inch. 
k ~ the least radius of gyration, in inch units. 

L-the length of the column, in inches. 
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In columns of a given material and having a stated method of 
fixing the ends, the quantity will be constant ; hence p may be 

calculated for different ratios of L to and a curve may be plotted 
from the results. Fig. 255 
gives such a curve for mild 
steel struts having both ends 
hinged. In this case « = i 
and E has been taken as 
13,500 tons per square inch. 

It will be noticed from 
Fig. 255 that, for small ratios 
of L to the collapsing stress 
obtained is absurd. Only 
when the ratio is large is 
a reasonable value obtained. 

This leads to the conclusion 
that agreement of Euler’s for- 
mula with practical results of 
tests should be looked for 
only in the case of struts which are very long as compared with the 
cross-sectional dimensions. 

Ewing’s composite formula. Sir ]. A. Ewing has suggested a 
composite formula made up of the crushing strength of a very short 
block together with the elastic instability load of a very long column, 
both composed of the same material as the actual column. 

I-,et fc ~ the crushing strength of a short block, in tons per square 
inch. 

Pj = the crushing load, in tons, applied axially. 

A = the area over which is distributed, in square inches. 

Then Pi=/cA (i) 

Let Pg = the elastic instability load of a long column, in tons ; 

the column having the same sectional area A as the 
short block. 

Th=» •(.) 


CoilapBing Loojd 
Tons per sq in. 
250 : 

I 

200 
150 
100 

50 


0 50 »00 150 200 250 # 

Ratio 1 c 

Fig. 255. — Euler's curve for mild steel struts, both 
ends binged. 



Combining these in accordance with Ewing’s method gives the 
following formula for P, the collapsing load of the ordinary practical 
column when loaded axially : 

75 " 


P = . 


X +/cA 




(3) 




*34 


MATERIALS AND STRUCTURES 


This formula has the advantage of being continuous, and does not 
give an absurd result for a column of any practical length. If / is 
very short, tlije second term in the denominator becomes very small, 
and may be disregarded. 'I'he formula then reduces to the expression 
(i) for the crushing load of a short block. If / is very long, the 
formula reduces to Euler’s formula by neglecting the unimportant 
terms. 

Bankine’fl formula for columns. This formula is the one in most 
frequent practical use. It is practically the same as Ewing’s, although 
in a slightly altered form. Thus, 

P 


Now, I may be written as 


/cA 

ir^E' I 


r + 


where A is the sectional area and A is the least radius of gyration. 
Hence. 

P = 


/pA 


I + 


/cA_ P 
ir^EA ■ A* 


/cA 


tt^E 




It is apparent that will be constant for a given material, and 


may be written r, the v<xlue of which is to be determined by experi- 
ments on the collapsing strength of columns. Hence, 


P = 


/A 


I 



(0 


This is Rankine’s form of the formula, and gives the total collapsing 
load on the column. The collaj)sing load per square unit of sectional 
area will be given by n /* 




I +<r 




This will be in tons per square inch, provided fc is in tons per 
square inch and / and k are in inch units. It is assumed that the 
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coiumn is of uniform section and is loaded axially. The least value 
of k should be chosen as in the case of the Euler formula, and the 
value of / is the same as in the cases given on p. 231 for various methods 
of fixing the ends. Values of fc and rare given in the table below ; 
a suitable factor of safety should be applied in order to obtain the 
safe load : 


Coefficients in Rankine's Formula. 


Material. 

fc for collapsing load. 

r.* 

Lb- per sq. inch. 

Tons per sq. inch. 

Cast iron 

- 

80,000 

36 


Hard steel - 

- 

70,000 

31-2 . 

Won 

Mild steel - 

- 

48,000 

21*4 

TsW 

Wrought iron - 

- 

36,000 

16 


Timber (varies greatly) 

7,200 

3‘2 



It will be evident on inspection of the Rankine formula that 
allowance is made both for direct crushing and for bending. Owing 
to the radius of gyration entering into the formula, due regard 
has been paid to the distribution of the material in the section, 
Le. the shape as well as the area of the section has been taken into 
account. 

It is useful to plot curves from equation (2) showing the collapsing 
load per square inch of sectional area for different ratios of L to ky 
varying the material and the method of fixing the ends. Such a 
curve for mild steel, both ends hinged, is shown in Fig. 256, the 
corresponding Euler curve being given on the same diagram. 

Another useful set of curves is given in Fig. 257 ; here the safe loads 
per square inch of sectional area for mild-steel, wrought-iron and cast- 
iron columns have been plotted for different ratios of ijk. The 
factor of safety employed is 5, The curves indicate that mild steel 
may always carry a higher stress than wrought iron ; also that, at the 
ratio of — approximately, the safe stresses on mild steel and 
cast iron are equal; hence equal columns of cast iron and mild steel 
having this ratio of /jk would carry equal safe loads. Wrought iron 
and cast iron have equal safe stresses at a ratio of ijk of 65 approxi- 
mately. In designing a column to carry a given load, cast iron 
is the material calling for the smallest sectional area for ratios of L to 

^Note that I should be taken from the cases shown in Fig 253. For values 
of k\ see p. 151. 
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k under 40, and mild steel demands the smallest sectional area for 
ratios of L to ^ above 40. Wrought iron would require a smaller 
sectional area than cast iron for ratios of L to over 65. 


B nuking load 
Tons por sg in. 



tlG. 356. — Rankine and Euler curves for mild 
steel columns, both ends hinged. 


Safe load 
Tong per eg in. 



Fig 2W. — Rankine curves for columns of 
dinerent materials ; ends hinged. 


Gordon’s formula. Ilie formula bearing Gordon’s name, and 
formerly in common use, is 

_A 




I + 




where fc and a are experimental coefficients and d is the least 
transverse dimension of the section. The formula is objectionable, 

from the fact that no allowance is 
made for the distribution of the 
material over the section. For ex- 
ample, referring to Fig. 258, in which 
are shown an I section and a box 
section of equal areas, and also having 
equal over-all dimensions, Gordon’s 
formula would have the same value of 
d for both sections, viz. B, and would 
give the same value of collapsing load 
for both. Rankine’s formula would give fairer consideration to the 
box section, which is obviously the stiffer and stronger, from the 
fact that the radius of gyration of the box section with reference to 
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OX is greater than that for the I section, and hence would give a 
greater load for the box section. 

Secondary flexure in columns. Professor has pointed out 
that columns constructed of thin plates are liable to fail by secondary 
flexure, i.e, the column may not fail by bending as a whole, but by 
the material buckling over a short length. Lilly has made many 
experiments in support of his views, and has proposed a formula in 
which account is taken of the ratio of the thickness of the plate to 
the radius of gyration. Further experimental 
work is required in order to settle the values 
of the experimental factors involved. 

Recent tests made at the University of 
Illinois on built-up columns indicate that the 
stress distribution may be very erratic ; 
especially in the neighbourhood of riveted 
joints. It is admitted that our knowledge of 
the strength of columns, struts and com- 
pression members generally is far from being 
complete. At pre.sent, most designers rely 
on the Rankine formula coupled with a 
liberal factor of safety. 

Effect of a non-axial load. In Fig. 259 (a) 
is shown a column the axis of which is AB, 

7 .e. AB passes through the centres of area of 
all horizontal sections of the column. A 
load P is applied at C at a distance a from 
the axis. P may be moved from C to A 
provided a couple of moment Va is applied. 

We have now an axial load P' = P together 
with a couple Va which will give a uniform 
bending moment at all horizontal sections 
of the column. Let A be the area of the 
section, then P' will produce a uniformly 
distributed push stress given by 


I 


(o.) 


A 9 C „F 




ib) 


I 


I V C . 



Fig. 25g.— Column carrying 
a non-axial load. 


/.4 


•(0 


The bending moment Va will give a stress distribution similiar to 
that of a beam under pure bending, which will vary from a pull stress 
ft at the edge DE (Fig, 259 (/^)), to a push stress pc at the edge FG. 
Let mt and ntc be the distance of these edges respectively from OX. 
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Then, using the equation (p. 146) 



m * 


we have 

mt ntc 


Whence 

^ Famt 

I 

(*) 

and 

Fame 

A 

(3) 


The stress due to the bending moment will vary uniformly between 
these values, being zero at OX. The stress figure for the direct 
stress combined with the bending stress may be drawn as shown in 
Fig. 259 (r), where HKML shows the uniformly distributed stress 
and MNRQL shows the varying stress due to the bending moment. 
The resultant stress figure is shaded, and shows that the maximum 
push stress occurs at the edge FG (Fig. 259 (/;)), and is given by 

Maximum push stress ( 4 ) 

In the case shown there will be no stress at S (Fig. 259 (^)); the 
portion SK will be under push stress, and SH will be under pull 
stress, the maximum value of the latter occurring at the edge DR 
(Fig. 259 (l>)) and given by 

Maximum pull stress - /j (5) 

The presence of pull stress in a metal column is permissible, but 
is objectionable in a column of stone, brick, or other construction in 
which the jointing of the blocks of material is not considered to be 
trustworthy under pull. The extreme limit of stress distribution in 
such cases is taken usually to be zero stress at one edge and 
increasing gradually to a maximum push stress at the opposite edge. 

Taking a rectangular section (Fig. 260 (a)) of dimensions b and 
the values of nic and nii will be equal ; hence pc and pt will also be 
equal, and the stress figure (Fig. 260 (/^)) shows that the condition 


of no pull stress is 

= o (6) 

Also, = X = 


and 


^ Vanic ^ d bd^ 

pc = — = ra - -i 

^ I 2 12 

^ bd^ 


( 8 ) 
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Hence, 


6P« P 


or 


«=g. 


( 9 ) 


It therefore follows that P may be applied at a distance not 
exceeding from the centre of the section 
in a direction parallel to d. Similarly P 
may be applied at a distance not exceeding 
in a direction parallel to We may 
thus state that P may be applied within the 
middle third of OX and OY (Fig. 260(a)) 
without giving rise to pull stress. 

In the same way it may be shown, for 
a column of solid circular cross section of 
radius r, that the load may be applied 
anywhere inside a circle of radius 0-25^, 
having its centre on the axis of the 
column, without the production of pull 
stress. 



Fig. 260.- Rectangular section 
carrying a non*axial load. 


Example i. A wrougbt-iron stanchion of square section 2 inches x 2 
Inches is 8 feet high. Both ends are fixed. Find the safe axial load, 
using a factor of safety of 5. 


Here 


/=:iL==48 inches. 

i = ; 

12 

^2 .4 _£ units. 

12 12 3 

16 tons per square inch. 
I 


"900b’ 


P = - 


16 X 2 X 2 


+(^^48x48x3) ’+0768 


\9000 
— 36*2 tons. 

Safe load«^^ =7-24 tons. 


Example 2. A cast-iron column, of circular solid cross section 6 
inches diameter is bolted down firmly at its lower end and is perfectly 
free at the top. If the length is 15 feet, what axial load would cause 
rupture ? 
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Here /=ii2L=s36o inches. 

^2 Q 

^3-s Inch units. 
4 4 


^=*36 tons per square inch# 
— L 

^^i6oo‘ 


A=?-^=^x 3§ 

4 7 4 

= ^ square inches. 

198 


P = 


36 X- 


* + (t^^36ox36ox4) 

— 36 XJ[ 98 

37x7 

= 27-5 tons. 

Example 3. Taking a factor of safety of 5, find the diameter of a solid 
mild-steel strut 6 feet long to carry safely a load of 3 tons. Both ends 
are rounded. 

Let 


Then 


Also, 


diameter of strut in inches. 

^2 = — = -— inch units. 

4 16 


^3=rL = 72 inches. 


/g=2i'4 tons per square inch. 



^■"7506' 

Collapsing load = P = 3X5 = i5 tons. 

7r<7'2 


A 

4 


15 = 


2T-4X - y 

4 




I 4. ( -j— X 72 X 72 X ■ , 

\7500 ' ' d^t 

/1 10^ 


or 


iS+^^=i6-8i^/2, 


l6-8wf^- I5</2_ i6^.g_o ; 
whence d—i^g inches. 

Straight-line formula. Very fair approximation to the strength of 
a strut may be obtained by use of a straight-line formula, t.e. one for 
which the graph is a straight line, and the calculations required in 
designing a strut to fulfil given conditions become much simpler. 
The usual form of such formulae is 

I. 
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where fc is the safe stress per square inch of sectional area of the 
column, /is the safe stress for a short block of the same material and 
is a coefficient depending on the material, and ranging in value from 
0*005 wrought iron to o*oo8 for 'cast iron and timber. 

Arches. In Fig. 261 {a) is shown a number of loads Wj, Wg, etc., 
supported by an arrangement of links ABCDE, forming part of a 
link polygon. The construction necessary to determine the directions 
of the links is given in Fig. 261 (b) and has been explained on p. 67. 



The thrusts in the links are Tg, etc., and may be scaled from the 
lines radiating from O. OF = P and NO = Q give thr forces required 
to maintain the links in position. Instead of links we might have 
employed blocks (Fig. 261 (<r)), drawing the joints ah^ cd^ ef^ etc., per- 
pendicular to the lines of P, Tj antttTg respectively. The arrange- 
ment now gives an area such as might be constructed in masonry or 
brickwork. The original link polygon is called the line of resiatanoe 
of the arch j the forces acting at the joints of the blocks will have 
the same values Pj, T„ T„ etc., as in the link polygon. 

The best arrangement would be produced by having the line of 
resistance passing through the centre of each joint and perpendicular 
to the joint. Such would give a uniform distribution of stress over the 
joints, and there would be no tendency for any block to slide on its 
neighbours. Generally, it is not possible to secure these conditions, 
but it is usual to endeavour to satisfy the following conditions : 

(i) The line of resistance is arranged to come within the middle 
third of each joint ; this secures that there will be no tendency for 
the joints to open out either at the top or the bottom (p. 239). 

D.M. I 
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(2) The stress on the joint produced by the forces P, T„ T„ etc., , 
:s limited to a value which can be carried safely by the material. 

(3) The line of resistance should not be inclined to the normal to 
the joint at an angle greater than the limiting angle of resistance 
(see p. 363 ) ; this secures that there shall be no slip, independently 
of any binding effect owing to the mortar. 

Condition (2) above may be understood more clearly by reference 
to Fig. 262, in which are shown two of the blocks in equilibrium 

under the action of W^, Wj, P 
and Tg. Tg may be split into 
components T^ and S, normal 
and tangential respectively to 
the section ef. If Tj acts at the 
centre of the joint, a uniformly 
distributed normal stress will be 
produced. Otherwise, as ex- 
plained for a column on p. 237, 
a varying normal stress will act 
on the section and may be represented by the stress figure efhg^ 
The maximum stress is limited to a safe value depending on the 
material of the blocks. 

Reference to Fig. 261 (/^) will show that the horizontal component of 
any of the forces P^, Q, Tj, Tg, etc., is given by OR = H. H is called 
the horizontal thrust of the arch, and is constant throughout a given 
arch carrying given vertical loads. 

It will be understood that the link polygon ABCDE (Fig. 261 (a)) 
may have a greater or smaller vertical height depending on the position 
chosen for the pole O in Fig. 261 (b). The effect of this on the arch 
will be to give it a greater rise if O is nearer FN in Fig. 261 (b) \ H 
will be diminished thereby. Hence, an arch of given span and 
carrying given loads will have the horizontal thrust diminished by 
increasing the rise. 

Metal arches. From what has been said regarding the line of 
resistance falling within the middle third of the joints, it will be clear 
that the bending moment at any section of a masonry arch is limited 
to a small quantity only. The rule is unnecessary in the case of metal 
arches, as these are capable of withstanding large bending moments. 

Metal arches are of three jmncipal types : {a) arches continuous 
from abutment to abutment, and firmly anchored to the abutments 
or springings ; {b) arches continuous throughout their length, but 
hinged at the abutments by means of pin joints ; (c) arches having 
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joints at the abutments, and also a pin joint at the crown. These 
types are shown in outline in Fig. 263 (a), (/f) and (r). 

In the types (a) and (i) difficulties arise in the solution by reason 
of the inability of the arch to change its shape freely in order to 
accommodate changes in dimensions 
due to elastic strains of the metal, or to 
changes in temperature. In type («), 
both the span and the directions of 
the tangents to the arch at the abut- 
ments are unaltered when the arch is 
under strain. In type (^) the direc- 
tions of the tangents at the abutments 
may alter, but the span remains con- 
stant. In type (c) the arch may rise 
freely at the crown to accommodate any strains of the metal ; hence 
this type is not liable to being self-stressed, nor can changes in 
temperature produce any stresses in the metal. Type (c) alone is 
considered here. 

Three-pin arch. In Fig. 264 (a) is shown an arch having pins A 
and B at the abutments, or springings, and one at the crown C. A 




single load W is being supported and all other weights are dis- 
regarded meanwhile. Let Ta ^nd Tb be the abutment reactions. 
Acting on the arch are three external forces only viz. W, Ta and 
Tb, and these are in equilibrium ; hence their lines must meet at a 
point. Further, there will be two forces only acting on the portion 
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AC, viz. Ta and a reaction Tc at C coming from the right-hand 
portion of the arch ; these forces are in equilibrium, and must there- 
fore act in the same straight line AC (Fig. 264 (^)). It follows that 
the line of Ta in Fig. 264 (a) is AC, and production of AC to cut the 
line of W in D will give the point where Tb must also intersect W ; 
therefore Tb acts in the line BD. The equilibrium of the right-hand 
portion CB is indicated in Fig. 264 (<r). Tc (now reversed in sense), 
Tb and W intersect at 1 ) and are in equilibrium. Both Ta and Tb 
may be found from the parallelogram of forces 

It may be noted that W (Fig. 264(a)) might be supported by means 
of straight rods, or links, AD and BD jointed at A, D and B, and 
that these rods would be under thrust only. ADB is usually termed 
the lineax arch. Again, if W were supported by a beam simply resting 
on supports at A and B, then ADB would be the bending-moment 
diagram for the beam to a scale in which the bending moment at 
E is represented by DE. 

The bending moment at any section of the arch may be found in 
the following manner. Let AB (Fig. 265) be a transverse section of 
an arch, let OX be the centre line of the arch, 
i.e, the line containing the centres of area of 
all transverse sections, and let OX intersect 
AB at C. Draw DC vertically to meet the 
linear arch at D. The thrust T in the linear 
arch at D will act in the direction of the 
tangent DE to the linear arch at D, and may 
be transferred to C as shown by T'~T, 
provided a couple of moment T x CE be 
applied, CE being perpendicular to DE. 
The moment of this couple is the bending 

Fig. 265. — Bending moment, a i i i i 

thrust and shear at a section moment at AB ^ thc normal thrust and 

of an arch. shearing forces at AB may be obtained by re- 

solving T' into components re.spectively normal and tangential to AB. 

A convenient manner of expressing the bending moment may be 
obtained : Resolve T at D into horizontal and vertical components 
H and V by means of the triangle of forces DFE (Fig. 265), The 
triangles EP'D and DEC are similar; hence 

H FD CE ^ 

TxCE = HxDC. 

Now, since the linear arch is also the link polygon for the given 
loads, H is constant for any point in the arch (p. 242). Hence the 
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intercepts DC (measured to the same scale as that used in drawing 
the arch), when multiplied by the constant horizontal thrust H, will 
give the bending moment at AB. It will be noted that DC is the 
vertical intercept between the arch centre line OX and the linear 
arch ; hence the area between these will represent the bending- 
moment diagram for the arch. 

The bending-moment diagram for the arch in Fig. 264(^1) is 
shaded. H may be found by first obtaining or Tjj and then 
taking the horizontal component. It will be noted that the diagram 
for AC falls below the arch centre line AFC ; the inference is that 
this portion of the arch is under negative bending. Reference to 
Fig. 264 (^) will render this point more clear; the forces Ta and 7'c 
tend to increase the curvature of AC. The bending-moment diagram 
for CGB falls above the centre line ; CGB is under positive bending 
and will have its curvature diminished on application of the load. 

The following directions will be of service in dealing with more 
complicated loading ; reference is made to Fig. 266, in which ACB 
is the arch centre line. 



Fig. 266.— Bending momentf; and reactions for a three-pin arch. 


Consider a simply supported beam having the same span as the arch 
and carrying the same loads. Draw the bending-moment diagram 
ADEB for this beam, using any convenient scale. The arch has 
zero bending moment at A, C and B ; hence the linear arch may be 
obtained by redrawing ADEB so that it passes through A, C and B. 
To do this, reduce all the ordinates of ADEB in the ratio of CF to 
EF, giving the linear arch AGCKB. I'he shaded area will be the 
bending-moment diagram for the arch. To obtain its scale, CF 
represents Mp, the bending moment at F for the simply supported 
beam ; hence the scale of the shaded area is found by equating CF 
to this bending moment. 
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The horizontal thrust H may be found from 
Mp-HxCF, 


or 


H = 


CF’ 


CF being measured to the scale used in drawing the arch. Ta and 
Tb may be found by compounding with H the reactions I and Q 
for the simply supported beam at A and B respectively. 

Suspension bridges. A simple type of suspension bridge is shown 
in Fig. 267, in which the roadway FG is supported by means of two 



chains AB, one on each side of the bridge. The chains pass over 
rollers or sliding pieces on the tops of towers at A and B and are 
anchored securely at D and E. Suspending bars connected to the 
chain support the weight of the roadway. 

Assuming that the weight of the roadway is distributed uniformly 
and that the weight of the chain is small by comparison, also that 
the roadway is fairly flexible, the tensions at the points B and C 
may be found as shown in Fig. 268. The portion of the chain 



Fig. 268. — Ten.sions at B and C in a suspension bridge chain. 


hanging between B and C will support one quarter of the whole 
weight of the bridge, and this may be concentrated at its centre of 
gravity. The horizontal pull H at C passes through the line of jW at 
G(, ; T^, the pull at B, must pass through the same point. The triangle 
of forces abc (Fig. 268 (p)) will then give the values of H and T^. 

Let w (Fig. 269 (a)) be the load communicated by each suspender 
to the chain. T^ and H in this figure are the pulls at B and C 
respectively. To obtain the directions of the chain throughout, the 



SUSPENSION BRIDGES 


247 


pull in a^, together with H, supports the load carried by the four 
suspenders passing through c, d and e. The resultant of the four 
loads will intersect H at their centre Gj, and the pull in ab must 
pass through the same point, thus determining the direction of ab. 



be will pass through Gg, the point in which the resultant force in the 
suspenders £*, d and e intersects the line of H. Similarly cd passes 
through G3 and de completes the half-chain. If a curve were drawn 
to touch the lines ab^ bcy etc., its shape would be parabolic, owing to 
the geometrical property involved in the above construction. 

It will be evident that abede is a link polygon capable of supporting 
the given loads. The pull in any link may be found from the forco 
diagram (Fig. 269 (^)). 

I'he effect of a load passing along the bridge may be observed by 
inspection of Fig. 270, As both chain and roadway are flexible, the 



chain alters in shape as shown. To avoid this undesirable effect, 
the roadway may be stiffened by the insertion of stiffening girders. 
The best type of such girders consists of two on each side of the road- 
way (Fig. 271 («)), connected at the middle C by a hinge and also 
having hinges at the piers of the bridge, D and F. Girders of this 
type are free to rise or fall at the middle of the span and thus avoid 
any complications of stress which would result from any alteration in 
the length of the chain owing to changes of temperature or stretching. 

To understand the effect of a live load W on the chain in Fig. 271 {a\ 
it should be noted that the chain will alter its curve to a very small 
extent only, owing to the action of the stiffening girders ; any 
alteration will be due to the elastic strains. Supposing the chain 
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to be parabolic initially, and to remain parabolic, it follows that the 
effect of W on the chain must be the same as would be produced by 
equal pulls in all the suspenders, this being the condition under 
which alone will the chain assume a parabolic curve. Hence, if 

W 

there be N suspending rods, the pull in each will be — , The forces 

acting on the left-hand stiffening girder will be as shown in Fig. 271 (^); 
A B 



Fig. 271.— Stiffening girders for a suspension bridge. 


those acting on the right-hand girder are indicated in Fig. 271 (c). It 
will be noted that a reaction P from the left-hand abutment together 
with another Q communicated through the pin at C from the right- 
hand girder are required for the equilibrium of the left-hand girder. 
The right-hand girder requires holding down against the pulls of the 
suspending rods ; hence the reactions Q and S act downwards. 
Knowing the loads, these reactions can be calculated, and the 
diagrams of bending moments and shearing forces for the girders 
may be drawn by application of methods already described. 

The length of parabolic chain required for a suspension bridge 
may be calculated approximately from the following formula : 

Let L = the half length of the chain, in feet. 

S = the span, in feet, 

D = the dip, in feet. 


Then 



4 D2 

3 S’ 


EXERCISES ON CHAPTER X. 

1. Calculate the elastic instability load by EulePs formula for a bar ot 
mild steel ro feet long and 0*5 inch in diameter, fixed at both ends. 
Take E — 13,500 tons per square inch. 

2* A mild-steel tube 11 inches in external diameter and 1*0 inch 
internal diameter and 8 feet long is used as a strut, having both ends 
hinged. What would be the collapsing load by EulePs formula? 
£=9213,500 tons per square inch. 
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3 . A series of struts, having both ends rounded, have ratios of L to 
of 40, 60, 80, etc., up to 200, Calculate th#e collapsing loads per square 
inch of sectional area, using Euler’s formula, and plot these loads with the 
ratios oi'Lio k. £=« 13,000 tons per square inch. 

4 . Answer Question 3 if both ends are fixed. 

5. Find the breaking load of the strut given in Question i by applica- 
tion of Rankine’s formula. Take the coefficients from the table on p. 235. 

6. A solid mild-steel strut 2 inches diameter is 6 feet high. Use 
Rankine’s formula and find the safe axial load if both ends are rounded. 
Factor of safety = 5. 

7 . A wrought-iron tube is 4 inches in external diameter, and is made 
of metal 0-25 inch thick. It is used as a column 8 feet high, and has both 
ends fixed. Find the breaking load by use of Rankine’s formula. 

8. A rolled I section of mild steel, flanges 5 inches wide, depth 
9 inches, metal o*6 inch thick, is used as a strut 10 feet long, having one 
end fixed and the other end perfectly free. Find the safe axial load by 
Rankine’s formula, taking a factor of safety of 6. 

9 . A solid strut of mild steel is 1-5 inches in diameter and has both 
ends fixed. Find the length for which the breaking loads by Rankine 
and by Euler will be equal. Take E = 13,500 tons per square inch. 

10 . The column given in Question 8 carries a load of one ton at the 
centre of area of one flange. Calculate the maximum and minimum 
stresses, and draw a stress diagram for a horizontal cross section of the 
column. 

11 . Take the tube given in Question 7 and calculate at what distance 
from the axis a load may be applied without thereby producing tensile 
stress. 

12 . A semicircular arch of 4 feet radius, hinged at the crown and 
springings, carries a uniform load of 500 lb. per horizontal foot. Draw 
the bending-moment diagram. State from the diagram the maximum 
bending moment. 

13 . The centre line of a three-pinned arch is a circular arc ; the 
horizontal distance from springing to springing is 150 feet and the rise is 
15 feet. There is a uniformly distributed load of 0 5 ton per horizontal 
foot together with concentrated loads of 10, 15 and 5 tons at horizontal 
distances from one springing of 20, 40 and 60 feet respectively. Draw 
the bending-moment diagram and state its scale ; find the horizontal thrust 
and the reactions at the springings. 

14 . A suspension bridge is 100 feet span and the chains have a dip of 
12 feet. Suppose the uniform load on one chain to be 500 lb. per 
horizontal foot, and find the maximum and minimum pulls in the chain. 

15 . Find the length of chain required for the bridge in Question 14, 
Suppose the chain were to stretch 0*25 inch, what will be the change in 
the dip 1 

16 . A hollow cast-iron column, 12 inches in external diameter, 10 inches 

in internal diameter and 8 feet long, is subjected to a direct compressive 
load of 40 tons. A bracket bolted to the side of the column supports the 
end of a girder, w^hich transmits to the bracket a load of 5 tons. The line 
of action of this load may be assumed to be 12 inches from the axis of the 
column. Find the maximum and minimum stresses in a cross section of 
the column due to these loads. (B.£.) 




150 


MATERIALS AND STRUCTURES 


17 , A homontal link of rectangular section 4 inches deep and 2 inches 
thick is subjected to tension, the load being P tons. The line of action of 
the load is m the central plane of the thickness and 2-25 inches from the 
bottom face of the link, (a) Find the load P if the greatest tensile stress 
in the straight part of the link is 6 tons per square inch, (d) If the tensile 
stress on a cross section of the link varies uniformly from 6 tons per 
square inch .at the top to 2 tons per square inch at the bottom, find P and 
the position of its line of action. (L.U.) 

18 . A hollow cylindrical steel strut has to be 

designed for the following conditions : Length 6 feet, 
axial load 12 tons, ratio of internal to external 
diameter o*8, factor of safety 10. Determine the 
necessary external diameter of the strut and the 
thickness of the metal if the ends of the strut are 
firmly built in. Use the Rankine formula, taking 
/= 2 i tons per square inch, and a for rounded 
ends = TsVo. (L.U.) 

19 . Find the radii of gyration of a column con- 
sisting of three steel rolled joists, riveted together as shown in the sketch 
(Fig. 272), their properties being 



Area, 
sq. in. 

. 

inch units. 

inch units. 

Thickness of web, 
inch. 

16 inch X 6 inch joist. 

8 inch X 6 inch joist. 

i8-22 

10-29 

726-0 

1 10*6 

27-0 

17-9 

0-55 

Not needed here. 


What would be the working load of such a column 24 feet long and 
with fixed ends, using the following straight-line formula : 

/c= (14560- 56^)lb, 

where fc is the working stress in lbs. per square inch ; / is the length ol 
the column in inches ; r is the least radius of gyration in inches. (I.C.E.) 


^ 8^6 jotst 






CHAPTER XL 

SHAFTS. SPRINGS. 

Twisting moment on a shaft. A shaft is a piece used for the 
transmission by rotation of motion and power. A moment tending 
to rotate the shaft is communicated at one place and is transmitted, 
by stresses in the material of the shaft, to the desired place. Con- 
sidering a shaft AB (Fig. 273 (a)), having one end A fixed rigidly, and 




Fig. 273. — Twisting moments on shafts. 

having an arm BC mounted at the other end. The effect of a force 
P applied at C may be examined by applying equal and opposite 
forces P' and P", each equal and parallel to P, at B so as to act 
through the axis of the shaft. These forces equilibrate and con- 
sequently do not interfere with P. llie system now consists of a 
couple formed by the forces P and P", the sole tendency of which 
will be to rotate the shaft about its axis, together with a force P', 
the tendency of which will be to bend the shaft. The shaft as a 
whole would be equilibrated by the application of forces (not shown 
in the figure) at the rigid connection at A. 

A shaft is said to be under pur© twist when there is no tendency to 
bend it, nor to produce push or pull in the direction of its axis. The 
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shaft in Fig. 273 (a) would have been under pure twist had the couple 
formed by P and P" been applied alone. One method of securing 
this result i$ shown in Fig. 273 (^), in which a double arm CBD is 
used and two forces P, P, forming a couple of moment Fa, are applied 
at its ends. The moment of the couple is called the twisty moment, 
or to^ue^ and is written T generally. Neglecting the“ w^lglS of the 
shaK, the equilibrium of the whole as in Fig. 2 73(^) requires the appli- 
cation at A of a couple having a moment equal and contrary to that 
of 'P. The condition to be fulfilled in order that a shaft may be 
under pure twist is that it must be equilibrated by two equal opposing 
couples acting in planes perpendicular to the axis of the shaft. 

Shearing stresses produced by torque. Consider the shaft to be 
cut at any cross section E in Fig. 273 (^), the section being perpendi- 
cular to the axis of the shaft. To equilibrate the outer portion of the 
shaft under the action of the applied couple P, P requires an equal 
contrary couple at the section E, and acting in the plane of the 
section. Such a couple can be brought about in the uncut shaft 
only by the existence of shearing stresses distributed in some 
manner over the section. The nature of the distribution may be 
understood by considering the straining of the shaft under the action 
of the couples. Experiment justifies the assumptions that, in a 
round shaft, sections such as that at E remain plane, t\e. un warped, 
when the couples are applied, and that any 
radius of such a section changes its direction 
but remains straight ; it is assumed in this 
that the elastic limit is not exceeded. 

In Fig. 274, AB is a line drawn on the 
surface of the shaft parallel to the axis before 
straining. As A is fixed rigidly, it will remain 
unaltered in position, but the other end will 
rotate under the straining; the result is that 
AB will change position to AIV. Any small 
rectangle such as C1)FE drawn on the 
surface of the shaft will change its position 
and shape as shown at C'D'F'E'. The angle 
through which CD has rotated in order to 
assume the new position CTT is clearly equal to that through which 
AB has turned. This angle, BAB', equal to is therefore the 
shear strain at all parts of the surface of the shaft. Had we been 
able to draw a rectangle inside the material at a radius OG, its 
circumferential movement and change of shaoe evidently would have 



Fig, 274.— Torsional strains. 
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been proportional to its radius. Thus, on the outer end cross 
section, G would move to G' and B to B', and we have 
GG':BB'==OG:OB. 

We may therefore state that, since the shear strain at any point on 
a cross section of the shaft is proportional to the radius, the shear 
stress at that point will also be proportional to the radius, provided 
the elastic limit is not exceeded. It will also be 
evident that the shear stress at any point on a cross 
section will have a direction perpendicular to the 
radius of the point. 

Moment of resistance to torsion. In Fig. 275 
is shown a cross section of a shaft under pure twist. 

Consider a small area a, 

R =' radius of shaft, in inches ; Fjg. 275. 

r== radius of a, in inches ; 

intensity of stress at outer skin, in lb. or 
tons per square inch ; 
pt = intensity of stress on a. 

Then pi — 




and 


Force on a 


R 


.pt . a. 


Moment of force on a about 0 = ^ = 

XV K. 

Taking the sum of such moments all over the section, we have 
Total moment Ioz==^ ■ 

pi . ttRs , * • u 

lb.- or ton-inches. 

2 

This expression is called the moment of reeiBtanoe 
to toreion for a solid round shaft. The case of 
a hollow round shaft of external radius Rj and 
internal radius Rg (Fig. 276) would be worked out 
similarly, with the substitution of limits R^ and Rj 
for o and R in the integration. Thus, 

Total moment = 



Fic. 276. 


:g.7r(R.*- 


RiVRs' 


lb.- or ton-inche& 
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Any que^ion regarding the safe strength of a round shaft under 
pure twist lUay be solved by equating the given torque to the proper 
expression for the moment of resistance to torsion. It will be clear 
that a hollow shaft will have a greater strength than a solid one 
of the same weight. Apart from the practical 
consideration that the boring of an axial hole 
may lead to the detection of otherwise un- 
suspected flaws in the material, there are the 
considerations that the intensity of shear stress, 
as well as the arm for taking moments, are 
small near the axis in a solid shaft, so 
that material near the axis is being employed 
unprofitably. 

Torsional rigidity of a round shaft. It is 

often of importance to estimate the angle through 
which one end of a shaft will twist relatively 
to the other end — briefly the angle of torsion. 
Referring to Fig. 277, one end of the shaft 
being fixed rigidly, the other end rotates through 
a small angle BOB', denoted by a, on application of a torque T, and 
the shear strain is given by the angle BAB', equal to B radians. 
Taking the expression for the modulus of rigidity (p. 109), viz. 

Jt 



Fig. 277. — Angle of twist 
of a shait. 


c= 




(I) 


we may substitute for pt and 6 as follows : 



'• 

Again, 

BB' . . 

in radians : 
AB ^ 

or 

BB' = AB. ft 

Also, 

BB' 

gQ = a, in radians ; 

or 

BB' = BO.a; 


BO . a = AB . $ ; 



( 3 ) 
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wliere R and L are the radius and length of the shaft in inches. 
Substituting the values found in (2) and (3) in (i) gives 

2T 


radians (4) 

The result for a hollow round shaft of external radius and 
internal Rg may be found in a similar manner, using the expressions 

q, — R2*) . 

2R, 


The final result is 


n 

d = ^a. 


“-x(R7-R?)C’ ^5) 

By substitution from (3) in (i) an expression may be obtained 
suitable for cases where the maximum shear stress is given. Thus, 

^~aR’ 

or a = radians. .(6) 

CR 

This expression is applicable to both solid and hollow shafts by 
taking R as the external radius. 

The torsional rigidity, or stiffness, of a shaft may be measured by 
the reciprocal of a. 

Comparison of hollow with solid shafts. The relative strengths 
of two shafts may be estimated by comparing the torques, which may 
be applied without exceeding a given intensity of stress. Let two 
shafts, one hollow, the otljer solid, have the same external raaius 
R. Let the internal radius of the hollow shaft be «R, where // is a 
numerical coefficient. I>et fy be the maximum intensity of shearing 
stress in each case. Then, for the solid shaft. 


and for the hollow shaft, 


/(7r(R'* - «^R^ 
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ase 


Hence, 


I* 

r/ 




•( 3 ) 


For example, if the internal radius of the hollow shaft is one-third 
of the external radius, « = and 

Ta 


— I - 


. 80 
■ ffl* 


FT 


Comparison may also be made of the strength of a hollow with 
a solid shaft having the same cross-sectional area, i\e, having the 
same weight per unit length. We have, for the solid shaft, 

~ 


T 

A « — 


and for the hollow shaft, Ta = ^-— 

2 xCj 


Putting R2 = «Ri, gives 


_ A^rR,*(i - »*) 

zR, 


Also, as the cross-sectional areas are equal, 
7rR® = B-(R,*-R/); 
R^ = R.®(i-« 2 ); ... 


Hence. 


X 

f- 

/>iirRi^( I - ft*) 

T/, 2 Ri“/ 

2 


( 4 ) 


( 5 ) 


.(61 


(i - n^)xji - 

I -\-n^ 


Th 

T/ 


n/i 

= I i 8 . 


For example, if « i, 
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TUn tube under torsion. In the case of a thin tube under torsicm 
it may be assumed that the shearing stress is distributed uniformly. 
pi = stress intensity, lb. per sq. inch, 

R « mean radius of tube, inches, 

/= thickness of the tube walls, inch. 

Cross-sectional area = 27 rR/, 

Total shearing force == 27 rR^t, 

Moment of this force = 27rR//iR, 

Moment of resistance to torsion = 2 Ib.-inches. 

Horse-power transmitted by shafting. Formulae connecting the 
horse-power (see p. 326) with the dimensions of the shaft and its 
speed are based on the average torque transmitted, and should there- 
fore be used with caution. The maximum torque, on which will 
depend the maximum intensity of shearing stress, may exceed the 
average torque considerably, leading to a result for the diameter of 
the shaft which may be much too small. 

Considering a solid round shaft under pure twist, let 
T = torque transmitted, Ib.-inches ; 

R = radius of shaft, inches ; 

/t = maximum shear stress, lb. per sq. inch; 

N = revolutions per min. 

T 

Then Work per revolution = — . 2ir (p. 339) 

= ^ foot lb. 
o 

Now 

work per revolution 
Work per minute ' 


Let 

Then 


12 X 33,000 
^ PtR^N 
40,081 


(0 


Example. Find the horse-power which may be transmitted by a 
shaft 2 inches in diameter at 180 revolutions per minute. The maximum 
shearing stress is to, 000 lb. per square inch. 

*”40,081“ 40,081 

=45 nearly. 
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Equation (i) above may be altered so as to give the diameter of 
shaft required for a given power. Thus, 


or 


p3 ^4o,o8i 

AN 

8 X 40,081 X H.P. 

"an 

D = a coefficient x 



A common value of the coefficient is about 3 3 for steel shafts. 
Principal stresses for pure torque. In Fig. 278 is shown a shaft 



Fig. 278. — Principal stresses for pure torque. 

under pure torque. A small square ahcd^ having its edges ab and cd 
parallel to the axis of the shaft, has been sketched on the surface. 
Each edge of the square will be subjected to shearing stresses of 
magnitude pt ; hence the diagonals ac and bd have purely normal pull 
and push stresses respectively, the magnitude being also pt (p. 128). 
These diagonals are therefore principal axes of stress, and the 
stresses on them are the principal stresses for the case of the shaft 
being under pure torque. If the diagonals be produced round the 
shaft surface, it is evident that they will form helices having an 
inclination of 45"* to the shaft axis. 

A shaft made of material weak under pull, and strong under both 
shear and push, would fracture' along the helix of which ac forms a 
part. This fact may be illustrated by means of a stick of blackboard 
chalk ; on applying opposite couples by the fingers to the ends of 
the chalk, the fracture will be found to follow very closely a helix of 
45* inclination. Pure bending applied to the chalk will cause it to 
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fracture acros>s a section at 90" to the axia; it is therefore evident 
that bending and torque simultaneously applied will cause fracture 
to take place on some section intermediate between 45® and 90*. 
A shaft made of cast iron would behave in a similar manner to the 
stick of chalk, as the stress properties are similar. 

Shafts made of ductile material, such as mild steel, behave in a 
different way. Fracture under pure torque takes place across a 
section at 90* to the axis, as the strength under pull and also under 
push is higher than that under shear. It may be shown that materials 
loaded in a complex manner have sections mutually perpendicular 
on which the stress is purely normal, the stresses are principal 
stresses. There is also a particular section which has a shearing 
stress greater than that on any other section. There is strong 
evidence for believing that brittle materials break down when the 
principal stress of tension reaches a certain value depending on 
the material ; many ductile materials break down, or yield, when 
the maximum shearing stress reaches a certain value. 

More general case of principal stresses. Let AB and be 
two sections of a body intersecting at 90® at B (Fig. 279(a)). Let 



AB and BC have normal stresses and p^ respectively, and let each 
be subjected to equal shearing stresses pt. Let AC represent a third 
section of the body, cutting AB at an angle and let the stress 
r on AC be purely normal. The wedge ABC will be in equilibrium 
under the action of these stresses, and it is required to determine 
from this condition the values of B and of r. AC and r will then be 
a principal axis of stress and a principal stress respectively. For 
simplicity, let the thickness of the wedge from front to back be 
unity. 

Due to the given stresses Pi,p2 and the faces AB and BC will 
have resultant forces acting as shown in Fig. 279 (^). The forces 
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. AB and /g • will act at the centres of AB and BC respec- 
tively. The farces /t.AB and /«.BC will act along AB and BC 
respectively. Due to r, a normal force r . AC will act at the centre 
of AC and will have an inclination to the vertical equal to ft Hence 
its vertical and horizontal components will be t . AC . cos B and 
r, AC . sin Q respectively. For equilibrium of the wedge, the sum 
of the vertical upward forces must be equal to the sum of the vertical 
downward forces ; also the sum of the horizontal forces acting towards 
the left must be equal to the sum of those acting towards the right. 
The algebraic expressions for these conditions are : 


r. AC . cos ^ . AB + pt . BC. 

r, AC . sin ^ =/2 • BC + pi . AB. 
To simplify (i), divide by AC, giving 


AB 


BC 


^•cos^=A-XC"-^‘AC 


(1) 

( 2 ) 


. cos 6 -^pt, sin ft 

Divide this by cos giving 

r=/i-f/f.tanft (3) 

Equation (2) may be simplified in a similar manner by dividing 
first by AC and then by sin giving 

r=p2+pi*cot0 (4) 

Equations (3) and (4) are simultaneous equations, from which the 
values of r and & may be obtained by the ordinary rules of algebra j 
thus, as the right-hand sides are equal, w^e have 

Pi+pt- tan 0—p2 +pt . cot 6 , 
or - p2=pt(cot 6 -tSinB) 

= 2pt . cot 20, 


or cot 2 0 (2) 

^pt 

Again, writing equations (3) and (4) thus, 

r-/i=/ttan^, (6) 

r-p2=^picot0, (7) 

and taking products, we have 

i^) 

The solution of this quadratic equation may be obtained in the 
usual manner, giving 

^ _ /i +A ± ^/( A - A)^ + 
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The two roots of r in (9) indicate two principal stresses; also 
equation (5) gives two values of 20 differing by 180* for which the 
cotangents are equal, and hence indicates two sections differing by 
90*. The determination of which root of r acts on one section or 
the other may be obtained by inserting one of the calculated values 
of r in either (6) or (7) ; the resulting value of tan 0 or cot B will 
indicate the particular section on which this value of r acts. 

In the above, both and /g have been taken as pulls ; if either 
or both be pushes, the sign of /j and or both should be reversed 
in (5) and (9). A positive value for r indicates pull and a negative 
value indicates push. If any of the given stresses /j, p^ or pt be 
absent in the data, write zero where these missing values occur in 
the equations found above. 

For example, taking a cube having shearing stresses pt only (p. 127), 

/i = o,/2 = o. 


Equation (5) gives 


cot 20= ~ 

2pt 


o; 


20 = 90“ or 270“, 


Equation {9) gives 


0 = 45“ or i35\ 

+: 5 ^! 


= ±/(. 

The principal axes are therefore the diagonals of the cube, and 
the principal stresses are a push and a pull each equal to the given 
shear stress, thus agreeing with the results already obtained in a 
different manner. 

Stress on a section inclined to the principal axes. Having deter- 
mined the principal axes of stress and the principal stresses, the 
stresses on other sections may be found by the following construction. 
Reference is made to Fig. 280. 

Let OAand OB be the principal axes of stress (Fig, 280 (a) ), and 
let OA=/i and OB=/2 stresses acting on the sections OB 

and OA respectively. To find the stress acting on any other section 
OK, carry out the following construction. With centre O and radii 
OA and OB describe circles ; draw ON perpendicular to OK, cutting 
these circles in N and E respectively. Draw NC parallel to OB, 
and also ED parallel to OA and cutting NC in D. Join OD ; OD 
will represent the stress / acting on OK. 

To prove this, draw EF parallel to OB, and let the angle KOB, 
which is equal to the angle NO A, be called 0. Due to p^ there will 
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be an oblique stress of magnitude /jcos^ acting on OK (p. 121). 
OC 

Now cos 0 is given by q— in the diagram and ON is equal to to 

scale; hence OC represents the oblique stress. Again, due to 
there will be an oblique stress of magnitude /g cos (90^ - &) = /g sin ^ 

acting on OK. But sin 0 is given by and OE is equal to to 

scale j hence the latter oblique stress is given by EF, which is equal 
to Cl). The resultant of these oblique stresses, represented by OC 
and CD respectively, will be OD, which accordingly gives the stress 
p on OK. The construction employed for finding D is a well known 




Fig. aSo, — Ellipse of stress. 

method of finding points on the circumference of an ellipse having 
OA and OB for its semi axes. The ellipse is shown in Fig. 280 (a), 
and is called the ellipse of stress. 

Both principal stresses have been taken as pulls in the above con- 
struction. Had one been a push, as (Fig. 280 (/^)), and the other a 
pull, then the construction is modified by producing ND to cut the 
remote circumference of the ellipse as shown. 

Maximum shearing stress. An important fact depends on the 
noting that the angle P 3 DN (Figs. 280(a) and (fi)) is 90”, and that there- 
fore D lies always on the circumference of a circle having EN for its 
diameter. The radius of this circle will be ^ (ON - OE) — i - /g) 
for principal stresses of the .same kind (Fig. 280(a)), and will be 
J (ON -f OE) = J (/i -1-/2) unlike principal stresses (Fig. 280 (/^)). 

The stress / may be resolved into normal and shear stresses in each 
case (Fig. 281 (a) and (/^)), indicated by OG and OH respectively. It 
will be clear that the maximum possible value of the shear stress in 


MAXIMUM SHEARING STRESSES 263 


both cases is represented by the radius of the circle having EN for 
diameter ; hence, for like stresses, 

Maximum shear stress = KA A)> (^) 

and for unlike stresses, 

Maximum shear stress 4-/2) (2) 



Fig. 281. — Normal and shearing stresses. 


These equations require further examination. Both (i) and (2) 
refer to sections taken perpendicular to the paper, and give the 
maximum shearing stresses for such sections. Fig. 282 (<2) shows a 
bar under axial pull stress and transverse pull stress /.2, both 
stresses in {a) being in the plane 
of the paper. The principal 
axes of stress are OX and OY ; 
the maximum shearing stress 
for sections perpendicular to the 
paper in {a) will be ^ (/^ - 
Examine now Fig. 282 (^), show- 
ing a side elevation of the bar ; 

acts perpendicular to the 
plane of the paper, and it will 
be evident that the section AB, 
at 45® to the axis, has a shearing 

stress of magnitude i acting Fig. 282.— Mnximum shear stress in a bar under 
. ® • longitudinal and transverse pulls, 

on It (p. 124). Hence AB is 

the section of the bar which carries a shearing stress greater in 
magnitude than that on any other section. 

It will be noted therefore that with like principal stresses, e.g, the 
longitudinal and circumferential stresses in a boiler shell, the greater 
principal stress alone determines the value ol the maximum shearing 
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stress, and the latter has a value equal to one-half of the greater 
principal stress. In the case of unlike principal stresses the maximum 
shear stress must be calculated from K/i+A)- 

The points above noted are of importance in dealing with crank 
shafts and other cases where the combinations of loading give rise to 
unlike principal stresses. The experimental work of Guest and 
others shows that elastic break-down occurs when the shearing stress 
attains a certain value in many ductile materials, as has been noted 
already, and the results above discussed enable us to determine the 
relation of the maximum shear stress to the loading. 

Shaft under combined bending and torsion. An example of this 
kind of loading will be found in any crank shaft. Considering a 
solid sha ft : 

Let M 5= the maximum bending moment on the shaft, in lb. -inches ; 

T — the maximum torque, in lb. -inches ; 

R = the radius of the shaft, in inches. 

It is understood that M and T occur both at the same cross 
section. The stresses due to these may be found from : 



or, 




4M 

7rR3' 


(0 


Reference to Fig. 283, in which a rectangle abed has been sketched 



on the shaft surface, shows that is 
absent. The principal stresses may be 
calculated from equation (9) (p. 260) : 

/i+A±>^(A-A)'^ + 4A‘‘ 

2 



Fig. a83.— Shaft under combined 
torque and bending. 

larger principal stress, viz. 


■(3) 

This result indicates unlike principal 
stresses, as the quantity under the square 
root sign is greater than p^. 

In the Rankine bypotbesiB, tbe maximum 
principal Btress is tbe criterion of break-down, 
and this assumption may be applied to 
brittle materials. The Rankine equation 
may be obtained as follows. Taking the 

A+V/i‘‘ + 4A^ , 
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and substituting from (i) and (2), we have 

riMY 




WRV 

= -(^ + -|3s/M2 + t2 

2 fl-R® 

=~g3{M + ^/SPTTn, 




or 


r.vR^ 


= M + n/M*^ + T2. 


(4) 


The left-hand side of this result has the same form as the ex- 
pression for the moment of resistance of a shaft to torsion ; the only 
difference lies in the fact that is a push or pull stress, whereas, in 
the torque expression, a shear stress appears. It may be said that 
if a pure torque Tc were applied to the shaft, of magnitude given 
by (4), a shear stress would be produced thereby equal in magnitude 
to the maximum principal stress. Hence, 


t,=m-(-Vm='+t« (5) 

The result is convenient for practical use, and is usually referred 
to as BanMxie’s formula. 

If the maximum shoar Btress be taken as determining the point of 
failure, the reduction is as follows : 

From equation (3) (p. 264), remembering that one value of r is 
push and the other pull : 


A + v//,^ + 4 A^ 




Also, 


/* "4" 

Maximum shearing stress = ^ = ^ 



= (6) 

Inserting the values of and pi in terms of M and T, we have 

e;5’.VM«+T?. 
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Let Te be a torque which, if applied alone, would produce a shear 
stress equal to Then 

Te = ^^ = N/M^ + T* (7) 

It will be noted that this expression gives an equivalent twisting 
moment of smaller value than that permitted by the Rankine 
equation (5). 

Springs. Springs are pieces intended to take a large amount of 
strain, and are used for minimising the effects of shocks, for storing 
energy, and for measuring forces. The load on any spring is kept well 
within the elastic limit ; hence the change of 
length, or the distortion, of the spring will be 
proportional to the load applied. Springs vary 
in form, depending on the purpose for which they 
are intended ; a few common forms are discussed 
below. 

Helical springs. HeUoal springs are made by 
coiling a rod or wire of the material, generally 
steel, into a helix. If the spring is to be under 
pull, the coils of the unstrained spring are made 
so as to lie close together ; open-coiled helical 
springs are necessary in cases where the load is 
piSf applied as a push, causing the spring to 

become shorter. Reference is made to Fig. 284, 
which shows a close-coiled helical spring under pull, and made of 
material having a round section. It may be assumed that the effect 
of the load is to put the material of the spring under pure torsion. 
Bending is also present, and must be taken into account in open- 
coiled springs, but is small enough to be disregarded in the close- 
coiled spring under consideration. 

Let P = load applied, lb.; 

R = the mean radius of the helix, inches ; 
r = the radius of the section, inches. 

Any cross section of the wire will be sub- 
jected to a torque given by 

T = PR Ib.-inches (i) 

Consider a short piece of the helix lying 
between two cross sections AB and CD 
(Fig. 285), and imagine AB to be fixed rigidly. 

Let F be the centre of the section CD, 
and take a hori2ontal radius which, when 




Fig. 985. 
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produced, cuts the axis 'bf the spring at O, The effect of the torque 
will be to cause CD to twist through an angle relative to AB, and 
FO will rotate into the position FO', the point O undergoing a 
deflection OO', Let the mean length of the portion considered 
be /; then the angle of twist may be written from the equation 
for that of a shaft (p. 255). 


2T/ ^ 2 PR/ 


(2) 


Again, 



00' = aR = *:^^R 


CTTf^ * 


{2a) 


Now OO' gives the extension of the spring along its axis owing to 
the straining of the small portion considered. The total extension 
will be the sum of the quantities such as OO' for the whole length of 
material in the helix, and can be obtained by writing the total length 
of wire instead of / in (2a), In the case of a close-coiled spring the 
total length will be given with sufficient accuracy by multiplying the 
mean circumference of the helix by the number of complete turns N. 

Length of wire in helix = 27rRN (3) 

2PR2 

Hence, Total extension of spring = ^^"4 • srRN 


4PR3N 

Cr^ 

_8P1)3N 


(4) 

(s) 


where D = mean diameter of helix, inches ; 

d = diameter of wire, inches ; 

P = load applied, in lb, ; 

C — the modulus of rigidity, lb. per square inch ; 

N = number of complete coils. 

The result shows, as had been anticipated, that the extension is 
proportional to the load applied. 

An equation connecting the shearing stress with the extension may 
be obtained from (4). Thus, 

4PR3N 

Total extension of spnng = ~ 
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Now 


PR.T.*^(p..53). 


Hence, 


Total extension = 


4R2N 

' ■ 2 
2JrR*N 


C> 


■A- 


.( 6 ) 


This result enables the maximum extension to be found for a 
given spring when a given safe shear stress /t lb. per square inch must 
not be exceeded. 

Beginning with no load on the spring, the gradual application of 
a load P lb., producing an extension € inches, will require the per- 
formance of a quantity of work given by (see p. 325) 

V/ork done = average force x e 
= iPxe. 

Inserting the value of € given in (6), we have 
work done = P x ^ ~ 




2 

p;^ 7rV2RN 


inch-lb (7) 


This work is stored in the extended spring, and represents the 
energy which can be given out when the spring is recovering its 
original length, on the assumption of perfect elastic qualities. 

The above formulae, being based on those for a shaft of round 
section, should be used only for helical springs made of round wire. 
A formula which may be used for the extension of a spring of square 
section, having sides equal to s inches, is 

Extension of spring = (8) 


Helical spring under torsion. Helical springs are loaded occa- 
sionally under torsion in the manner indicated in Fig. 286, where a 
spring AB is subjected to equal opposing couples by means of forces 
applied to arms attached to the ends of the spring. It is evident that 
the material of the coil is subjected to bending and that the torque 
produced by the couples is balanced at any cross section of the wire 
by the moment of resistance of that section to bending. The neutral 
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axis of any cross section will be parallel to the axis of the helix 
(Fig, 287). Further, the change of curvature of the helix produced 
by the application of the torque will follow the same law as that for 
a beam (p. 166). 


■til 


irv 






Fig. 286.— Helical spring under torsion. 

Let T = Pa = torque applied, Ib.-inches ; 

= initial mean radius of helix, inches ; 

Rg = final mean radius of helix, inches ; 

Ni = initial number of complete coils in helix; 


2-= final number of complete coils in helix; 


Then 


N, 

L = length of wire in helix, inches ; 

Ina = moment of inertia of section of wire, inch units. 

I 


Initial curvature = 


Final curvature ■ = 


R7 


R. 


Suppose that the tendency is to increase the number of coils, 
then Rg will be less than R^, 

Change of curvature produced by T = — - 

Kg Kj 

By use of the equation, 

M 

Change of curvature = — (p. 166), 

we have ~ - iT 

Kg Kj ILIna 


(0 


Again, assuming that the coils lie fairly close together, we have 
for the length of the helix, 

L = 27rRjNj 


I 

K 

I 


= 23rR2N2 

2 «'N, 

2 irNo 


Hence, 
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Substituting these values in (i) gives 
27 rNg ^ _ T 

L L KIna 
TL 


^ ^ 27rEK 


•( 2 ) 


This expression gives the angle as a fraction of a revolution through 
which B will rotate relative to A when the torque is applied (Fig 286). 
To obtain the angle of twist in degrees we have 

TT-r 

Angle of twist = 360 — — 

27r£.lNx 


= i8o 


TL 

ttEIna 


(3) 


It will be noted from this result that the angle of twist is pro- 
portional to the torque, a property which leads to the use of springs 
of this type in certain cases, for example, the hair spring controlling 
the escapement of a chronometer. The use of such a spring permits 
the balance wheel to alter its angle of swing somewhat without 
altering the time in which it vibrates. The same kind of spring is 
often used for controlling the movement of the drum in engine 
indicators, as its property produces a more even stretching of the 
string driving the drum, and in consequence a less erratic distortion 
of the diagram drawn on the paper surrounding the drum. 

The maximum torque which may be applied without exceeding a 
stated stress, yi may be found as in a beam (p. 146) from 

T = ^Ina (4) 

ffl 


These results may be applied to helical springs under torsion and 
made of wire having circular, square or rectangular sections. 


Piston rings. Spring rings are often used for the purpose of the 
prevention of leakage past the piston in steam, gas and oil engines. 
A common way of making spring rings of moderate size is to turn a 
ring of uniform section, making the diameter somewhat larger than 
that of the cylinder. A piece is then cut out of the ring sufficient 
to allow the ring to be sprung into the cylinder, when the ends will 
come together. Cast iron is often used as the material. In this 
method of manufacture, the ring does not take a truly circular form 
when sprung to the diameter of the cylinder, and does not exert a 
uniform pressure all round the cylinder wall. To secure uniformity 
in the pressure and a truly circular shape, the thickness of the ring 
must be varied. The breadth will of course be uniform, as the ring 
fits accurately a groove turned in the piston. 
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Fig. 288(a) shows a piston ring of varying thickness ; the split is 
situated at C, and the ring as drawn has been sprung into a cylinder 
so that the gap at C is closed. The ring is subjected to a uniform 
radial pressure as shown. 

d s= the diameter of the cylinder, inches ; 

/ = the pressure in ib. per square inch of rubbing surface ; 
b = the breadth of the ring, inches ; 

= the thickness of the ring at AB, diametrically opposite 
C, in inches. 



Fig, 288 — Piston ring giving uniform bearing pressure. 


The half ring on the right-hand side between A and C is under 
similar conditions of loading to those of a boiler shell (p. 95). 
Hence, we may write for the resultant force on it : 

Pi = Jfd X b lb. 

This force will produce a bending moment on AB of amount 

Mab = PiXW 

The relation of the maximum stress f at AB and the thickness of 
the ring there will be given by 

(see p. 152), 
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The relation between the thickness at any other section and that 
at AB may be found from the consideration that the ring is to be 
circular both before and after springing it into the cylinder. Hence 
the change of curvature all round it will be uniform. Now, 

Change of curvature = 


and, since E is constant for a given material, it follows that for 
uniform change in curvature 


M 

"I 


a constant. 


(2) 


To obtain the bending moment at any section such as DE, con- 
sider the portion of the ring lying between C and DE (Fig. 288 {b)). 
Join CD, and let the angle COD be a. The resultant pressure Po 
acting on the arc CD may be found in the following way. A solid 
piece of the same breadth of the ring, viz. bounded by the chord 
and arc CD will be in equilibrium if subjected to hydrostatic stress /. 
The resultant pressure R on the chord produced by the hydrostatic 
stress is 

R=/xCDx^, 

and this must be equal and opposite to P2. Hence, 

P2 X CD 2 pb X DF. 

Again, M^e = Pg x DF = 2pb x DF®. 

Also, DF = DO sin sin Ja ; 

• Ayr • 2® 

4 2 

~ \pbd'^^\vr ^ ( 3 ) 

Also, I = <4) 

12 

Hence, substituting the values of (3) and (4) in (2), we have 


\pbd^ 





= a constant, 


12 


or, since b and d are constant for a given ring under a given pressure, 


sin 

2 


/df 


a constant. 


( 5 ) 
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the section AB, a is i8o^, and sin Ja will be unity. Hence, 


sin*- . „ . 

2 _ sin^ 90 

^DE ^AB 


4 b' 


^DE = ^AB Sin®-* 
^DE^^B^sin^^ . 


...( 6 ) 


This result enables the thickness of any section to be calculated 
after first having determined the thickness at AB. 

Oarriage spring. Carriage springs are constructed of a number of 
plates of gradually diminishing length, clamped together at the 



middle and loaded as shown in Fig. 289. Generally the strips 
have the same breadth and thickness. The materiiil will be under 
bending. 

I-et P = the load in lb., applied at each end ; 

L = the distance between the loads, inches ; 

N = the number of strips ; 
b = the breadth of each strip, inches ; 
if = the thickness of each strip, inches. 

The maximum bending moment will occur at the middle section 
AB, and will be give* by 

Mab = Ib.-inches. 

This bending moment will be balanced by the total moment of 
resistance obtained by adding together the moments of resistance 
of all the strips. Assuming that each strip touches the strip immedi- 
ately above it throughout its whole length, both before and after 
loading, it follows that all the strips will experience equal changes in 
n.M. K 
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curvature on the spring being loaded. Considering the curvature 
at AB, we have 

^ ^ . bending moment on strip 

Change of curvature of any stnp = gj 

moment of resistance of strip 
“ El 

= a constant for all the strips. 

Hence, as E and I are both constant, it follows that all the strips 
have equal moments of resistance. 

Let /= maximum stress on any strip at the section AB, 
lb. per square inch. 

fhfi 

Then, Moment of resistance of each strip = 


Total moment of resistance at AB = N Ib.-inches. 

6 


Hence, 



'(I) 


ipL = N^, 





(2) 

or 

' 

(3) 


The profile of the spring in the elevation may be arranged so as to 
secure that this value of the maximum stress on any strip shall be 
constant throughout its length. Considering any section CD, let the 
number of strips be Ncd- Then, from (i), 

fbt^ 


Mcn = Nc 


or 





If f is constant, the only variables in this expression will be x and 
Ncd- Hence, ^ 

or, the number of strips and hence the depth of the spring vary as 

the distance from the end. The 
profile in the elevation will there- 
fore be triangular (Fig- 290). 

FlU* 390. — Ideal profile of a carriage spring. As this IS an awkward ShapC tO 
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produce, the ends of the strips are shaped usually as shown dotted 
in plan in Fig. 289, which produces practically the same result. 

The deflection of the spring may be calculated in the following 
manner: 


Change of curvature of any strip = 


its moment of resistance 

~Er 



2/ 

E/' 


■is) 


As y is constant throughout the length of the strip, the change of 
curvature throughout will be uniform. Supposing the strips to be 
straight at first, each strip will bend into the arc of a circle when the 
spring is loaded. The conditions as regards any one strip might be 
attained by subjecting that strip separately to a uniform bending 

moment i . i PL. Hence, 

N 2 


I __ 


N 2 
El 
PL 

2NE — 
12 


6PL 


.( 6 ) 


Now, for a beam bent into a circular arc, the deflection is given by 

(p- 186). 


Hence, 


. U 6PL 
8 ■ NE^/» 
_3 t'L* 

~4‘ 


(7) 


In the above, the frictional resistances of the strips rubbing on 
each other has been neglected. The effect of this will be to make 
the spring appear to be stiffer, as evidenced by a deflection smaller 
than that calculated, when the load is being increased. When the 
load is being removed, the deflection will be found to be somewhat 
larger than that calculated. Of course, work will be absorbed by 
these frictional resistances, with the effect that any vibrations 
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communicated to the spring by impulsive forces, or shock, will die 
out more rapidly than would be the case with a spring formed out 
of a single piece of material. 

EXERCISES ON CHAPTER XI. 

1 . A mild-steel shaft is 6 inches diameter. If the safe shear stress 
allowed is 1 0,000 lb. per square inch, what torque may be applied ? 

2 . Find the diameter of a solid round shaft of mild steel to transmit a 
torque of 12,000 Ib.-inches with a safe shear stress of 9000 lb. per square 
inch. 

3 . A hollow shaft has an outside diameter of 18 inches and an inside 
diameter of 6 inches. Calculate the torque for a safe shear stress of 4*5 
tons per square inch. 

4 . A solid shaft has the same weight and the same length as the shaft 
given in Question 3 and is made of similar material. Calculate the safe 
torque which may be applied. Give the value of the ratio—Torque for 
the hollow shaft : torque for the solid shaft. 

5 . What torque may be applied to a tube 3 inches in external diameter, 
of metal 0-125 ^*^ch thick, if the stress is not to exceed 10,000 lb. per square 
inch ? 

6. The shaft given in Question i is 60 feet in length. What will be 
the angle of twist when the maximum permissible torque is applied ? Take 
C = 13,000,000 lb. per square inch. 

7 . Find the angle of twist for the shaft given in Question 3 when the 
shear stress is 4-5 tons per square inch. The shaft is 100 feet in length. 
Take C = 55oo tons per square inch. 

3 . What horse-power may be transmitted by a solid shaft 3 inches in 
diameter at 120 revolutions per minute.^ The shear stress is 8000 lb, per 
square inch. 

9 . What diameter of steel shaft is required in order to transmit 
20 horse-power at 250 revolutions per minute? 

10 . AB and BC are two sections of a body meeting at 90°. Normal 
pull stresses of 5 and 4 tons per square inch act on AB and BC respec- 
tively. Shearing stresses of 3 tons per square inch act from A towards B 
and from C towards B. Find the principal stresses and the principal axes 
of stress. Draw a diagram showing the axes and stresses, 

11 . Answer Question 10 if the normal stress of 5 tons per square inch 
on AB is a push. 

12 . A mild-steel shaft 3 inches in diameter has a bending moment of 
4000 Ib.-inches together with a twisting moment of 6000 lb. -inches. 
Calculate the following : (a) The equivalent torque according to Rankine ; 
(d) the equivalent torque on the maximum shear stress hypothesis ; (^r) the 
maximum and minimum principal stresses ; {d) the majeimum shearing 
stress. 

13 . Supposing that a constant bending moment of 4000 Ib.-inches be 
applied to a shaft 3 inches in diameter, what torque may be applied if 
the maximum shear stress is limited to 10,000 lb. per square inch ? 
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14 . A cylindrical boiler is 7 feet in diameter and is made of plates 0*5 
inch thick. The steam pressure is 100 lb. per square inch, (a) Find the 
stresses on longitudinal and circumferential sections ; also the stresses on 
sections at 30, 45 and 60 degrees to the axis, (d) What is the maximum 
shear stress on the plate? 

15 . A helical spring is made of round steel wire 0*25 inch in diameter. 
The mean radius of the helix is 1-25 inches ; number of complete 
turns 120 ; the spring is close-coiled. Take C = 12,000,000 lb. per square 
inch, and find the pull required to extend the spring one inch. 

16 . A helical spring, material of circular section, has to extend i inch 
with a pull of 50 lb. The mean radius of the helix is 2 inches, and the 
length of the helical part of the spring is one foot. Assume that the coils 
are close together, and find the diameter of the wire. C = 1 2,000,000 lb. 
per square inch. 

17 . Suppose that the spring given in Question 15 is put under torsion 
by couples applied at its ends. Find the torque required to twist the 
spring through one radian. £ = 30,000,000 lb. per square inch. 

18 . A helical spring is made of steel of square section, 0*3 inch edge, 
close-coiled. The mean radius of the helix is one inch, and there are 
20 complete turns. Take C- 12,000,000 lb. per square inch, and find the 
pull required to extend the spring one inch. 

19 . A piston ring for a cylinder 24 inches in diameter has to give a 
uniform pressure of 2 lb. per square inch of rubbing surface. Find the 
maximum thickness of the ring if the stress is not to exceed 6000 lb. per 
square inch. Find also the thickness at a section 90® from the split. 

20 . A carriage spring of length 30 inches is made of steel plates 
2*5 inches wide by 025 inch thick. Find the number of plates 
required to carry a central load of 800 lb. if the maximum stress is limited 
to 12 tons per square inch. Find the deflection under this load if 
£ = 30,000,000 lb. per square inch. 

21 . A load is applied to the crank fixed to a wrought-iron shaft 6 inches 

diameter and 20 feet long, which twists the ends to the extent of 2® ; 
assuming the modulus of transverse elasticity (or coefficient of rigidity) to 
be 4000 tons per square inch, what is the extreme fibre-stress ? (I.C.E.) 

22 . A closely-coiled spiral spring has 24 coils ; the mean diameter of 
the coil is 4 inches and the diameter of the wire from which the spring is 
made is 0*5 inch. Determine the axial load which will elongate this 
spring 6 inches if the modulus of rigidity is 12,000,000 lb. per square inch. 

(B.E.) 

23 . A hollow steel shaft is to be used to transmit 1000 H.P. at 90 
revolutions per minute ; the internal diameter of the shaft is to be | of 
the external diameter. The maximum twisting moment exceeds the 
mean by 20 per cent. If the maximum intensity of shear stress is not to 
exceed 4*5 tons per square inch, find the external diameter of the shaft. 

(L.U.) 

24 . At a certain point in a loaded body the principal stresses are a 
tension of 5 tons per square inch and a pressure of 3 tons per square inch, 
the latter acting m a horizontal direction. Another load is then applied 
to the body, giving rise to a second stress system, the principal com- 
ponents of which at the same point are a tension of 3 tons per square 
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inch and a pressure of 4 tons per square inch, the latter acting at an 
angle of 40° to the horizontal. Find the magnitudes and directions of 
the principal stresses of the resultant stress system. There is no stress 
at right angles to the plane of the paper. (B.£.) 


CHAPTER XII. 


EARTH PRESSURE. 


Earth presflure. Questions regarding the pressure of earth enter 
into the design of foundations and of retaining walls for holding 
back earth. It is not possible to obtain exact solutions owing to 
the variable properties of the material, 
and also to the fact that the pro- Y 
perties are altered very considerably 
by the presence or absence of water 
mked with the earth. 

Referring to Fig. 291, if a mass of 
earth be cut to a vertical face OY, it 
will weather down by breaking away 
of the earth until a permanent surface 
OA is attained ultimately. Let be 
the angle which OA makes with the 291. -Natural slop* of earth, 
horizontal, and consider a particle of 

earth resting on the slope at P. Its weight W may be resolved into 
two forces, one R perpendicular to the slope and another Q acting 
down the slope. Balance is obtained by the force of friction F acting 
up the slope, F being equal to Q. Defining the coefficient of friction 
II as the ratio of F and R when sliding is just on the point of taking 
place {p. 353), u. p 



the triangle of forces ?al> gives 


Q^F^^ 
R R; Pa 


= tan<^. 


Hence, ju=tan^ (i) 

The coefficient of friction may range from 0-25 to i-o for earth 
sliding on earth, ^ ranging from 14 to 45 degrees. 
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Baakine’a theoxy of earth pressure. The effect of the weight W 
resting on the slope OA is to produce a stress on OA having an 
angle of obliquity equal to when sliding is just possible, <l> may 
be called the natural an^le of repose of the earth ; sliding will not 
occur if the angle of slope has any value less than 

In the Rankine theory, it is asumed that tue shearing: efleots at 
any section in the earth follow the ordinary IHctlonal laws, and that 
the obliquity of stress on any section of the earth cannot exceed the 
natural angle of repose of the earth. 

Referring to Fig. 292, AB is the horizontal earth surface and alfcd 
is a small rectangular block of earth having its top and bottom faces 


A B 

Trmnrmtnt 


y 



Fig. 293. — Conjugate stresses, eurtb 
surface level. 



horizontal. Let the area of the top face be one square foot, let y be 
the depth below the surface and let w be the weight of the earth in 
lb. per cubic foot. The stress /j on the top face will be produced 
by the weight of the superincumbent column of earth, and will be 
given by ^wy lb. per square foot (2) 

The stress ^2 acting on the vertical faces must be determined 
from the relation mentioned above, viz. must not be exceeded on 
any section of the block. 

In Fig. 293 the earth surface is .sloping at an angle a to the 
horizontal, and ab and cd are at the same slope, be and ad being 
vertical. The stress p^ will be given by 

= = ( 3 ) 

It is evident that p ^ , acting on ab and cd respectively balance 
each other, neglecting the weight of the block ; hence /g A niust 
balance independently, and must therefore act in the same straight 
line. It therefore follows that /g niust be parallel to ab. p^ parallel to 
be and p^ parallel to ab are called oox^ugate streRses. p^ is determined 
by the same consideration as before, viz. 0 must not be exceeded. 




EARTH PRESSURE 


281 


In Fig. ^94, OA and OB represent principal stresses and p^ 
respectively, and the construction is shown for obtaining the stress / 
on a section OK (p. 261). ON 
is perpendicular to OK, NP and 
MP are parallel respectively to 
the principal axes of stress OB 
and OA, and PO is the stress / 
on OK. P lies always on the / 
circumference of the circle de- 1 
scribed on MN as diameter. \ 

The angle of oblif^uity of p as 
shown is PON ; the maximum 
angle of obliquity will occur 
when OP is tangential to the 
circle NPM as shown by O'P. 

The angle COT will correspond =94.-Maximum angle ofobliquUy of stress. 

with- the value of </» in earthwork problems. From Fig. 294, we have 

• CT 
Sin 



(4) 


^ h(Pi ““A) 

UA +/ 2 ) 

^A-A> 

Pi +A 

Pressure on retaining walls by Rankine’s theory. The foregoing 
principles may be applied to give a simple graphical solution for the 

earth pressure on retaining 
walls. In Fig. 295 XY is 
the vertical earth face of a 
retaining wall, the earth sur- 
face being horizontal and level 
with the top of the wall. 
Produce the horizontal base 
of the wall and select a 
point O on it. Draw OA 
vertically and make it equal 

Fig. 295, — Earth pressure on a wall, earth surface tO pj^ =wH lb. per SquarC 
level. W Rankine-s theory. 

angle with OA. Find, by trial, a circle having its centre C 
in OA, to pass through A and to touch OT. This circle will cut 
OA in B, and will correspond to the circle NPM in Fig. 294. 
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Make OD equal to OB, and DO will represent the other principal 
stress /g* stress will be transmitted horizontally through the 

earth along OX, and an equal stress will be produced on the 
wall at X. Make XE equal to p.^^ and join YE. The stress diagram 
for the face of the wall will be YXE. The average stress will be 
\p^^ and if one foot length of wall be taken, the total pressure P 


-1 


P will act at a point ^ H from the foot of the wall. 

Fig. 296 illustrates the procedure if the earth surface is surcharged, 
or inclined to the horizontal, at an angle a. Draw XO parallel to 

^ the earth surface. Draw 

^ q'Jj OA vertically, and make 

equal to p^ = wH cos a 

\ i\ (P* P®*^’ 

\ i PlM pendicular to XO, and 

/ j \ [ c\ lit draw also OT, making the 

/ i \ \ \ ^ // angle with OM. Find, 

f * P'- ^ circle having its 

/ V centre C in OM, to pass 

/ through A and to touch 

/ '^H ^ ^ ^ circle cuts OM 

/ I ' M and B, and will 

/ ^ 'it -rf*^**. ^ 

ft correspond to the circle 

Fig. *96. — Earth pressure on a wall, earth surface vur- NPM in Fig. 294 * 

charged, by Rankings theory. ^ ^.jjj 

correspond with NP and PM in Fig. 294 ; hence the princijial 

axes of stress will be parallel to MA and BA respectively, and the 
principal stresses will be represented by OM and OB respectively. 
Draw OD and OE parallel respectively to BA and AM ; make 
OD equal to OM and OE equal to OB. The ellip.se of stress 
passes through D and E, and cuts XO produced in F. Hence FO 
is the value of /g- ^ quarter DFE alone of the ellipse need be 

drawn. 

Dravr the stress diagram for the wall by making XG equal to p^ 
and joining GY. The average stress will be -J/gj f*or one foot 
length of wall we have P = i/2 H. 


Fig. *96. — Earth pressure on a wall, earth surface sur- 
charged, by Rankine's theory. 


P acts parallel to the earth surface, and is at a height above 
the foot of the wall. 

If the earth surface be not surcharged, a simple formula may be 
obtained for the stress on the wall at any depth : 
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Let =»«>/% — the earth pressure on a horizontal foot a| a 

depth h feet. 

p2 = the pressure on the wall at the same depth. 


Then, from equation (4), p. 281, 


sin 


And 


I 4 - sin ji 2/2 _ ^ . 
I ^n^' 2/2“ /s' 



-s\nj>\ 

+ sm 4 >F^ 


I “ sin </> , 

r 7VA. 

I + Sin 9 


If the earth surface is surcharged at an angle to the horizontal 
equal to </>, then cos <f>, and it may be shown that the other 

conjugate stress, /g? equal to and acts on the wall at an angle 

to the horizontal. 

If the angle of surcharge is a, the following equation may be used 
in order to find the value of /g * 


p2 — cos 


fcos 
a] - 
Icos 


cos a - s/cOH^a - COS^</>l 


a + \/cc 


Ios'ka - COS' 


!</>/ 


Wedge theory of earth presstire. Let AB (Fig. 297) be the 
vertical face of a retaining wall, and let AC be the surface of the 
earth ; also let BC be a plane 
making the angle with the 
horizontal. Considering the 
wedge of earth BAC, imagine 
that its particles are cemented 
together so as to form a solid 
body. Under this condition, 
the wedge would just rest 
without slipping on the in- 
clined plane BC if the wall 
were removed ; in other 
words, so far as the wedge 
BAC is concerned, there is 
no pressure on the wall. Again, considering an indefinitely thin 
wedge ABA', at rest between the plane BA' and the wall, as its 
weight is negligible, there will be no pressure on the wall. Hence 
the pressure on the wall, being zero for the inclined planes BC 



Fig. 297.~Wedge theory of earth pressure on a wall. 
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and BA', will attain a maximum value for some plane such as BD 
lying between BC and BA'. If the wall were removed, the earth 
would break away at once along the section BD and the wedge ABD 
would fall, subsequently weathering would remove the wedge DBG 
BD is called the plane of rupture ; the force acting on the wall may 
be obtained by considering the weight of ABD and the reaction 
of the earth lying under the section BD. 

The force P which the earth communicates to the wall may be 
assumed to be horizontal, thus ignoring any friction between the 

C 



vertical face of the wall and the earth ; also P may be assumed to act 
at -JH from the base of the wall (Fig. 298). W is the weight of the 
wedge ABD, and is calculated by taking account of one foot length 
of the wall. The reaction Q of the earth underneath BD acts at 
the angle <f> to the normal OE to the section BD. These three forces 
meet at O and are in equilibrium. If 6 is the angle DBC, the angle 
between the lines of W produced and Q will be equal to ft al^c is 
the triangle of forces for W, P, and Q, from which we have 

p 

y^ = t&ne, 

or P = Wtan^ (i) 

Draw DK and AL, each perpendicular to BC. Then, if zv is the 
weight of the earth in lb. per cubic foot, 

W = area ABD x tv 

= (area BAG - area BDC)ze; 
-(^BC.AL-IBC.DK)a; 

= ^a;.BC(AL-DK). 
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Let DK be called x. Then 

(2) 

Also, ^ BK “ BC - KC ' 

id KC = DKcot(<^-a) 

= X cot i<i> - a). 


Hence, 


tan ^ = : 


tax. . - ^ cot (<#>■’«)* 

Substitute the values of (2) and (3) in (i), giving 

P = 37 /;.BC (AL -x)x .X 

The whole of the quantities involved in this expression, with the 
exception of are constant for a given wall, the earth having a 
known value for </» and a given slope at the surface. The maximum 
value of P may be found by differentiating the right-hand side and 
equating the result to zero. Thus, 

d( A L.x--x^ ^ 
dx \ BC - X cot (</> - a) j 

- ~~ 2^) {BC - xcot (<l> - g)} + (AL ,x - x^) cot - a) 

{BC - cot (^ - a )}2 

This will be zero when the numerator is zero. Hence, 

AL . BC - AL . X cot {(f> - a) - 2x . BC + 2X^ cot {< 1 ^ - a) 

= - AL . X cot (<^ - a) + cot (</» - a), 
AL . BC - 2X . BC = -x^ cot (</> - a), 

AL . BC -* xBC =^x,BC- x^- cot (0 - a) 

= (BC - ^cot {<l> - a)}. 

By reference to Fig. 298, it will be noticed that this may be written 
AL.BC-JC.BC = ;*:.BK, 
or 2 A ABC - 2ABDC=2ADKB, 

or ABAD = aDKB (S) 

The condition for the maximum value of P is therefore that the area 
of the triangle BAD should be equal to the area of the triangle DKB. 

From (i), P = W tan 6 

= . A B AD . tan 0 

= zc^.ABKD. tan^ 


= ze^.4BK.a:. 


= iwx^. 


.( 6 ) 
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Graphical solutions by the wedge theory. The following geo- 
metrical constructions may be used for the determination of x : 

Case t. — Earth surface level with the top of the wall. Reference is 
made to Fig, 299. Draw BC making the angle with the horizontal. 
Draw BE perpendicular to BC and cutting the earth surface produced 



Fig. 999. — Graphical solution, wed^e theory, earth surface level. 

in E. Make EF equal to EA. Then BF is equal to x. Draw FD 
parallel to BC and join BI); BD will be the plane of rupture. P will 
be found by measuring BF = x to the same scale as that used in draw- 
ing the wall and inserting the value in (6). Apply P horizontally at 
from the base. 

Case 2. — Earth Borfhoe sarcharged at an angle a. Draw BC (Fig. 300) 
making the angle </> with the horizontal. Draw BE perpendicular tc 



Fig, 300. — Graphical solution, wedge theory, earth surcharged 

BC and cutting the earth surface produced in E. On BE describe a 
semicircle, and draw AF perpendicular to BE. Make EG equal to 
EF ; then BG is equal to x. Draw GD parallel to BC and join DB ; 
DB will be the plane of rupture. Calculate the value of P and apply 
it as in Case r. 
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Case 3. — ^Earth 8urf^ snroliaiged at tbe angle </>. 
BE perpendicular lo the earth surface and 
cutting it produced in E. Then BE is 
equal to x, P is calculated and applied 
as before. 

Case 4. — ^Earth flurfiioe surcharged at an 
angle a and friction between the earth and 

Draw EC (Fig. 302) 
the horizontal to cut 
in C. On BC as 
a semicircle. Make 


In Fig. 301, draw 


the wall considered. 

at the angle to 
the earth surface 
diameter describe 

AT) equal to AB, and draw DE per- 
pendicular to BC. Make BF equal to BE, and draw FG parallel to 
AD. Make FK equal to FG. Join BG. Then the pressure P on one 
foot length of the wall is equal to the weight of the prism of earth 




Fig. 302.— Wedge theory ; solution when friction of earth on wall Is taken account of, 

having an area in square feet equal to the area FGK and a length of 
one foot. P will act at from the ba.se of the wall, and will be 
inclined at an angle to the horizontal. The plane of rupture is BG. 

It is assumed in the last case that the value of </» is the same for 
earth sliding upon earth and for earth sliding upon masonry. 

Distribution of normal pressure on the base of the wall. Having 
found P by application of one of the above methods, the resultant 
pressure on the base of the wall may be found in the manner shown 
in Fig. 303. W is the weight of one foot length of the wall, acting 
vertically through its centre of gravity G. P and W intersect at O, 
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and R is their resultant. For stability, R should pass within the 
middle third DE of the base of the wall (p. 239). 


A 



C T B D 

Fig. 303. — Resultant pressure on wall Fig. 304. — Distribution of normal 

base. stress on the wall base. 


In Fig. 304, F is the point in which R intersects the base of the 
wall, and O is the middle of the base. R may be resolved into two 
forces, Rv and Rh ; the latter produces shearing stress on the base, 
having a somewhat indefinite distribution ; the former produces 
normal stress. To determine the latter, shift Ry from F to O, and 
apply a compensating couple Ry x FO = M. Ry acting at O will 
produce a uniform normal stress of value given by 

p. = “ ib. per square foot. 

^ ^ area of wall base DC 

M will produce a stress which will vary from a push p^ at C to an 
equal pull ^t B. These may be found from 

m=Ai 

m 

where m is ^BC and I is the moment of inertia of i foot length 
of the wall base taken with reference to the axis passing through O 
and perpendicular to the plane of the paper. 

^ I X BC8 
12 

Hence, Rv x FO = — 

^ 6Rv.FO 

BC2 ■ 

A stress diagram CBED is drawn in Fig. 304, in which 
CD =^1+^2 and BE=^j— 
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Kankine's theory applied to foundations. In Fig. 305 is shown a 
wall the weight of which is supported by a vertical reaction coining 
from the earth on which it rests. Consider one foot length of the 
wall, and find its weight W lb. The vertical stress on the earth 
will be W 

area of base AB 


"AB 


lb. per square foot. 


The horizontal stress /g acting on the vertical faces of a small 
rectangular block of earth immediately under the foot of the wall 
will be found from the con- 
sideration that the angle </> 
must not be exceeded by 
the obliquity of the stress. 

Make OC to represent /j ; 
draw OT making the angle 
<t> with OC ; find by trial a 
circle CTF having its centre 
E in OC, passing through C 
and touching OT ; make OG 
equal to OF ; then GO is 
equal to /g- 

ellipse of stress has been 
drawn, although this is not 
required in the construction, 
tally through the earth, and will act on the vertical faces of a small 
rectangular block of earth at K. There will be a stress ^3 acting on 
the horizontal faces of this block and caused by the weight of the 
column of earth resting on the top face of the block, is found 
by a second application of the same construction. Make KH equal 
to /2 ; draw KL making the angle 0 with KH ; the circle HLM has 
its centre in KH, passes through H and touches KL. Make KN 
equal to KM, when NK will be equal to/g. 

Let D be the depth of the foot of the wall below the earth surface, 
and let w be the weight of the earth in lb. per cubic foot. Then 
/g = wD lb. per square foot ; 

D = ”-feet. 
w 

This result gives the minimum depth of the foundation, and 
represents the case of the earth surrounding the wall being just on 



Fic. 305. — Rankine's theory applied to foundations. 


The stress /g transmitted horizon- 
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the point of heaving up. The actual depth of the foundation may 
be obtained by application of a factor of safety, 

D may be found by calculation from equation (4), p. 281. Thus, 




+A 

I -!-sin</> 2/1 _ A 

I -sin <^“2/2“ /j’ 

_ /I - sin <f> \ 
A \i + sin 


•^I) 


•(2) 


Also^ 


Again, 


^2 


••• 

p A A A-s in<^y 

ze/ w \i+ sin 4>J 


W 


/i-sin</)\2 

(iTIiS +) <*' 


AB 


•vS) 


Example. A wall carries a weight of 800 tons. The area of the foot 
of the wall is 200 square feet. Find the minimum depth of foundation if 
the weight of the earth is 1 20 lb. per cubic foot and if </> is 30®. 

800 - ^ 

= 4 tons per square foot. 


a:/ \i 4-sin <^/ 


4 X 2240 
120 



= 8-3 feet. 


EXERCISES ON CHAPTER XII. 

1 . Given principal stresses of 6 tons and 3 tons per square foot, both 
pushes, find the angle of greatest obliquity of stress. 

2 . A retaining wall for earth, 12 feet high, has its earth face vertical. 
The surface of the earth is horizontal and is level with the top of the wall. 
Find the total force per foot length on the wall by Rankine^s theory, taking 
the weight of the earth as 1 10 lb. per cubic foot and <l> as 40^ 

3 . Answer Question 2 if the earth surface is surcharged at 20“ t? the 
horizontal. 
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4 . Answer Question 2 by application of the wedge theory* 

5 . Answer Question 3 by application of the wedge theory. 

6 . Answer Question 3 by the wedge theory, taking account of the 
friction between the earth and the wall It may be assumed that <t> 
has the same value for earth sliding on earth and for earth sliding on 
masonry. 

7 . A masonry retaining wall for earth has its earth face vertical, and 
the earth is surcharged at an angle of 30* to the horizontal. The wall 
is 9 feet high, 2 feet broad at the top, and 5 feet broad at the base. The 
earth weighs no lb. per cubic foot and (f> is 30". Find the total earth 
pressure on the wall by the wedge theory. 

8. In Question 7, the masonry weighs 120 lb. per cubic foot. Find the 
resultant pressure on the horizontal base of the wall. Does it pass within 
the middle third of the base? Find the maximum and minimum normal 
stresses on the base, and draw a diagram showing the distribution of 
normal stress, 

9 . A wall and the load which it carries produce a stress of 3 tons per 
square foot on the earth underneath the wall. If the weight of earth is 
no lb. per cubic foot and if <f) is 35", find the minimum depth of the 
foundation below the surface of the earth, 

10 . A brick wall 25 feet high, of uniform thickness and weighing 120 lb. 

per cubic foot, has to withstand a wind pressure of 56 lb. per square foot. 
What must be the thickness of the wall in order to satisfy the condition 
that there shall be no tension in any joint of the brickwork ? (l.C.E.) 

11 . Concrete exerts on earth at the bottom of a trench a downward 

pressure of 2 tons per square foot ; the earth weighs 130 lb. per cubic foot 
and its angle of repose (in Rankine’s theory) is 30° ; what is the least safe 
depth below the earth’s natural surface of the bottom of the concrete? 
Why are we unable to make much practical use of the theory of earths 
pressure ? (B.E.) 

12 . A concrete retaining wall is trapezoidal in cross section, 24 feet 

high ; thickness at top, 3 feet ; at base, 10 feet ; the back face, which is 
subjected to earth pressure, being vertical. The wall is not surcharged. 
If the concrete weighs 140 lb. per cubic foot, the earth-filling behind the 
wall 125 lb. per cubic foot, and if the angle of repose of the earth is 
22 degrees, investigate the stability of the wall. (B.E.) 


13 . Give the assumptions upon which Rankine’s theory of earth pres- 
sure is based. Show that the intensity of horizontal pressure on a 
retaining wall at a depth feet below the horizontal earth surface is 


1 - sin 
I + sin^ 




where w is the weight of i cubic foot of earth and (j) is the angle of 
repose of the earth. A practical rule takes the pressure as equivalent 
to that given by a fluid weighings 20 lb. per cubic foot. Find the angle of 
repose corresponding to this, assuming equals 100 lb. per cubic foot. 

(L.U.) 
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TESTING OF MATERIALS. 

Wires Trader ptill. A simple apparatus is illustrated in Fig. 306 
and will enable the elastic properties of wires under pull to be studied. 

Two wires, A and B, are hung from the same 
support, which should be fixed to the wall as high 
as possible in order that long wires may be used. 
One wire, B, is permanent and carries a fixed load 
Wj, in order to keep it taut. The other wire. A, 
is that under test, and may be changed readily for 
another of different material. The test wire may 
be loaded with gradually increasing weights W. 
The extension is measured by means of a vernier 
D, clamped to the test wire and moving over a 
scale E, which is clamped to the permanent wire. 
The arrangement of two wires prevents any droop- 
ing of the support being measured as an extension 
of the wire. 

Expt. 15. — Elaatlo BtretchlnK of wires. See that 
the wires are free from kinks. Measure the 
Fic. 306. -Apparatus for length L in inches from C to the vernier. Measure 
tenu e tests on wires, diameter of the wire. State the material of 

the wire and also whatever is known of its treatment before it came 
into your hands. Apply gradually increasing loads to the wire A, 
and read the vernier after the application of each load. Stop the 
test when it becomes evident that the extensions are increasing more 
rapidly than the loads. Tabulate the readings thus : 

Tension Test on a Wire. 

Load, lb. Vernier reading. Extension, inches. ; 

. 
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Load 


Plot the loads in column i as ordinates and the corresponding 
extensions in column 3 as abscissae (Fig. 307). It will be found that 
a straight line will pass through most 
of the points between O and a point 
A, after which the line turns towards 
the right. The point A indicates the 
break-down of Hooke's law. ’ 

Let Wj = load in lb. at A in Fig. 307. w 

d = the diameter of the wire in 
inches. 

Then, 

Stress at elastic break-down 

~ lb. per square inch. 


w. 


- 


/ 



Extension 


""H £ 

Fig. 307.— Graph of a tensile test 
on a wire. 


Select a point P on the straight line OA (Fig. 307), and measure 
Wg and c from the diagram. 

Let W.^ = load in lb. at P, 

€ = extension in inches at P, 

L = length of test wire in inches. 


Then, Young's modulus = E = ‘ 

® strain c 



rupture. 


Several wires of different material should be 
tested in a similar manner. 

In Fig, 308 is shown in outline a simple form 
of machine for testing wires to breaking; the 
machine is fitted with an arrangement whereby an 
autographic diagram is produced, i,e, a diagram is 
drawn by the apparatus showing the loads and 
corresponding extensions. 

AB is the test wire, fixed at A and carrying a 
receptacle B at its lower end. The load is 
applied by means of lead shot, stored in another 
receptacle C, which is fitted with an orifice and 
a control shutter at its lower end ; D is a shoot 
for guiding the shot into B. C is hung from a 
helical spring E, which is extended when C is full 
and shortens uniformly as the weight is removed 
by the shot running out of C A cord F is 
attached to E, passes round a guide pulley and 
also two or three times round a drum G, and 
has a small weight H attached in order to keep 
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it tight. A piece of paper is wrapped round G, and circumferential 
movements of this paper will be proportional to the load removed 
from C and applied to the test wire. A small guided frame carrying 
a pencil is attached to the test wire at P ; vertical movements of the 
pencil will indicate the extensions of the portion of test wire between 
A and P. In action, a curve is drawn on the paper which shows 
loads horizontally and extensions vertically. 


Expt. 1 6 . — TeziBile teat to rupture. Arrange the apparatus and 
fit the test wire ; see that all the arrangements are working properly. 

Draw the lines of zero extension and zero 
load by rotating the drum for the first 
and by moving the pencil frame vertically 
for the second. Measure the diameter of 
the test wire and the length from A to P. 
Allow the shot to run into B until the 
test wire breaks. To obtain the breaking 
load, weigh the receptacle B together with 
its contents. 

Let W = breaking load in lb., 

</= diameter of the wire in inches. 



Fig. 309.— Autographic record of 
a test on copper wire. 


w 


Then, Breaking stress = i ^2 square inch of original cross- 

ly" sectional area. 


In Fig, 309 is given a reproduction of a 
diagram after removal from a machine of this 
kind. The scale of loads may be found by 
placing different weights in C and observing the 
resulting movements of the paper on the drum. 
The diagram shown is for copper wire, and the 
point of elastic break-down may be stated 
roughly from it. 

Experiments should be made on several 
wires of different materials, such as copper, 
brass and iron. 

Wires under torsion. Apparatus by means 
of which may be measured the angle of twist 
produced in a wire by a given torque is illus- 
trated in Fig. 310. AB is a test wire, firmly 
fixed at A to a rigid clamp and carrying a heavy 
cylinder at B. The cylinder serves to keep the 
wire tight, and also provides means of apply- 
ing the torque. The torque must be applied 
as a couple in order to avoid bending, and is 




TESTING OF MATERIALS 


295 


produced by means of cords wound round B ; these cords pass over 
guide pulleys, and carry equal weights and Wg at the ends. 
Pointers C and 1 ) are clamped to the wire, and move as the wire 
twists over fixed graduated scales E and F. The angle of twist 
produced in the portion CD of the wire is thus indicated. 

Expt. 17. — Torsion test on wires. Arrange the apparatus as shown. 
State the material of the wire ; measure its diameter d and the length 
L between the pointers C and 1>, both in inches. Measure also the 
diameter D .of the cylinder B, in inches. Apply gradually increasing 
loads, and read the scales E and F after each load is applied. Tabu- 
late the readings. 

Experiment on Twisting. 


Load, 

Wi^Wa, lb. 

Torque, 

W,D, lb..inches. 

Angle of twist, 
degrees. 





Plot the torques in column 2 as ordinates and the corresponding 
angles of twist as abscissae. A typical diagram is given in Fig. 31 1, 
from ^vhich it will be observed that the graph is practically a 
straight line, indicating that the angle of 
twist is proportional to the torque. Select 
a point P on the straight line, and measure 
the torque T Ib.-inches and the angle a 
from the diagram. If the diagram is 
plotted in degrees, convert a to radians. 

The value of the modulus of rigidity of 
the material may be calculated. 

Let 

T — the torque, in Ib.-inches ; 

L = the length of the wire, in inches ; 

R == the radius of the wire, in inches ; 

a = angle of twi.st, in radians ; 

C = the modulus of rigidity, in lb. per square inch. 

Then, from equation (4), p. 255, we have 

_ 2TL 


Torque 



Of*-— 


^ Angle 


Fig. 3it.--Oraph of a torsion test 
on a wire. 


or 


- 2TL 
’ rR4‘ 


Several wires of brass, copper and steel should be tested. In each 
case, any information regarding the previous history of the wire 
should be noted. 
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Helical sprmgs under pull. The extensions of a helical spring 
under pull may be investigated by use of the apparatus illustrated in 
Fig. 312. A is the spring under test; it is hung from a hook at the 
top of a stand. A graduated scale B is hung 
from the spring, and carries a hook on which 
loads W may be placed. TTie vertical move- 
ments of the scale indicate the extensions of 
the spring, and are read by means of a telescope 
at C. 

Expt. 18. — Extensions of helical springs. 

Make a helical spring by coiling round a round 
bar, or mandril, some wire for which you 
have found C previously, as directed on p. 295. 
Test this spring under gradually increasing 
loads, noting the extension f)roduced by each 
load. Plot loads and extensions ; these should 
give a straight line if the extensions are pro- 
portional to the loads. Select a point on the 
plotted line, and read the load W lb. and 
the corresponding extension € inches. 

Let 

I) = the mean diameter of the helix, inches ; 
^f=the diameter of the wire, inches ; 

N = the number of complete turns in the 
helix. 

Then, from equation (5), p. 267, 



or 


C = 


8wjm 


lb. per square inch. 


Calculate the value of C from this equation, and compare it with 
the value of C found by the direct method of applying torque. 

Other springs made of wire of circular section are supplied. Make 
similar experiments, and find the value of C for each spring. 

Springs of material having a square section are also supplied. If 
the side of the square is s in inches, find the numerical values of the 
coefficient tr for each spring by inserting experimental values in the 
following equation ; WD®N 


Maxwell’s needle. A useful piece of apparatus for making vibra- 
tional experiments on wires is the Maxwell’s needle shown in 
Fig. 313 (<2). The wire AB is fixed firmly at A and is clamped at B 
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to a brass tube C. Four inner tubes D, E, F and G of equal lengths 
can be pushed into C ; the total length of the four tubes is equal to 
the length of C. Two of the short tubes are empty, and the other two 
are closed at the ends and are 
loaded with lead shot. Experi- 
ments are made by first having the 
loaded tubes at I) and G and the 
empty ones at E and F. A few 
degrees of. twist are given to the 
wire, and the needle is then allowed 
to oscillate horizontally. 'Fhe time 
taken to execute, say loo vibra- 
tions, is observed, and hence the 
time of one vibration is obtained. 

The tubes are then exchanged by 
placing the loaded pair at E and F 
and the empty pair at I) and G, 
and the ex[)eriment repeated in 
order to find the time of one vibration. The distribution of mp-ss in 
the system has been altered without altering the actual quantity of 
matter, and the second time will be found to be shorter than the first 


foj 


Fig. 313. — Maxwell’s needle. 



Let = the time in seconds to execute a vibration, the needle 

starting from the end of a swing and coming back 
again to the same position ; loaded tubes at I) and G. 
/2 = the corresponding time in seconds when the loaded 
tubes are at E and F. 

Wj ~ the mass in pounds of one loaded tube. 
m2 ~ the mass in pounds of one empty tube. 
a = the half length of C in feet 
L = the length of the test wire, in inches. 

^=the diameter of the test wire, in inches. 

^=the acceleration due to gravity = 32-2 feet per second 
per second. 

C = modulus of rigidity of material of wire, lb. per sq. inch. 


Then 


^^15 fm ^ - m . 


Expt. 19. — Determination of C by Maxwell's needle. Test several 
wires of different materials by this method, and calculate C for each. 
If wires of the same material have been tested for the values of C 
by other methods, compare the results. 
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Tcnrsional oscillations of a helical si^g. Maxwell’s needle may 
be used for determining the value of Young’s modulus for a wire of 
given material. The wire is first wound into a helical spring and 
arranged as shown in Fig. 313 (/^), where C is the Maxwell’s needle. 
Take the same symbols as before, with the addition of the following ; 

R = the mean radius of the helix, in inches. 

N = the number of complete turns in the helix. 

E = Young’s modulus, in lb. per square inch. 


Then 


p 6 144 ^^ - WgX 


Expt. 20. — Determination of £ by toraional oscillatlonB of a spring. 

Twist the needle through a small horizontal angle, taking care not 
to raise or lower it while doing so. On being released, it will 
execute torsional oscillations. Ascertain the times as before for the 
loaded tubes in the outer position and also in the inner position. 
Measure the dimensions required, and calculate E from the above 
equation. No correction is required for the mass of the spring in 
this experiment. 


Longitudinal vibrations of a helical spring. Using the same 
apparatus, illustrated in Fig. 313 (^), the value of the modulus of 
rigidity may be found for the material of the spring. The spring, 
loaded with the needle, is pulled downwards a little and released ; 
it will then execute vibrations vertically. 


Let 


Then 


/=time in seconds to execute one vibration from the 
lowest position and back to the starting-point. 

M = the mass of the needle, or other load, hung on + one- 
third the mass of the spring, in pounds. 

N = the number of complete turns in the helix. 

R = the mean radius of the helix, in inches. 

^=the diameter of the wire, in inches. 

C — the modulus of rigidity, lb. per square inch. 

64 ^MNR^ 

3“ ' 


Expt. 21. — Determination of C by longitudinal vibrations of a spring. 

Use a spring made of wire which has been tested already for the 
value of C by the direct method of torque (p. 295), and also by the 
method of torsional oscillations (p. 297). Find C for the material 
by application of the method described above, and compare the 
results by the three methods. 


The direct determination of Poisson’s ratio, and also of the 




TESTING OF MATERIALS 


^99 


bulk modulus K for a material presents considerable difficulty. 
These may be calculated easily from the known experimental values 
of E and C by use of the following relations ; 

r» • I E - 2C 

Poisson s ratio = - = — -r;; — . 

m 2C 


Bulk modulus = K = 


EC 


3(3C-E)- 

Take the results for E and C which you have obtained for wires of 

the same material, and calculate — and K for each material. 

m 


Example. A series of tests on steel wires gave average values as 
follows : £ = 13,500 and € = 5500 tons per square inch. Find the values 
of Poisson’s ratio and of the bulk modulus. 

JL 

m ’ 2C 


K= 


i3»5oo_" I 

11,000 ‘^4-4 

EC 

3 ( 3 C-E) 

i3,$ oox 550 0 ^ 

'3(3x55^-13,500) 


= 8250 tons per sq. inch. 


Elastic bending of beams. The apparatus shown in Fig. 314 is 
capable of giving very accurate experimental results on the elastic 




Fig. 314. — Apparatus for elastic bending of beams. 


bending of beams. The test beam A rests on steel knife-edges 
supported by blocks B, B. The blocks may be bolted at any distance 
apart on a lathe bed C. The load W is applied by means of a 
shackle D having a steel knife-edge which rests on the beam. The 
piece E, carried by the shackle, is pierced by a hole which is covered 
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by a piece of transparent celluloid having a fine line ruled on it 
This line is observed through a micrometer microscope F, and will 
travel over the eyepiece scale as the beam deflects. The value of a 
scale division of the eyepiece scale may be ascertained by use of a 
scale engraved on the vertical pillar of the microscope ; a rack and 
pinion movement permits of vertical movement of the microscope up 
or down the pillar. 

For testing beams fixed at the ends, the knife-edges at B, B are 
removed ; these are merely dropped into V grooves on the top of the 
blocks. The test beam now rests on the top of the blocks (Fig. 315), 
and is held down firmly at each end by a strong cast-iron cap and 
four studs. 

The angle of slope at any position of the beam may be measured 
by means of the arrangement shown in Fig. 316. A is a small three- 




rr 7 //iff/ 7 tm^fnrrnjmfnrri m, 

Fig. 315. — Test beam fixed at ends. 




Fig. 316.— Apparatus for measuring 
the slope of a beam. 


legged .stool carrying a mirror and rests on the test beam. B is a 
reading telescope having a hair line in the eyepiece, and is used to 
observe the reading of a scale C reflected to the telescope by the 
aid of the mirror at A. 

The apparatus may be used for a large number of experiments \ 
the following indicates some of the more simple. 

Expt. 22. Take a bar of mild steel of rectangular section about 
2 inches x i inch and about 3-5 feet in length. Arrange it as a beam 
simply supported on a span of 3 feet and loaded at the centre of the 
span. Apply gradually increasing loads, and measure the deflection 
at the centre of the span after the application of each load. Verify 
these readings by removing the load.s, one at a time, and observing 
the deflections after the removal of each load. 'Jabulate these 
readings, and plot loads and deflections. If the resulting diagram is 
a straight line, then the deflections of the beam are proportional to 
the load. Select a point on the plotted line, and note the load W lb. 
and corresponding deflection A inches ; also let L be the span in 
inches Calculate the value of Young’s modulus for the material, 
using the equation given on p. 1 69, viz. : 

. WL3 
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For the given section, breadth B and depth D, both in inches, 

^ ~~ ^ ^ ^ 


or 


A- 

4EBDS’ 

WL® 

square inch. 


Expt. 23. Use the same piece of material (a) as a cantilever, (i>) 
as a beam fixed at both ends. In each case measure the deflections 
for loads gradually increased and gradually diminished. Plot the 
results and determine Young’s modulus, making use of the following 
equation for case (a) : 


A = 


wjy 

"3EI 


(p. 168). 


For case (/^) use 


WIJ 

192EI 


(p. 178). 


Compare the values of E obtained by the three methods employed. 


Expt. 24. Arrange a test bar as a cantilever (Fig. 317). Let the 
load be applied at B, and arrange the three-legged mirror stool at C, 



a scale divided decimally in inches at D, and a reading telescope at E. 
On loading the cantilever a certain angle of slope will occur at B ; 
as there is no load, and consequently no bending moment between 
B and C, whatever slope exists at B will occur uniformly between B 
and C. Hence the slope measured at C will be the slope at the 
point of application of B. The slope at B may be calculated from 

WI 

= radians (p. i68). 

If the piece of material used in the previous bending experiments 
is employed in this experiment, E is known, and hence /b niay be 
calculated for any given load. To verify the calculation, observe the 
scale readings for gradually increasing and gradually diminishing 
loads ; plot the results, and select from the diagram the value of i’b 
corresponding to the value of W used in the calculation. 
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In reducing the scale readings to radians, it must be noted that if 
the mirror at C tilts through an angle /, the ray of light CD will 
travel through an angle of magnitude 2/. Let a be the change of 
scale reading due to an increment of load, and let b be the distance 
from the mirror to the scale, both in inches. The angle turned 
through by the ray CD will be 

DCD' = % radian ; 
b 

. a 

i—~ radian. 

2b 

Ten-ton testing machine. In Fig. 318 is shown in outline the 
principal parts of a testing machine constructed by Messrs. Joshua 



Fig. 318. -Ten-ton Bucklon tcbiing machine. 

Buckton to the design of Mr. J. H. Wicksteed. As illustrated, the 
machine is arranged for applying puU. The test piece, AB, is held 
by grips in two crossheads C and D ; I) is guided by the main column 
E of the machine, and may be drawn downw^ards by means of a screw 
F and a wheel G ; the latter serves as a nut for F, and is prevented 
from moving vertically. The rotation of G is effected by gearing and 
belt drive from some source of power; open and crossed belts permit 
of either direction of rotation being given to G. The belts are under 
the control of the operator by means of striking gear. The upper 
crosshead C is hung from a knife-edge H fixed in the beam K. The 
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beam is supported by a knife-edge L resting on the top of the 
column E. Its movement in a vertical plane is limited by spring- 
buffer stops M and N. A counter-poise P can be moved along the 
beam by means of a screw and hand-wheel under the control of the 
operator until the pull transmitted through the test piece to the beam 
is equilibrated. The magnitude of the pull is shown by the position 
of the counterpoise in relation to a scale of pounds which is attached 
to the beam. 

For applying puth to the test piece, the machine is modified as 
shown in Fig. 319. The specimen AB is placed between crossheads 




Fig. 321. — Shearing 
device. 



Fig. 322.— Punching 
device. 


Q and R, the former being connected to the screw F and the latter 
being hung from the beam. 

In carrying out bending tests, arrangements are made as shown in 
Fig. 320. The test beam AB rests cm supports T, V, which in turn 
are carried by a beam S secured to the crosshead R. The weighing 
beam on the machine thus supports the beam under test. A central 
load is applied by means of a ram attached to the crosshead Q and 
drawn downwards by means of the screw F. 

Simple sbeaiing tests are carried out by means of the appliance 
illustrated in Fig. 321. The piece X may slide inside W ; the test 
piece AB is pushed into cylindrical steel dies carried by W ; X has 
another steel die which bears on the central portion of the test piece. 




304 


MATERIALS AND STRUCTURES 


The machine is arranged for pull as in Fig. 318 ; W is attached to C 
and X to D. On operating the machine, the test piece is put under 
double shear under much the same conditiors as a rivet in a 
double-strapped butt-joint (p. 102). 

Fig. 322 shows an appliance which may be used fo> 

m punching tests. The upper block a can move vertically 
relative to the lower block b, and is guided by pins c 
and ^/. a carries a punch Y and b has a die Z. 
AB is the test piece. The machine is arranged for 
compression as shown in Fig. 319, and the punching 
appliance is placed between the crossheads Q and R. 

m The same machine may be used for torsion tests, 
but it will be found more convenient to have a 
separate torsion machine. One such is described on 
P- 316. 

A flat bar tension test piece is shown in Fig. 323. 
The enlarged ends ensure that fracture shall not take place in 
the grips. Fig. 324 shows the pair of steel wedge grips used for 
holding each end of this test piece. The grif)s have serrated 
faces for gripping securely the specimen. Round test pieces may 
be gripped in a similar manner, but a better plan is to have each 


Fig. 323. — Flat 
test piece. 



Fig. 324. — Wedge grips. 



end of the specimen A screwed into a holder B (Fig. 325) ; the 
holder has a nut C resting in a spherical seat formed in D, and 
permits of better alignment of the specimen in the machine than is 
possible with wedge grips. Both patterns of grip are used for ductile 
materials. 

For holding hard non-ductile materials like cast iron, the holder 
shown in Fig. 326 is employed. The specimen A is round, and has 
each end enlarged as shown at B. A split nut C screwed into the 
Holder D supports A. 
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The arrangement shown in Fig. 327 will be found to give satis- 
factory working in compression tests. The ends of the specimen A.B 
are screwed into holders C and D. Hard 1 

steel balls are placed at E and F in conical 
depressions, and enable the load to be applied CTe 

very nearly axially. I 

Columns made of cycle tubes provide a Jj I 

large range of useful tests. The arrangement I |c 

when both , ends are rounded is shown in LJ 

Fig. 328. Conical hard steel plugs C and ^ 

1) are inserted in the ends of the tube AB 

and bear on hard steel seats E and F. It 

will be found useful to carry out a series of 

tests on specimens having a range of ratios B 

of L to k. The breaking loads for these j I 

should be plotted in the manner described L J 

on p. 235. Great care should be taken in 

order to secure initial straightness, and the ^ 

load should be applied as smoothly as possible 

in order to avoid shocks which would pre- ^ 

cipitate rupture. Fig. 327. — Test piece arrange 

Autographic recorder. The autographic for compression, 

recorder fitted to the machine in the laboratory at West Ham was 
designed by Professor Barr of Glasgow University, and is shown in 

i outline in Fig. 329. AB is the test piece under pull, 

and has two clamps D and E attached to it at a 
I E I measured distance apart. A cord F is attached to D, 

*^11 A passes over a pulley at E and thence to a drum C. 

Any extension of the test piece between D and E 
will be shown by rotation of the drum. The drum C 
has a paper wrapped round it on which the diagram 
of loads and extensions is drawn by a pencil G. 
— I Horizontal distances on this paper will represent 

_ B extensions of the portion DE of the test piece. 
qL -4 The pencil G is given vertical movements propor- 

f J tional to the load on the specimen by means of 
^ the following mechanism. The counterpoise of the 
Fig. 328.— Tubular machine is driven along the beam by means of the 
test column. Operating wheel H and gearing connected to the 
spindle K. The same spindle is connected also by gear wheels L to 
a screwed spindle M, on which is threaded a guided frame N carrying 
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the pencil G. Vertical movements of the pencil will therefore be 
reauced copies of horizontal movements of the counterpoise, and 
tnus will represent to scale the load on tlie specimen. 

In testing ductile materials there are generally two points where 
the piece stretches so rapidly that the beam of the machine is certain 
to drop on to the lower buffer-stop ; these are the yield point and 
the part of the test where local contraction is occurring preparatory to 
fracture. Should the beam drop on the buffer-stop, a portion of the 



diagram will be lost, as the load on the specimen is no longer re- 
presented by the position of the counterpoise on the beam. To 
obtain the complete diagram, a special spring Q is suspended from 
the end column of the machine (Fig. 329). Adjustable lock nuts 
are provided at R, and a bracket S is fixed to the end of the machine 
beam P. 

As the beam descends, S will come into contact with R and 
the spring Q will extend, thus removing some of the load from 
the test piece. The movement of the beam while extending Q is 
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utilised for lowering the pencil G'by an amount proportional to the 
load removed from the test specimen. The screwed spindle M i£ 
capable of vertical movement, and is held up in normal circum- 
stances by means of a lever T and balance weight W, the collar U 
thus being pressed against the fixed bracket V. A rod X is con- 
nected to the lever T, and has its end hooked to engage a pin Y 
fixed to a lever Z which is secured to the machine beam P. As the 
beam descends, S comes into contact with R and Y arrives at the 
hooked end of X simultaneously. Further movement of the beam 
will extend Q and lower M, and so will lower the pencil by an 
amount proportional to the load taken olf the specimen by the spring. 

It will be evident that the apparatus can be used for the produc- 
tion of an autographic record of any of the tests made in the machine; 
the cord which rotates the drum is connected in each case to the 
part the movements of which are to be recorded as horizontal dis- 
tances on the paper. 

Extensometers. In tension tests which do not exceed the elastic 
limit, it is necessary to attach some form of extensometer to the 
specimen for the purposes of detecting and measuring the very small 
extensions which occur. The instrument devised by Sir J. A. Ewing 
is probably the most useful in general practice, and is shown in outline 
in Fig. 330. The test piece AB has clamped to it two blocks or levers 
C and D, by means of pairs of pointed pinching screws at E and F. 
C and D are connected by a bar G which is pivoted to I) at H and 
is pulled against C at its upper end by means of a spring M ; the 
end of G has a ball K formed on it which beds in a conical recess in 
the end of the micrometer screw L. At the other end of C is sus- 
pended a rod N having a ball at its upper end ; this ball is pulled 
upwards into a conical recess by means of a light spring O. The lower 
end of N 'is guided by pins on D and carries a fine hair line at P. 
This hair line is observed through a micrometer microscope Q. 

Suppose that the test piece extends under pull and that the rod G 
remains unaltered in length. The hair line P w'ill be displaced up- 
wards relative to the microscope, and so w’ill appear to travel over 
the eyepiece scale. Each scale division represents approximately one 
five-thousandth of an inch, and it is easy with a little ex|)erience to 
subdivide each division into ten parts, thus enabling readings to be 
taken to the nearest fifty-thousandth of an inch. 

The precise value of a scale division of the microscope is ascertained 
as follows : After focussing the instrument and reading the scale, the 
micrometer L is given one complete turn. As its pitch is 0*02 inch, 
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the effect is to change the length of G by this amount. The arms of 
the lever C on either side of the specimen are equal ; hence P will be 
moved relative to the microscope by 0*02 inch. The microscope 
scale is read again, and the difference between this and the original 
reading corresponds to a movement of P of 0-02 inch. Now 
in use, G remains unaltered in length, and the movement of P is 
produced by the extension of the specimen ; the effect of the levers 
is to produce a movement at P equal to double the extension of the 
specimen. Accordingly 0*01 inch extension of the specimen will 
produce a movement of 0*02 inch at P. Hence the scale divisions 

D- 



a 


Fig. 330. — Ewing’s extensometei 

movement in the microscope found as directed above correspond to 
0-0 1 inch extension. Once focussed and calibrated, the instrument 
requires no further adjustment during the test unless the extension is 
sufficiently large to run the risk of moving the hair line beyond the 
limit of the microscope scale. In this event, it may be brought to a 
working position again by giving the micrometer L one turn, when 
the test will proceed as before. The loads are applied best in equal 
increments, and the reading of the microscope taken after application 
of each increment. The following record of a tensile test may assist 
in indicating the methods of noting the observations and of reducing 
the results : 
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Tensile Test on a Mild-Steel Specimen. 

Laboratory No. A, M.S., 14. 10. 10. 

Form of test piece ; round, with swelled ends ; ends rough turned 
to 0-75 inch diameter; body turned and polished. A length of 
10 inches of the body was marked off at i inch intervals by light 
centre punch dots. 

Diameter of specimen, 0*445 iDch. 

Area of cross section, 0*1556 inch. 

Elastic test with Ewing's extensometer. 


Calibration of Instrument. 


Micrometer screw. 

Microscope scale. 

Original. 

Final. 

DiflFerence. 

I turn 1 

30 

77*2 

47-2 

I turn 

50 

97*2 

47*2 

I turn 

40 

87*2 

47*2 


47*2 microscope scale divisions are equivalent to an extension of 
0*01 inch. 

I microscope scale division — “ 0 0002 1 1 8 inch. 

The load was applied in increments of 100 lb. A number of these 
readings are omitted in the following table in order to economise 
space. None of the omitted readings depart from the plotted curve 
(Fig* 330 - 

Log OF Test. 


Load, lb. 

Microscope scale. 

Load, lb. 

Microscope scale. 

100 

30*0 

4700 

6 s -3 

500 

33'0 

4800 

66*1 

I 100 

37-9 

4900 

67*1 

1600 

41*9 

5000 

68-0 

2000 

44-8 

5100 

68*8 

2500 

48-3 

5200 

69-3 

3000 

52-1 

5300 

70*2 

3500 

56*0 

5400 

71*1 

4000 

59-8 

5500 

72*1 

4500 

638 

5600 

73*0 

4600 

64*6 

5700 

74*5 

creeping to 

83-5 
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The loads and scale readings are shovm plotted in Fig. 331. It 
will be observed that the line ceases to be straight at A, which point 
accordingly indicates the break-down of Hooke’s law. 

Load at elastic break-down, ’4700 lb. 

4700 

Stress at elastic break-down = - ^ ^- -- 

0*1550 X 2240 

= 13-48 ions per sq. inch. 

Load at which creeping started = 5700 lb. 

Stress 5700 

= 16-35 ii^ch. 

The creeping of the hair line in the instrument marks the com- 
mencement of a stage in which the beam of the testing machine 
would exhibit a tendency to descend slowly towards the lower buffer- 



30 40 50 60 70 80 90 

Microscope scale 


Fig. 331. — Elastic limit tensile test ; mild steel. 


Stop while a constant load is maintained on the specimen. When 
this stage is developed fully, the material is said to be in a plastic 
state, and the point is called the yield point. 'Fhe autographic record 
(Fig. 332) shows the yield point clearly. 

To determine Young’s modulus ; 

From the diagram (Fig. 331), a load of 4000 lb. produced an ex- 
tension corresponding to 29 microscope scale divisions. 

Extension of specimen = 29 x 0*0002 118 
= 0*00614 incl). 
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Gauge points of extensometer are 8 inches apart. 

Strain = 0*000768. 

o 

Stress = = = 25*700 lb. per sq. inch. 

Young's modulus = E = = 33* 500,000 lb. per sq. inch. 

= 14,900 tons per sq. inch. 

Test to maximum load. 'The extensometer being removed, the 
autographic recorder was connected to the sj)ecimen at 10 inch 
gauge points, and the load was increased from zero until the test 
piece began to form a neck ijrei)aratory to breaking. The resulting 
diagram is shown in Fig. 332, and gives the yield load as 6600 lb. 
From this we calculate 

Yield stress = - — - = 18-93 tons per sq. inch. 

0-1556x2240 IT 1 

The maximum load w’hich the specimen could carry w'as 9600 lb. 
Hence, 

Breaking stress = = 27-5 tons per sq. inch. 

The autographic record (Fig. 332) shows an interesting point 
regarding tlie effects of overstrain {t\e. straining beyond the yield 
point) on the elastic properties of 
the material. After the specimen X6. 
had been stretched 1-2 inches on 10000 
a length of 10 inches, the load • 

was removed. Reapplication of 800 CH 
the load caused the diagram to 
rise from zero along a practically 60001 
straight line until the former 
curve was reached again at a 
load of about 9500 lb. Yielding 
along the curve then continued 
as before. The overstraining had 

hardened the material and raised I'O 2*0 3'0 

the yield load from 6600 lb. to Inches 

about 9500 lb., i.e. only slightly ’’ 

below the ultimate load. 

The test piece was removed from the machine and the lengths of 
the intervals between the centre punch dots were measured ; also the 
diameters at each dot. From these the curves in Fig. 333 were 
plotted. It will be noted that both extensions and diameters vary 
considerably, and illustrate the necessity for stating the distance 
between the gauge points as well as the percentage extension of a 


Fir.. 332.— Autographic record ; mild steel 
uiiiler tension. 
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test piece. A good method is to measure the total extension on a 
length of lo inches, also the extension on the 2 inches interval 


Inches 



Fig. 333.— Dimensions of a mild steel specimen after a tension test. 


which includes the fracture ; the difference between these will be 
the general extension on the remaining inches of the specimen. 

These extensions, expressed as per- 
centages, give useful information re- 
garding the ductility of the material. 
Another measure of the ductility may 
be obtained by measuring the cross- 
sectional area of the fracture. The 
loss in area may be found from this 
measurement, and may be expressed 
as a percentage of the original sectional 
area. 

Fig. 334, copied from the autographic 
record of a specimen of Delta metal 
under pull, is given as illustrating 
totally different characteristics from the 
mild'-steel diagram shown in Fig. 332. 

In particular, the absence of any yield 

0 0 5 10 15 Inches pQjjjt ^ill be noticed. 

Fig. 334.-Auto^graphic^^^^^ Delta Bcnding tests. The records given 

in Figs. 335 and 336 illustrate an 
instructive test made on a mild-steel bar having a span of 36 
inches, breadth 2-01 inches and depth 2-015 inches. The bar was 


Lh 




TESTING OF MATERIALS 313 

arranged as shown in Fig. 370 and bent by application of a central 
load until the deflection was 2-6 inches. The record (Fig. 335) 
shows that yielding was reached at about 7200 lb. The test was 
arrested at about 2*1 inch deflection, and the load brought to zero 
and then reapplied; the diagram shows that the new yield load is 
about 9000 lb. 

Then the load was removed entirely and the bar turned over; 
central loading was applied again so as to straighten the bar. The 
diagram given in Fig. 336 shows the result. There is practically no 
part of this test where the elastic law is followed, a fact which will 
be understood readily when it is realised that the bar came out of 
the former test badly overstrained both on its compression side and 


Lb lb 



on its tensile side, and, in the effort to recover some of the deflection 
imposed on it, the material became self-stressed throughout. The 
second test began therefore with the material in a complicated state 
of stress- This test was also arrested at about 2-2 inch deflection. 
Qn reapplication of the load, a yield load of about 10,000 lb. will be 
observed in the diagram. Had the bar been annealed after straighten- 
ing, it is probable that a diagram somewhat resembling Fig. 335 for 
the first test would be obtained. The tendency of the annealing is 
to remove self-stressing from the material. 

Fig. 337 has been copied from the autographic record obtained in 
testing a cast-iron bar under bending. T he bar was rectangular in 
section, 2 inches wide and 13'^ inches deep, span 20 inches. Rupture 
occurred with a central load of 3200 lb., the maximum deflection 
recorded being 0*2 inch. It will be noted that the load and 
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deflection remain approximately proportional up to fracture. The 
contrast of the ductile and brittle materials is rendered clear by 
inspection of Figs. 335 and 337. The mild-steel bar could not be 
broken by bending ; the cast-iron bar could take a very small 
deflection only. 

The usual test for timber is by bending under similar conditions 
to those noted above. The specimens should be of as large size 
as is possible, then the effect of any local flaws such as shakes and 
knots will not be emphasised, as would be the case with a smaller 
specimen containing the same flaws. In Fig. 338 are given copies of 


IV lb 


Lb. 



o 0*2 Inch 

Fig. 337. — Cast-iron test bar under bending. 



Fig. 338.— Bending tests on timber. 


records of bending tests on yellow deal, teak and oak. The yellow 
deal specimen was arranged with the annual rings nearly horizontal, 
and failed by shearing horizontally along the fibres and round the 
annual rings. The dimensions and results are given in the following 
table : 

Bf:nding Tksts on 'rHRF.p: Timbf.r Specimens. 


Material. 

Span X breadth x deplli, 
inch units. 

Central breaking- 
lo.ad, ib. 

Deflection at 
centre, inch. 

Yellow deal - 

24x2-9 X3.4 

12,600 

0-8 

Teak - 

60 X 3-14 X 4.26 

6,720 

0-92 

Oak 

24 X 1-35 X 2-25 

3,500 

— 


In reducing the result.s of tests on cast-iron and timber specimens, 
it is usual to state the value of the coefficient of rupture. This 
coefficient represents the value which the maximum stress at rupture 
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due to bending would have if Hooke’s elastic law were followed 
throughout. For a beam of rectangular section supported at the 
ends and having the load applied at the middle of the span, the 
calculation will be as follows : 

Let W = maximum load, in lbs. 

L == the span, in inches. 
b — the breadth, in inches. 
d=the depth, in inches. 

Then M - . I, 

m 


and 


WL / bd^ fbd^ 
4 \d V2 6 ’ 


Coefficient of rupture =^/ 


-^-3WL 


2 bd^' 


Shearing tests. Autographic records of two shearing tests carried 


out in the apparatus de- 
scribed on p. 303 are given 
in Figs. 339 and 340. The 
former is for a mild-steel 
specimen and the latter is 
for a specimen of gun- 
metal. It should be noted 
that pure shear is not ob 
tained with this ap{)aratus, 
the specimen being under 
bending as well as shearing. 
In Older to minimise the 
bending effect, the speci- 
mens should be turned to 
fit the bored holes in the 
dies. The results of the 
tests are given below. 


Lb 

16000 


120004 


8000 


4000 


0 01 02 Inch 

Fit,. 339. Mild steel under 
shearing. 


Lb 

loooa 

0000 - 

6000 

4000 

2000 ] 


O ^5 Inch 
Fig, 340.— Gun-metal 
under shearing. 


Shearing Tests. 


Cross-sectional area, 


Material. 

Diameter, 

inch. 

square inch. 

Shearing load, 
lb. 

Shearing strength, 
tons per sq. inch. 



Actual. Under shear. 


Mild steel - 

0-496 

0-194 

0388 

16,400 

18-9 

Gun-metal 

0-500 

0196 

0-392 

10,190 

1 1-6 
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Punching tests. In punching a hole in a piece of material, 
the action of the punch is first to increase the pressure on the 
material until the plastic stage is reached; 
in this stage, some of the metal flows from 
under the punch into the surrounding plate, 
the plate immediately under the punch be- 
coming thinner. This effect continues until, 
partly by the increasing force on the punch 
and partly by the diminishing thickness of 
the plate, the rupturing shear stress on the 
material is attained and a wad is pushed out. 
The following results of a punching test may 
be of interest; the autographic record is 
given in Fig. 341. 

Punching Test on a Wrought-Iron 
Plate. 

02 /rich Thickness of the plate = ©‘265 inch. 

Fig. 341.— Punching test on Diameter of the wad punched out = 0-38 

wrcughtiron. 

Area under shear stress = irdt-w x 0-38 x 0*265 

= 0*317 square inch. 

Maximum load on the punch = 15,750 lb. 

Maximum shearing stress = - — -=22*2 tons per sq. inch. 

® 0*317 X 2240 ^ ^ 

Thickness of the plate round the hole after punching = 0*268 inch. 

Thickness of the wad = 0*257 inch. 

Loss of thickness of material in the wad = 0*008 inch. 

Gain of thickness of material round the hole = 0*003 inch. 

Total work done in punching the hole, represented by the area of 
the autographic record, is about 810 inch lb. 

Avery torsion machine. An outline diagram of this machine is 
given in Fig. 342, where AB is the test piece. The end B is con- 
nected to a worm wheel C, which may be rotated by means of a 
worm D and hand wheel E. The wheel C has 90 teeth ; hence each 
quarter turn of the hand wheel twists the specimen through one 
degree. The torque is measured by means of a system of levers 
FG, MK and NP, connected to the end A of the specimen. NP 
carries a counterpoise Q, which may be run along the lever by means 
of a screw and hand wheel, and shows the torque by its position 
relative to a scale attached to the lever. The scale reads from zero 
to 1000 Ib.-inches : to obtain higher torque the counterpoise is run 
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back to zero, and a load R is suspended from the end of the lever 
and is sufficient to give a torque of 1000 Ib.-inches. The test then 
proceeds to 2000 Ib.-inches by traversing the counterpoise. This 
process repeated enables 5000 Ib.-inches torque to be obtained, the 
lever MK resting on the knife-edge M during this stage. To increase 
the torque further, the knife-edge M is lowered and L is raised 



simultaneously by means of a lever; the effect c»i this is to double 
the value of the scale divisions on the lever NP. The effects of the 
loads at R also are doubled. To reset the torque at 5000 Ib.-inches, 
hang two weights at R (equivalent now to 4000 Ib.-inches) and set 
the counterpoise at 500 (equivalent to 1000 Ib.-inches). The test 
then proceeds as before, the capacity of the machine being now 
10,000 Ib.-inches. 

In testing a piece to destruction, readings are taken of the torques 
and of the corresponding angles of twist by counting the number of 
teeth passed by the worm-wheel ; each tooth represents 4 degrees of 
twist. Plotting these readings will give a curve such as is illustrated 
in Fig. 343. The principal results of this test are giveh below. 

Torsion Test on a Mild-Steel Specimen. 

Laboratory No. 6, M.S., 22.3.10. 

Original diameter, 0-756 inch. 

Original length, 5*625 inches. 

Diameter after fracture, 0-754 inch 
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length after fracture, 5-750 inches. 

Yield torque, estimated by the dropping of the beam, 2000 
lb. -inches. 

Breaking torque, 6400 lb. -inches. 

Angle of twist at yield, 3-5 degrees on 5*75 inches length. 

Angle of twist at breaking, 1896 degrees on 5-75 inches length. 
Mean torque, from diagram, 5650 Ib.-inches. 

Total work done in fracturing specimen, 187,000 inch-lb. 

Work done per cubic inch of material, 74,200 inch-lb. 

Lb- inches 



Fig. 343.— (iraph of a torMon test on miid sieel. 


The form of the test specimen is indicated at AB in Fig. 344 ; tne 
same diagram also illustrates an appliance whereby angles of twist 



Fig. yji . — Apparatus for nieasunng angles of rwist within the elastic limit. 

Mfithin the elastic limit may be measured. C and D are two pieces 
of wrought -iron steam tube turned and bored at L to an easy fit. 
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Three steel pinching screws nip the specimen at E and other three 
screws engage it at F. The angle of twist is measured on the length 
of the specimen between E and F. C carries a micrometer micro- 
scope G, balanced by means of a weight K, and D carries a rod 
having a small piece of transparent celluloid at H. A radial line is 
scratched on the celluloid, and is sighted through the microscope. 

Lbrimhes 

20001 

16001 

cool 

BOO 

400 

26 40 60 SO IQO 120 * ScaU diy^ 
of twist 

Fig. 345.— Graph of an elastic tor&ion test, mild steel. 

The circumferential movement of the line is given by the scale 
readings of the microscope ; these reduced to inches, and divided by 
the radius of the mark sighted on the scratched line, will give angles of 
twist in radians. These numbers may be plotted as shown in Fig. 345, 
which illustrates the results obtained in testing the following .specimen. 

Er.ASTic Torsion Test on a Mild-Steel Specimen. 

Laboratory No. 2, M.S., 17. 2. 10. 

Diameter, 0*753 inch. 

Gauge points, 7*5 inches. 

Value of one .scale division of the micro.scope, 0*000377 radian. 

Hooke’s law broke down at 1750 Ib.-inches of torque (point A in 
Fig- 345)- 

Angle of twist at break-down of Hooke’s law, 0*0358 radian. 

Maximum stress at break-down of Hooke’s law, 9*3 tons per 
square inch. 

From the diagram, torque T~i65o Ib.-inches, when the angle of 
twist a is 0*0336 radian. 

Hence, 

2TL 

Modulus of rigidity = C - ^^4"^ — 5200 tons per square inch. 

“ Creeping ” of the specimen was noticed first distinctly when the 
torque was 2000 Ib.-inches, z.e. at this load the machine beam would 
begin to show an inclination gradually to droop under a steady load. 
'Fhe point is marked B in Fig. 345, and, as will be seen, occurs a 
considerable interval beyond the point A of elastic break-down. 
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The total work done up to the elastic limit will be found by taking 
the product of the mean torqi.e and the angle of twist, and is 30-3 
inch-lb. 

To obtain the resilience, i.e. the work done per cubic inch of 
material, divide the total work by the volume of the specimen 
between the gauge points. I'he result is 9 3 inch-lb. 

Oement testing. Portland cement is made by mixing chalk and 
fine clay in certain proportions, burning the mixture at a clinkering 
temperature, and finely grinding the resulting product. Cement of 
this kind is much used for making concrete for constructional pur- 
poses. Concrete consists of an aggregate of clean broken stones, 
etc., to which sufficient clean sand is added to fill completely the 
voids between the stones. A quantity of Portland cement is inti- 
mately mixed with these, sufficient to coat the surface of every stone 
and every particle of sand with cement. Water is added, and the 
whole is mixed thoroughly in order to produce a plastic mass, which is 
rammed into moulds prepared to give the required structural shape. 

The qualities which Portland cement should possess have been 
laid down by the Engineering Standards Committee, and the tests 
should be carried out in accordance with the terms of their specifica- 
tion,^ a copy of which should be in the hands of the experimenter. 

The fineness to which the cement has been ground is of great 
importance, and is tested by means of sieves, one having 5776 holes 
per square inch and another having 32,400 holes per square inch. 
These sieves are made in a special way of wire having standard 
diameters in terms of the specification. The residue left on the first 
sieve should not exceed 3 per cent., and on the latter 18 per cent. 

'Phe specific gravity of the cement is taken now in place of 
weighing the cement in bulk. This may be ascertained by use of a 
specific gravity bottle having a graduated stem and containing a 
measured quantity of turpentine (cement w^ill not .set in turpentine). 
A measured weight W of cement is introduced into the bottle, 
and its volume V may be observed from the rise in level of the 
turpentine in the stem of the bottle. Then 

W-Vz£;p, 

where w is the weight of a cubic unit of water and p is the specific 
gravity of the cement. The specific gravity should be not less than 
3*15 for cement freshly burned and ground. 3-10 is permitted at a 
period not less than four weeks after grinding. 

* British Standard Specification for Portland Cement^ Crosby, Lockwood & Son. 
Revised 1910. 



TESTING OF MATERIALS 


321 


The strength of cement is determined usually by means of tensile 
tests, although cement in practice is generally under compression. 
Tensile tests may be carried out in a comparatively small machine, 
while compression tests require a machine capable of exerting great 
pressure. When compression tests are made, the test briquettes are 
generally cubical ; briquettes for tensile tests are prepared in moulds 
having a shape in accordance with that laid down in the standard 
specification. Considerable experience is required in order satisfac- 
torily to gauge or mix the cement intended for test briquettes. The 
quantity of water to be used depends on the kind of cement, and 
greatly influences the strength of the cement. The student can 
test this easily by preparing several briquettes having water per- 
centages of from 18 to 25, and testing these for tensile strength. 

The moulds should rest on an iron plate while being filled ; no 
severe mechanical ramming should be necessary if the correct per- 
centage of water has been used. During the first 24 hours after 
filling, a damp cloth should be placed over the moulds. The 
briquettes are removed from the moulds then and placed in clean 
water until the strength test is carried out. The temperature 
throughout should be near 60*" Fah. The tensile strength of neat 
cement briciuettes {t.e. briquettes made of cement alone, without sand 
or other material) at 7 days from gauging should not be less than 
400 lb. per square inch. Briquettes consisting of one part by weight 
of cement to three parts by w'eight of Leighton Buzzard sand, prepared 
in accordance with the terms of the standard specification, should 
have a tensile strength of 150 lb. per square inch at 7 days after 
gauging. 

I’he setting time is tested by means of a standard needle having a 
flat point one millimetre square and having a total weight of 300 
grams. The cement is taken as set when the application of the 
needle fails to make an impression. 

I'he soundness of the cement is tested by the Le Chatelier method. 
A cylindrical mould having an axial split and furnished with two 
long pointers is filled with cement, as directed in the standard 
specification. This is kept in water for 24 hours, and then the 
distance between the ends of the pointers is measured. The mould 
and cement are then boiled for 6 hours and allowed to cool. The 
distance is measured again, and the increase should not exceed a 
stated amount. 

Cubical cement and concrete blocks, bricks and stones are tested 
under compression. It Is best to prepare the top and bottom 
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surfaces by smoothly coating them with plaster of Paris in order to 
give level parallel surfaces for the testing machine plates to bear 
upon. Generally, the fracture is by shearing on planes roughly at 
45** to the horizontal. Broken cement compression briquettes 
generally resemble two square based pyramids standing apex on apex. 


EXERCISES ON CHAPTER XIII. 

1 . The following is the experimental record of a test on a specimen of 
cast iron. The object of the experiment was to determine the compres- 
sion value of E for the material : Ewing’s extensometer was employed. 
The specimen was turned and polished. 

Diameter of specimen, 0-474 inch ; gauge points, 8 inches ; calibration 
of extensometer, i scale division = 4/.^ inch. 


Load, lb. 

200 

300 

400 

500 

600 

700 

800 

900 

1000 

1100 

Scale readings, 
load increasing j 

500 

48-2 

467 

450 

43 5 

41-9 

40* I 

386 

37-2 

36- 1 

Scale readings, \ 
load deci easing j 

500 

482 

' -.J 

470 

45 <> 

440 

420 

40 I 

385 

37-2 

36-1 


Find the value of E. 


2 . Tensile tests were carried out on a turned and polished specimen of 
gun-metal. The following observations were made : Diameter of speci- 
men, 0*534 inch ; gauge points, 8 inches ; calibration of Ewing’s exten- 
someter, I scale division = 4 inch. The extensometer readings are 
given below : 


Load, Ib. 

0 

100 

200 

300 

400 

500 

600 

Scale readings 

40 0 

420 

43 4 

44.8 


480 

491 

Load, lb. 

700 

800 

900 

1000 

1 100 

1200 

1300 

Scale readings j 

508 j 

52 0 

j 53 5 

550 

563 

581 

601 

Load, lb. 

1400 

1500 

lOoo 

1700 

1750 

1800 

0 

Scale readings 

61-8 

633 

660 j 

68-3 

693 

71*0 

44-5 


Creeping was first observed at 1600 lb. load. 

Find the value of E. What is the stress when Hooke’s law breaks 
down for this material ? Plow much permanent set was given ? 

3 . The gun-metal specimen given in Question 2 was tested to breaking 
under tension after five weeks rest. The following observations were 
made : 

Breaking load, 5480 lb. ; load at which the beam of the machine 
dropped, 3600 lb. ; stretch on a length of 8 inches, 0-85 inch ; stretch on 
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A length of 2 inches, including the fracture, 0-3 inch ; diameter at fracture, 
0*479 inch. Reduce these observations, following the procedure indicated 
on p. 31 1. 

4 . A mild-steel bar of square section 2 inches x 2 inches was arranged 
as a beam of 60 inches span, simply supported ; the load was applied at 
the middle of the span, and the deflections at the load were measured by 
means of a micrometer microscope, the calibration of which gave one 
eyepiece-scale division =0*065 01m. The following observations were 
taken : 


Load, lb. 

500 

1000 

1500 

2000 

2500 

3000 

3500 

Eyepiece -scale '1 
divisions J 

0 

29 

51 

728 

95 

117.5 

1397 

Load, lb. 

3700 

3800 ! 

i 

3900 

4000 

4100 

4200 


Eyepiece-bcale '\ 
divisions / 

1 

»49 

153-5 

1583 

VO 

1692 

175-5 


Find the value of E for the material, also the maximum stress in the 
bar when Hooke’s law broke down. 

5 . A mild-steel bar 1*478 inches broad x 0*091 inch deep was arranged 
as a cantilever, the load being 16*3 inches from the support. Deflection 
and slope at the load were measured by means of the apparatus illustrated 
in Figs. 314 and 317. The calibration of the micrometer microscope used 
for observing the deflections gave one eyepiece-scale division =0*6 mm. 
In the slope observations a scale of millimetres was used ; distance from 
the mirror to the scale = 566 mm. I'he following observations were 
taken : 


Load, lb. 

0 

2 

4 

6 

8 

10 

12 

H 

Deflection scale 

7-93 

7 63 

7-3 

70 

67 

6-4 

6-1 

5-8 

Slope scale 

103 2 

I02'5 j 

IOI-9 

lOM 

100-4 

998 

! 99-0 

982 


The beam theory gives for the ratio of deflection to slope of a cantilever 
carrying a load at its free end : 

2EI _2 
/~3EI 3 

Compare the experimental ratio of A : t with that calculated. 

6. A cast-iron test bar was tested under bending ; span 36 inches, 
simply supported ; breadth 1*02 inches ; depth 2*04 inches. The obser- 
vations gave the central breaking load = 4120 lb. and the maximum 
central deflection = 0*5 inch. Find the coefficient of rupture. 

7 . The following particulars relate to tests on a model reinforced 
concrete column. Height of column 24 inches ; section square, of 
3 inches edge ; main reinforcement, four mild-steel bars, each 0*31 inch 
diameter, arranged at the corners of a square of i ] J inches edge ; secondary 
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reinforcement, thirteen horizontal lacings of iron wire, 0-067 inch diameter, 
about 2 inches pitch. Concrete mixture, cement 7 lb., granite chips 14 lb., 
water 3 lb. The column was made in a wooden mould, removed five days 
after making and tested fourteen days after making ; it was kept damp 
throughout this time. 

Observations taken : Hooke’s law broke down sensibly at 9000 lb. load ; 
8000 lb. load shortened the column to the extent of 0-0154 inch ; the 
column ruptured when the load reached 20,670 lb. 

Taking »z = i5, find the stress in the steel and in the concrete when 
Hooke’s law broke down. Assuming the elastic laws to hold up to 
rupture, find these stresses at rupture. What is the value of E for the 
complete column ? 

8 , The following observations were made during a torsion test on a 
mild-steel specimen : Diameter of specimen, 0-714 inch ; gauge points of 
strain indicator, 7-81 inches ; calibration of indicator, one scale division 
=0*04 degree twist. 


Torque, Ib. -inches 

0 

20D 

400 600 

800 

1000 

Scale divisions 

576 

569 1 562 1 554 

Cr\ 

538 

Torque, lb. -inches 

1100 

1200 

1 300 

1400 

1450 

1500 

Scale divisions 

534 

530 

526 

520 

517 

514 


Find the value of C ; also the stress at break-down of Hooke’s law and 
the resilience in inch-lb. per cubic inch of material. 

9, A test was made in order to determine C for a copper wire by the 
torsional oscillation method, using Maxwell’s needle. Employing the 
symbols explained on p. 297, the following observations were taken : 


tftj , pounds [ Jftj, pounds. a, feet. inch. L, inches. , sec. /jj» 


0-457 0 053 o 5 0-04S 25 4-3 273 

Find the value of C for this material. 

10. Using the same Maxwell’s needle, particulars of which are given in 
Question 9, the following observations were made during a test for the 
determination of E for steel wire by the torsional oscillations of a helical 
spring. Diameter of wire, 0 081 inch ; mean radius of helix, 0-4945 inch ; 
number of complete turns in helix, 133; /j = 4-2i seconds; /'2“2-666 
seconds. Find the value of E. 

11. The spring given in Question 10 was tested by the longitudinal 
vibration method in order to determine C. Mass of load hung from 
spring, I ’5 75 pounds ; mass of spring, 0-6048 pound ; time of one complete 
vibration, 0*631 second. Find the value of C, 

12. Use the results obtained in Questions 10 and 11, and calculate the 
value of the bulk modulus K for the material of the spring ; find also 
the value of Poisson’s ratio. 






PART II. 

MACHINES AND HYDRAULICS. 


CHAPTER XIV. 

WORK, ENERGY, POWER, SIMPLE MACHINES. 

Work. Work is said to be done by a force when it acts through a 
distance. If a body A (Fig. 346) is at rest under the action of two 
equal forces P and R, no work is being done by either force ; if the 
body is moving with constant speed towards the right, work is being 
done by P against the resistance R. Work is measured by the pro- 
duct of the magnitude of the force and the distance through which it 
acts, the latter being measured along, or parallel to, the line of the 
force. In the case of a car travelling along a level road (Fig. 347) no 



Fig. 346. 

work is done by the weight W, nor by the reactions of the ground, as 
none of these forces advance through any distance in the directions of 
their lines of action. Work is done by the weight of the car in 
descending an incline (Fig. 348). If the total height of descent is H, 
then the work done by W will be WH. Or, the solution may be 
obtained by resolving W into components P and Q respectively, 
parallel and at right angles to the incline. Q does no work while the 
car is descending ; P does work to the amount P x AB. 

The unit of work in general use in this country is the fbot-pound, 
and is performed when a force of one pound weight acts through a 
distance of one foot. The foot-ton, inch-pound, and inch-ton are 
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used occasionally. Metric units of work are the gram-centimetre, 
the kilogram-centimetre and the kilogram-metre. 

Energy. Energy means oapabitlty of doing worlc, and is measured 
by stating the units of work capable of being performed. There are 
many different forms of energy, such as potential energy, said to be 
possessed by a raised body in virtue of the fact that its weight may 
perform work while the body is descending ; kinetic energy, which a 
body possesses when in motion and gives up while coming to rest ; 
elastic energy, possessed by a body under strain and given out while 
coming back to its original form or dimensions ; heat energy, which a 
body may give up in cooling to a lower temperature ; chemical energy, 
which may be present in a substance owing to its constituents being 
capable of combining in such a way as to liberate energy in the form 
of heat ; electrical energy, possessed by a body by virtue of its 
electric potential being higher than that of surrounding bodies. 

Conservation of energy. The experience of all observers shows 
that the following general law is true : Energy cannot be created nor 
destroyed, but can be converted from one form into another form. This law 
is known as the conservation of energy. If no waste of energy were to 
occur during the conversion, a given quantity of energy in one form 
could be converted into an equal quantity in a different form. Exact 
equality never is obtained in practice ; there is always waste, some- 
times to a very large extent. For example, in converting the energy 
available in coal into mechanical work by means of a steam boiler 
and engine, it is common to find wasted 90 per cent, of the energy 
available, only to per cent, appearing in the desired form. 

In measuring heat energy, the British thermal unit may be used, 
one such unit being the quantity of heat required to raise the tem- 
perature of one pound of water through one degree Fahrenheit. The 
pound-calorie unit is likely to be used more extensively in future, 
and is the quantity of heat required to raise the temperature of one 
pound of water through one degree Centigrade. The experiments of 
Dr. Joule and others show that an expenditure of 778 foot-pounds 
of energy will produce one British thermal unit; 1400 foot-pounds is 
the energy equivalent to a pound-calorie unit. Mechanical energy 
may be converted into heat without very large waste occurring (for 
example, in mechanically stirring water), but the reverse operation is 
always accompanied with great waste. 

Power. Power means rate of doing work. The British unit of 
power is the borse-power, and is developed when work is being done 
at the rate of 33,000 foot-pounds per minute. The horse power in 
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any given case may be calculated by dividing by 33,000 the work 
done per minute in foot-pounds. 

The electrical power unit is the watt^ and is the rate of working 
when an electric current of one ampere flows from one point of 
a conductor to another, the potential difference between the points 
being one volt. The product of am])eres and volts gives watts. 
746 watts are equivalent to the mechanical horse-power. When the 
amperes and volts are stated, we have 

1. , , . , , amperes x volts 

• Mechanical horse-power = — ' 

^ 746 

The Board of Trade unit of electrical energy is one kilowatt main- 
tained for one hour. One horse-power maintained for one hour 
would produce 33,000 x 60 or 1,980,000 foot-pounds. ■ The kilowatt- 
hour would therefore produce energy given by 
Energ>' - 1,980,000 x 

= 2,654,000 foot-pounds. 

Machines. A machine is an arrangement designed for the purpose 
of taking in energy in some definite form, modifying it, and delivering 
it in a form more suitable for the purpose 
in view. Machines for raising weights are 
arranged conveniently in most mechanical 
laboratories, and experiments on such are 
very instructive. Fig. 349 shows, in outline, 
a small crab which may be taken as a type 
of such machines. A load W lb. is suspended 
from a cord wrapped round a drum, and is 
raised by the action of another load P lb. 
attached to a cord coiled round an operating 349.— Outline diagram of 

, , 1 1 1 j ^ experimental crab. 

wheel. The wheel and drum are connected 

by means of toothed wheels, so tliat P descends as W ascends. 

'Fhe velocity ratio of such a machine is defined as the ratio of the 
distance moved by P while W ascends a measured distance. Let H 
and h be these distances respectively in inches (Fig. 349) : they may 
be measured direct in the machine. Then 

H 

Velocity ratio “ ■ (^) 

Let P be so adjusted that it will descend with steady speed on 
being started by hand, thus raising a load W. The meoliaiiioal 
advantag^e of the machine is defined by 

Mechanical advantage — -p (2) 
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By the principle of the conservation of energy, if no waste of 
energy occurs in the machine, the work done by P would be equal 
to the work done on the load. Suppose, in these circumstances, 
that the same working force P is employed, a larger load lb. could 
be raised than would be the case in the actual machine. may be 
calculated as follows : 

Work done by P = work done on W^, 

PH = Wj/^, 

Wi = p5 = pv 

a 


= P X the velocity ratio (3) 

The effect of frictional and other sources of waste in the actual 
machine has been to diminish the load from Wj to W. Hence, 

Effect of friction = F = — W 

-PV~W (4) 

Efficiency of machines. The energy supplied to the machine is 
PH inch-lb. (Fig. 349), the energy actually given out by the machine 
is W/% inch-lb. The efficiency of the machine is defined by 


Efficiency = 

enerav siinnliefi 


energy supplied 
W 

^PH^ 




•(5) 


__ mechanical advantage 
velocity ratio 

The efficiency thus stated will be always less than unity. Efficiency 
is often given as a percentage, obtained by multiplying the result 
given in (5) by 100. 100 per cent, efficiency could be obtained only 

under the condition of no energy being wasted in the machine, a 
condition impossible to attain in practice. 

From equation (3), we have 


W,-P« 

5 X.-H-V 

p"/& 


( 6 ) 


A result which shows that the mechanical advantage of an ideal 
machine having no waste of energy is equal to the velocity ratio. 

For machines of the type described above, the following equation 
may be stated : 

Energy supplied = energy given out + energy wasted in the machine. 
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Occasionally machines have to be considered in which there are 
internal springs or other devices for storing energy. In such Cases 
thp equation becomes : 

Energy supplied = energy given out + energy stored in the machine 

+ energy wasted in the machine. 

A machine is said to be running light when no energy is being 
given out. If no energy is being stored in a machine running light, 
then the energy supplied must be sufficient to make good the energy 
\^asted in overcoming the resistances in the machine. 

Reversal of machines. A machine in which the frictional re- 
sistances are small may reverse if P is removed. To investigate this 
point, consider the machine when W is being raised (Fig. 349) : 

Energy supplied ==PH, 

Energy given out ~ W/i!, 

Energy wasted = PH - W/i (7) 


Now let P be removed and let the conditions be such that W is 
just able to reverse the machine. Let W descend through a height h. 
Then Energy supplied and wasted in the machine = W^ (8) 

Assuming that this waste has the same 
value as when W is being raised, we 
have, from (7) and (8), 

PH-W>^ = WA 


Or, Efficiency = 


Hence, when W is being raised, the 
efficiency will be 50 per cent, for reversal 
to be possible if P is removed. Any 
value of the efficiency exceeding 50 per 
cent, would be accompanied by the Fio. 350.-A small lifting crab, 
same effect. 

The following record of tests on a lifting crab will serve as a 
model for carrying out experiments on laboratory machines. 



Experiment on a Small Lifting Crab. 

Date of test, loth February, 1911. 

The machine used w^as constructed by students in the workshops 
of the West Ham Technical Institute. Its general arrangement in 
‘‘ single-gear is shown in Fig. 350. A weight W is suspended from 
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a cord wrapped round a drum A. Motion is communicated to A by 
means of toothed wheels B and C ; these are of gun-metal with 
machine-cut teeth. Energy is supplied by a descending weight P, 
which is attached to a cord wrapped round a wheel 1). 

The object of the experiments was the determination of the 
mechanical advantage and efficiency for various loads. 

By direct measurement of the distances moved by P and W, the 
velocity ratio was found to be V = 8-78. 

The weight of the hook from which W was suspended is 1-75 lb. 
The weight of the scale pan in which were placed the weights 
making up P is 0-665 

The machine having been first oiled, the weights W and P were 
adjusted so as to secure descent of P with steady speed. The 
results obtained are given below. 


Riccord of Experiments and Results. 


(0 
. ^ 

including 
weight of hook. 

<2) 

Pib., 
including 
weight of 
scale pan. 

( 3 ) . 

Load W'j if no 
frictional 
resistances, 
W,= PV 11). 

(4) 

1 Effect of 
friction, 

■F=(VVj-W)lb. 

i 

Mechanical 

advantage, 

W 

P' 

(6) 

Eflficienry, 
per cent., 

roo. 

875 

1785 

15-7 

6-95 

4-9 

SS -8 

1575 

2-665 

23-4 

1 7-65 

5-9 

67*2 

22-75 

3-565 

3 J -3 

8-55 

6-38 

72-6 

29.75 

4.405 

38-7 

8-95 

6-74 

76-6 

3675 

5-335 

46-8 

1005 

6-89 

78-5 

4375 

6-215 

54-6 

1085 

7-04 

8 o-o 

507s 

7-115 

62-5 

1175 

7-14 

81-2 

5775 

8-065 

70-8 

13-05 

716 

81 -6 

64.75 

8.915 

78-4 

13-65 

7-26 

82-7 

7175 

9.815 

86-2 

14-45 

7-30 

832 

787s 

10-705 

94-1 

15-35 

7.36 

837 

8575 

11-59 

101-8 

16-05 

7-40 

84-3 

9275 

12-515 

110 

17-25 

7-41 

84.4 

9975 

13-405 

118 

18-25 

7-43 

84-6 

106.75 

14-285 

125-4 

18-65 

7-47 

85-0 

1 1375 

15-205 

133-8 

20-05 

7-48 

85-2 

120-75 

16-065 

141 

20-25 

7-51 

85-5 

12775 

16-965 

149 

21-25 

7-53 

857 


Curves are plotted in Fig. 351 showing the relation of P and W 
and also that of F and W. It will be noted that these give straight 
lines. Curves of mechanical advantage and of efficiency in relation 
to W are shown in Fig. 352. It will be noted that both increase 
rapidly when the values of W are small and tend to become constant 
when the value of W is about 120 lb. The efficiency tends to 
attain a constant value of 86 per cent. 
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B'ig. 351.— Graphs of F and W, and P and W, for a small crab. 


EFFICIENCY 
PER CENT 


MECHANICAL 

ADVANTAGE 



Fig. 352.— Graphs of efficirncy and mechanical advantage for a small crab. 


As both of the curves showing the relation of P and of F with W 
are straight lines, it follows that the following equations will represent 


these relations : y ~ aW 4- ( i ) 

F — ^VVh-^/, (2) 


where a, c and if are constants to be determined. 
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Select t^o points on the PW graph, and read the corresponding 
values of P and W. 

P= 3'5 lb. when W= 22-7 lb. 

^ P = i6-olb. when W= 120-0 lb. 

Hence, from (i), 3.5 = 22- 7a + 

C) 16— i2Qa^-b, 

^ Solving these simultaneous equations, we obtain 

^ = 0-128, 

^ = 0-64 ; 

fp .*. P = o-i28W + o-64 (3) 

Similarly, 

WhenF= 8 1 b., W= 20 lb. 

When F= 18 lb., W= 100 lb. 

Hence, from (2), 8= 20^ + //, 

^ 18 = 1 oo^: -h d. 

vy 

The solution of these gives 
^=0-125, 

f W I ^=5‘5* 

Fiap—Puiiey Hence, F = o-i25W + 5-5 (4) 

locks. Suppose the machine to be running light, then 

W = o, and the corresponding values of P and F obtained from 
(3) and (4) are P-o-64 Ib., 

F:= 5 - 5 lb. 

The interpretation is that a force of 0-64 lb. is required to work 
the machine when running light, and that, if there 
were no frictional waste, a load of 5-5 lb. could be ; 

raised by this force. . 

Hoisting tackle. The fact that the mechanical f Jq 
advantage of a machine, neglecting friction, is equal ^(Tlr | 
to the velocity ratio, enables the latter to be cal- 
culated easily in cases of hoisting tackle. A few 
such appliances, which may be found in most I | I II 
laboratories, are here given. \ IB; 

In the puUey-block arrangement shown in Fig. 353, ; ' ' - ^ . I 

let n be the number of ropes leading from the I I 

lower to the upper block. Neglecting friction, '/ j \* 

each of these ropes will support - of W, and this V 1 J 

will also be the value of P. Hence, — 

W W« TW 

V SB — 35^.— Weston's 

P W differentUl blocks^ 



MACHINES 


333 


A set of Weston’s dlfferentlsl blocScs is shown in outline in Fig. 354; 
the upper block has two pulleys of different diameters, and a chain, 
shown dotted, is used. The links of the chain passing round these 
pulleys engage with recesses which prevent slipping. Neglecting 
friction, each of the chains A and B will support JW. Taking 
moments about the centre C of the upper pulleys, and calling the 
radii R and r respectively, we have 

iW X CD = (P X CF) + QW X CE), 

^W(R-r) = PR; 

• v-W- 

• P R-r 



Fig. 355. — Wheel and difTerential axle. 


Fig. 356.— Helical blocks. 


the circumferences of the pulleys may be used ; evidently these will 
be numbers proportional to R and r. 

The wlieel and differential axle (Fig. 355) is a similar contrivance, 
but has a separate pulley A for receiving the hoisting rope. Taking 
moments as before, we have 

PR,, + iWR„ = JWRc, 

PR* = iW(Rc-RB); 

V Yi 

P’ Rc-Rb 

A set of helical blocks is shown in outline in Fig. 356. A is 
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operated by hand by means of a hanging endless chain and rotates 
a worm B, which in turn advances the worm wheel C one tooth for 
each revolution of A. If there be teeth on C, then A will rotate 
He times for one revolution of C, and P will advance a distance 
«cLa> which is equal to «c times the length of the number of links 
of the hanging chain which will pass once round A. The chain 
sustaining the load W is fixed at E to the upper block, passes round 
F, and then is led round D, which has recesses fitting the links in 
order to prevent slipping. Let be the length of the number 
of links which will pass once round D. Then in one revolution of 
D, W will be raised through a height equal to Hence, 

Ln ‘ 

Expts. 33 to 37. Experiments on the hoisting appliances de- 
scribed above should be carried out and the results reduced by 
methods similar to those explained for a small crab on p. 329. 

Diagram of work. Since work is measured by the product of 
force and distance, it follows that the area of a diagram in which 
ordinates represent force and abscissae represent distances will 



Fig. 357.'-Diagram of work Fig. 358. —Diagram of work 

done by a uiiiforiii force. done by a varying force. 


represent the work done. A uniform force P pounds acting through 
a distance D feet does work which may be represented by the area 
of a rectangle (Fig. 357). To obtain the scale of the diagram : 

Let I inch height represent p lb. ; 

1 inch length represent d feet. 

Then one square inch of area will represent pd foot-pounds of 
work. If the area of the rectangle is A square inthes, then 
Work done = pdh foot-lb. 

In the case of a varying force, the work diagram is drawn by 
setting off ordinates to represent the magnitude of the force at 
different intervals of the distance acted through (Fig. 358). A fair 
curve drawn through the tops of the ordinates will enable the force 
to be measured at any stage of the distance. The work done is the 
product of the average force and the distance, as the average 
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force is given, to scale, by the average height of the diagram, and 
tne distance, to scale, by the length of the diagram, we have, as 
before, the work done represented by the area of the diagram. 
Using the same symbols as before, one square inch of area represents 
pd foot-pounds of work, and the total work done will be given by 

Work done=/</A foot-lb. 

The area A may be measured by means of a planimeter, or by use 
of any convenient mensuration rule (p. 6). 

The case of hoisting at steady speed a load from a deep pit is of 
interest {Fig. 359). Let lb. be the weight of the cage and load, 
and let lb. be the total weight of the vertical rope when the cage 
is at the bottom, a depth of H feet. At first the pull P lb. required 
at the top of the rope will be (Wj + Wg) lb. P will diminish gradually 




as the cage ascends, and will become equal to when the cage 
is at the top. The work diagram for hoisting the cage and load alone 
is a rectangle A BCD, BC and AB representing W^ and H respec- 
tively ; the diagram for hoisting the rope alone is DCE, in which 
Wg is represented by CE. From the diagrams, we have 

Total work done = (Wj + JWg)?! foot-lb. 

Work done in elevating a body. It will be shown now that the 
work done in raising vertically a given body may be calculated by 
concentrating the total weight at the centre of gravity. Referring to 
Fig. 360, let weights of the small particles of 

which the body is composed, and let etc., be their initial 
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heights above ground level, and let etc-, be their final 

heights. Then 

Work done on {h{ - 

and Work done on etc. 

Hence, 

Total work done = ““ (^i^i + 

= ^wh! - ^wh. 



Fig. 361. — Thomson indicator. 

Let G and G' be the initial and final positions of the centre of 
gravity of the body, situated respectively at heights H and H , and 
let W be the total weight of the body. Then 

(p. 49) 

WH = Sz£/> 4 , 


and 
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Hence, Total work done - WH' - WH 

Therefore the total work done in raising a body may be calculated 
by taking the product of the weight of the body and the vertical 
height through which the centre of gravity has been raised. This 
method is equivalent to concentrating the total weight at the centre 
of gravity. 

Indicated work and horse-power. An indicator is an instrument 
used in obtaining a diagram of work done in the cylinder of an 
engine. The essential parts of an indicator are shown in Fig. 361. 
A small cylinder A is fitted with a piston B, which is controlled by a 
helical spring C. Connection is made at D to the engine cylinder ; 
E is a stop cock. The piston B is connected by means of a piston 
rod to a lever system having a pencil fixed at P ; the function of the 
lever system is to guide P in a straight vertical line, and to give it an 
enlarged copy of the motion of the piston B. As the spring follows 
Hooke’s law, it follows that the movement of P will represent a 
definite pressure in pounds per square inch for each inch of vertical 
travel. The pencil moves over a piece of paper wrapped round a 
drum F. The drum is rotated in one direction by means of a cord 
G, and is brought back again by means of an internal spring. The 
cord G is actuated by some reciprocat- ^ 
ing part of the engine which gives it 
a reduced copy of the motion of the 
engine piston. Hence a diagram will be e 

drawn on the paper showing pressures 

in the engine cylinder by its ordinates, ^ 

and distances travelled by the engine fio. 362.— Work done during tiie 

piston by its abscissae (Fig. 362). The forward stroke, 

curve abc is for the forward travel of the piston, actuated by the 
steam or other pre.ssure, and the curve ede is for the backward travel, 
and shows the exhaust. 

The work done during the stroke may be found by first obtaining 
the average height of the diagram inclosed by the curves in inches 
and multiplying this by the scale of pressure ; the result gives the 
average pressure on the piston in pounds per square inch. 

Let A = the effective area of the piston, in square inches. 

L = the length of the stroke, in feet. 

== the average pressure, in lb. per square inch. 

Work done per stroke =/mAL foot-lb. 

M 



'I'hen 

D.M. 



33 ^ 


MACHINES AND HYDRAULICS 


In the case of a double-acting steam engine, the diagram of work 
for the other side of the piston will resemble Fig. 363. The effective 

area of one side of the piston (Fig. 364) will be , and of die other 

TT ^ 

side Let be the average pressure for the latter side 

4 

of the piston. Then 

Work done per revolution = + /'w" ft.-lb. 

The work done per minute will be obtained by multiplying by N, 
the revolutions per minute, and the indicated horse-power, written i.h.p., 
by dividing the result by 33,000. 

Rough calculations are made often by neglecting the piston rod ; 

thus A will be assumed as for each side of the piston. A mean 

4 

pressure / is taken as and used for both sides of the 



Fig. 363. — Work done during the 
return bcroke. 


3K 
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Fig. 364. — Double-acting steam 
engine cylinder. 


piston. The calculation for indicated horse-power will be given 
approximately by 2/»ALN 

I.H.P. = — , 

33000 

where N, as before, is the revolutions per minute. 

In the case of a gas or oil engine, in which one side only of the 
piston is used, the other side being open to the atmospliere, the 
indicator diagram (Fig. 365) is used in the same manner to obtain 
the mean pressure. The work done during the cycle will be given 

by Work done = /AL. 

Let Ne = number of explosions per minute. 


Then 


I.H.P. 


/ALNe 

33000 


The indicated horse power may be taken as a measure of the 
energy given to the engine piston during a stated time. A fraction 
onlv of this can be given out by the engine, the difference represent- 
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ing horse-power expended in driving the engine itself and overcoming 
the frictional resistances of its mechanism. 



Flo. 365. — Indicator diagram from a gas engine cylinder. 


Brake horse-power. Provided the engine is not too large, the 
horse-power which the engine is capable of giving out in doing 
useful work may be measured by means of a brake. The result is 
called the brake borse-power, written b.h.p. It is evident that the 
efficiency of the engine mechanism will be given by 

Mechanical efficiency = 

power supplied 

_ B.H.P. 

I.H.P. ’ 

This may be expressed as a percentage by multipl^ ing by 100. 

The horse-power expended in overcoming the frictional resistances 
of the mechanism will be 

H.p. wasted in the engine = i.h p. - b.h.p. 

Work done by a couple. Let equal forces and P.2 lb., forming 

a couple (Fig. 366), act on a body free to rotate about an axis at O 
and let the body make one revolution. As P^ does not advance 
through any distance, it does no work. P., 
advances through a distance 2Tzd feet, where d 
is the arm of the couple in feet. Hence, 

Work done by the couple per revolution 

~ Po X 2 TTd 
“ p2^ X 27r 

= moment of couple x angle of rotation Fig. 366.— Work done 
in radians. by a couple. , 

The units of this result will be foot-lb. if the moment of the couple 
is stated in Ib.-feet units. It is evident that any axis of rotation 
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perpendicular to the plane of the couple may be chosen without 
altering the numerical result, because a couple has the same moment 
about any point in its plane (p. 59), Since the work done will be 
proportional to the angle of rotation, we have 

Work done = (moment of couple in lb. -feet x a) foot-lb., 
where a is the total angle turned through in radians. 

Let N = revolutions per minute, 

T = moment of couple, in Ib.-feet. 

Then Angle of rotation = 27 rN radians per minute ; 

Work done per minute = T x 27rN foot.-lb. 

Advantage is taken of this result in estimating the brake horse- 
power of an engine. 

Brakes. In the more usual form of brakes, frictional resistance is 
applied to the flyw'heel of the engine by means of a band. Rotation 
of the band is prevented by means of pulls applied by dead weights, 
or by spring balances. P>om the observed values of the pulls, the 
moment of the applied couple may be calculated. This, together 
with the revolutions per minute, enables the work done per minute 
and the horse-power to be calculated. 

As the work done against the frictional resistance of the band is 
transformed into heat, and thus will cause the temperature of the 
wheel to rise, it is often necessary to adopt some means of cooling 
the wheel. 

Bope brakes. A simple form of brake is shown in Fig. 367, and 
consists of two ropes passed round the wheel and prevented from 
slipping off sideways by means of wooden brake blocks, four of which 
are shown. A dead weight W is applied to one end of the ropes 
and a spring balance applies a force P to the other end. The net 
resistance to rotation will be (W - P), and this constitutes one force 
of the couple. The other equal force is Q, and arises from a pressure 
applied to the wheel shaft by its bearings. The forces W and P are 
applied at a radius R, measured to the centre of the rope. Hence, 
the moment of the couple applied is (W - P)R. 

Let W = dead load, in lb. 

P = spring balance pull, in lb. 

R = radius to the rope centre in feet. 

N = revolutions per min. 
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Then Work done per revolution » (W - P) R . 27 r foot-lb. 

» „ min. = (W - P) 27rRN foot-lb. 

1 U (W-P) 27 rRN 

Brake horse-power = ' . 

33000 

In using a brake of this pattern, it is advisable to have W attached 
by a loose rope to an eyebolt fixed to the floor. This device will 
prevent any accident should the brake jam or seize. 



Fig. 367,— Simple rope brake. Fig. 368.— Rope brake for small powers. 


In cases when the power is small, it may be better to pass the 
ropes round half the circumference of the wheel only (Fig. 368), 
using a spring balance at each end. The brake horse-power may be 


' calculated from 

(Pl-P,)27rRN 

33000 

This plan has an advantage in the fact that 
both spring balances are assisting to sustain the 
weight of the wheel, and thus partially relieve 
the shaft bearings of pressure. Hence there 
will be lower frictional resistances in the engine 
and a slightly improved mechanical efficiency. 
A leather strap may be substituted for ropes 
in this kind of brake. 



Cooling of the wheel may be effected by 369.— Arrangement for 

1. - cooling the brake wheel. 

having Its rim of channel section (Fig. 369) and 


running cold water in through a pipe A having a regulating valve. 
Centrifugal action maintains the water in the rim recess, provided 
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the speed of rotation be sufficient. The heated water is removed 
gradually by means of a scoop pipe B having a sharpened edge, 
and thus a continuous water circulation is maintained. 

Band brake. An excellent form of brake has been deisagned by 
Professor Mellanby of the Royal Technical College, Glasgow. An 
application of this brake to the flywheel of a steam engine of about 1 5 
horse-power in the author’s laboratory is shown in Fig. 370. A numbei 
of wooden blocks A are arranged round the circumference of the wheel, 



and are held in position by hoop iron bands B, B. The brake bands 
are in halves, connected at C by means of long adjusting bolts fitted 
with lock nuts, and at D by means of toggle joints, by use of which 
the tension of the bands may be adjusted. A dead load W is hung 
from a pin E, which is attached to the brake hoops by four rods. A 
spring balance applies a pull P through a similar arrangement on 
the other side of the brake. There is a short column G fixed to the 
floor and slotted at its top end so as to restrict the movements of the 
pin F. Details of the toggle joint are shown separately. Two 
blocks Kj and Kg are connected by four links H and pins to the 
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brake bands B. The blocks and Kg may be made to approach one 
another and thus shorten the brake bands by means of the long bolt 
and the hand wheel M ; a feather key in Kj prevents rotation of the 
bolt. Helical springs N, N assist the adjustment. 

In use, P and VV are adjusted very easily so as to be equal. Hence 
a pure couple is applied to the wheel, and the shaft bearings are 
relieved of carrying any of the dead load W. The toggle-joint 
adjustment is very good, and enables the frictional resistance of this 
particular brake to be adjusted within very fine limits. In the ori- 
ginal large form, a dash-pot is introduced at G to subdue oscillations 
of the brake. This has not been found necessary in the smaller 
brake used by the author. 

It will be noted that both P and W offer resistance' to rotation. 

Let d = horizontal distance between P and W in feet 


Then 


Wd. 27rN P^. 27rN 
33000 33000 

provided P and W are adjusted so as to be equal. If they are not 
exactly equal, then their mean, 1 (W -h P), should be taken, giving 

J(VV + P>27r^/N 
33000 

(W-f P) 7 r</N 
33000 


B.H.P. = 


B.H.P. 



Fig. 371. “Brake for high speeds of rotation. 

High-speed brake. In Fig. 371 is shown a brake for high speeds 
of rotation. The brake wheel consists of a flanged wheel mounted 
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on the second motion shaft of a De Laval steam turbine, and runs 
at 3750 revolutions per minute. The brake blocks A, A are made of 
wood, and are pressed to the wheel by means of two bolts B, B fitted 
with wing nuts and helical springs C, C, the latter rendering it easy 
to adjust and maintain the desired pressure. A steel band I) is fixed 
to the brake blocks, and serves to keep the parts together when 
the brake is removed and also for the application of the loads Wj 
and Wg. The whole contrivance is balanced when Wj and Wg are 
removed (leaving the suspending rods F, F in position); hence the 
effective force is (Wj - W^) lb. at a radius R feet. 

33000 

other methods of estimating effective horse-power. Hydraulic 
brakes have been used for fairly high powers. The principle of 
such brakes is to fit a badly designed centrifugal pump to the 
engine shaft. The pump wheel and casing are so constructed as 
to set up violent eddies in the water, with the result that there is 
considerable resistance opposed to rotation of the wheel. The pump 
casing is capable of rotating with the wheel, but is prevented from so 
doing by an attached lever and dead weight. I'he moment of this 
weight gives the couple required for the estimation of the energy 
absorbed. Brakes of this type were introduced by Professor Osborne 
Reynolds, and in his hands served not only for determining the horse- 
power of the engine, but also for the determination of the mechanical 
equivalent of heat. The latter experiment was carried out by 
observing the quantity and rise of temperature of the water passed 
through the brake in a given time. 

The brake or effective horse-power of very large engines cannot be 
determined experimentally by use of a brake. If electrical generators 
are being driven, a close estimation may be made from the electrical 
energy delivered from the generator, making allowance for electrical 
and mechanical waste in the machine. 

In electrical installations driven by steam tut bines, the electrical 
horse power alone can be measured, as no indicator diagrams can be 
obtained from turbines. 

Shaft horse-power. Where turbines are adopted on board ships 
for driving the propellers, the sliaft borse-power is measured, and corre- 
sponds to the brake horse power. The method consists in measuring 
the angle of twist in a t^st length of the propeller shafting by means 
of a torBion-meter. The test length is calibrated carefully before 
being placed on board, and should be re-calibrated at intervals, so 
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that a curve is available showing the moment of the couple required 
to produce a given angle of twist. The turning moment on the shaft 
is obtained from the angle of twist indicated by the torsion-meter. 

Let T = turning moment, in Ib.-feet. 

N = revolutions per min. 

Then Shaft horse-power = 

33000 

Shaft calibration In Fig, 372 is shown the method employed 
at the Thames Iron Works engine department for calibrating the 



Fig. — Arrang'iment for calibrating a shaft for shaft horse-power. 


test lenjjth of shaft ; the view is a plan. The shaft AB has 
flanged ends solid with the shaft, and is bolted at A to a 
very ^‘iliid bracket C ; a bearing at D supports the other end. A 
beam EF is bolted to the end B of the shaft, and couples may 
be applied by means of the upward pull of a 5 -ton Denison 
weigher at E, and the equal downward force applied by placing 
weights in a skip hung from F. GH, KL and MN are balanced 
arms fixed to the shaft, and have verniers and scales at the ends 
H, L and N which serve to measure the angle of twist inde- 
pendently of the torsion-meter. The arm GH is bolted to the 
flange at A, and indicates any yielding of the bracket C or of the fix- 
ing of the shaft to the bracket. The difference of the readings at L 
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and N will give the angle of twist of the shaft between the arms KL 
and MN, and will not be affected by any yielding of the bracket or 
other fixings. 

The torsion>meter is fixed to the shaft at OP, and is of the 
Hopkinson-Thring type ; the lamp and scale are situated at Q. In 
373 is shown the arrangement of the torsion-meter. C is a 
sleeve made in halves and clamped to the shaft AB, which it grips at 
its left-hand end. D is a collar, also made in halves, and clamped to 
the shaft The angle through which C twists relative to D is 
measured by means of a small mirror at E. The mirror may rotate 
slightly about a radial axis on the collar D, and is controlled by a 

short rod attached to the sleeve 
C at F. A ray of light from the 
lamp H is reflected and changed 
in direction horizontally by the 
mirror. Two mirrors are used 
at E, placed bac:k to back, and 
the ray is reflected to the scale 
when E arrives at the top and 
also when it is at the bottom ; 
when at the top, the ray is re- 
flected to the left part of the 
scale, and is reflected to the 
right part when E arrives at the 
bottom. Owing to the rapid 
rotation of the shaft, these inter- 
mittent rays produce practically a continuous light on the scale. A 
separate fixed mirror (not shown in the illustration) is attached to the 
sleeve and serves as a zero pointer on the scale. The scale and lamp 
are carried on trunnions to facilitate the preliminary adjustment 
required in order to secure that both zero mirror and movable mirror 
give the same scale reading when there is no torque on the shaft. 

The following records were obtained by Mr. C. H. Cheltnam 
during a calibration test with the apparatus described above : 

Calibration of a Propeli.er Shaft. 

External diameters of the shaft between the vernier arms : 

12-25 inches for a length of 6 inches ; 

11-375 inches for a length of 24-75 inches; 

11-25 inches for a length of 134 inches. 

Diameter of the hole in the shaft, 6-75 inches. 





\ 

I 

\ 




Fig. 373. — Hopkinson-Thring torsion -meter. 
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Distance between the clamping planes of the vernier arms, 164*75 
inches. 

Radius of the vernier arms, 114-6 inches. 

(Since one radiants 57-3 degrees, a movement of 2 inches at the 
vernier represents one degree twist on a length of shaft of 164-75 
inches.) 

External diameter of the shaft at the torsion meter, 11-25 inches. 
Diameter of the shaft hole at the torsion meter, 6-75 inches. 
Distance between the clamping planes of the meter, 33*625 inches. 
One division on the torsion-meter scale corresponds to an angle Of 
twist of degrees. 


Ix)G OF Test. 


No. 

Torque, 
lb. -feet. 

Vernier readings, inches. 

Angle of twist, degrees, 
by verniers. 

Torsion- 

meter 

readings. 

No. I. 

No 2. 

I 

1 6, 800 

0-075 

0-300 

0-1125 

15-2 

2 

33.600 

0-150 

0-6 10 

0-2300 

30-2 

3 

50,400 

0-225 

0.915 

0.3450 

45-5 

4 

67,200 

0-300 

1-225 

0-4625 

6i-o 

5 

84,000 

0-380 

1-535 

0*5775 

77-0 

6 

100,800 

0-460 

1-850 

0-6950 

92-5 

7 

117,600 

0-545 

2-160 

0-8075 

io8-o 

8 1 

134,400 

0-620 

2-480 

0-9300 

124-0 


The torques and angles of twist obtained from the vernier readings 
are plotted in Fig. 374; in Fig. 375 the torsion meter readings and 
torques have been plotted ; both give straight lines. 


Lt'feet 
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To check the meter readings, the modulus of rigidity is calculated 
(a) from the vernier readings, (^) from the meter readings. 

(a) The torque at No. 6 is 100800 x 12 = 1,209,600 Ib.-inches, and 
gives an angle of twist of 0-6950 degree = 0-012 13 radian* Using 
equation (5) (p. 255) for the angle of twist of a hollow shaft, viz. 

" = ;r(RjlR/)C 

and modifying it to suit the case of a shaft of three different external 
radii Ra, R&, Rc, and corresponding lengths L^, L^, L^, the same 
torque being applied throughout, we have 

2 TLa . 2TL6 2TL, 

'w{Ra^ - R./)C " 7r(R,^ - R/)C^7r(Re^- 


2 rr \ja La Lc 
^ L R«^~=^7 Rc^ - R 2 

77X0-01213 .6-125"- 3-375^ 5-687"- 3-375" 5-625"- 3-375*J 

1 1,774,000 lb. per square inch. 

(^) The torque at No. 6 is 1,209,600 Ib.-inches, and gives a scale 
reading on the meter of 92-5. Hence, 


From (i). 


a = X 92-5 X = 0 00253 radian. 
2TL 

^ 7r(R;"-R.>")a 

_ 2x1209600x33-625 

“■ 77(5-625" - 3*375") X o^^53 
= 11,742,000 lb. per square inch. 


The agreement of these values of C is close enough testimony to 
the accuracy of the meter. To obtain the shaft horse-power constant, 
we have . 

r 1 T X 27rN 

Shaft horse *pow’er — , 

33000 


where T is the torque in lb. -feet and N is the revolutions per minute. 
At No. 6, the torque is 100,800 Ib.-feet and the meter reading is 
92-5 scale divisions. Hence, 


Torque for one scale division = 


100800 

92-5 


= 1090 Ib.-feet. 
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Let the meter reading be n scale divisions. Then 
T = 1090^ lb. -feet. 

Hence, Shaft horse-power = 

33000 


4*82 


«N. 


Example. At the steam trial of the vessel to which this shaft was 
fitted, the. mean meter reading was 98 scale divisions at 300 revolutions 
per minute. Find the shaft horse-power. 


Shaft horse-power — 



98 X 300 
4*82 


=6100. 


Transmission dynamometers are sometimes used 
the horse-power required to drive a given machine. 1 
the Froude or Thorney croft dynamometer is shown 
in Fig. 376. A is a pulley on the line shaft; B is 
a pulley on a shaft connected to the machine to be 
driven. A drives B by means of a belt passing 
round pulleys C and D which are mounted on a 
frame pivoted at F. When power is being trans- 
mitted, the pulls Tj, Ti of the belt are greater than 
Igt Tg; hence a force P applied to the frame at G 
is necessary in order to preserve equilibrium. Taking 
moments about F, we have 

P X GF = (2T1 X FC) - (2T2 X FD). 

The arms FC and FD are usually equal. Hence. 

PxGF=2FC(Ti-T2), 

GF 


for estimating 
he principle of 


or 


T1-T2 


^Px 



FC 


Let 


Then 


R = the radius of pulley B in feet. 
N = revs, per min. of pulley B. 

P (T,-T2)27rRN 
33000 


The more usual method now adopted is to drive the machine 
direct by means of an electro-motor and measure the electrical 
horse-power consumed. 
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EXERCISES ON CHAPTER XIV. 

1 . Calculate what useful work is done in pumping looo gallons of 
water to a height of 6o feet. If this work is done in 25 minutes, what 
horse-power is being developed? Suppose that the efficiency of the 
pumping arrangements is 55 per cent., and find what horse-power must be 
supplied. 

2 . A load of 4000 lb. is raised at steady speed from the bottom of a 
shaft 360 feet deep by means of a rope weighing 10 lb, per yard. Calcu- 
late the total work done, and draw a diagram of work. 

3 . A loaded truck has a total weight of 15 tons. The frictional 
resistances amount to 12 lb. per ton. Calculate the work done in hauling 
it a distance of half a mile {a) on a level track, (d) up an incline ‘of 
I in 80. 

4 . Find the price in pence per 1000 foot-lb. of energy purchased in 
the following cases : 

(a) Coal, of heating value 15,000 British thermal units per pound, at 
16 shillings per ton. 

(^) Petroleum, of heating value 19,500 British thermal units per pound, 
at icv/. per gallon weighing 8*2 lb. 

(c) Gas, of heating value 520 British thermal units per cubic foot, at 
2*25 shillings per 1000 cubic feet. 

(^/) Electricity, at 1-5^/. per Board of Trade unit. 

5 . In a machine used for hoisting a load the velocity ratio is 45, and 
it is found that a load of 180 lb. can be raised steadily by application of a 
force of 12 lb. P'ind the mechanical advantage, effect of friction and the 
efficiency. Would there be any danger of reversal if the force of 12 lb. 
were removed ? 

6. A load of 1200 lb. is rai.sed by means of a rope provided with an 
arrangement for indicating the pull at any instant. The following obser- 
vations were made : 


Height above ground, \ 
feet J 

0 

10 

20 

1 

1880 

35 

50 

6s 

80 

Pull in rope, lb. 

20CX5 

1950 

1800 

1750 

1650 

1500 


P'ind approximately the work done on the load. 

7 . The cylinder of a steam engine is 30 inches in diameter, and the 
stroke of the piston is 4 feet. The piston rod is 5 inches in diameter. 
Suppose the mean pressure for both sides of the piston to be 65 lb. per 
square inch, what will be the horse-power at 75 revolutions per minute ? 

8. A rope brake is fitted to a flywheel 3 feet in diameter to the rope 
centre and running at 220 revolutions per minute. It is desired to absorb 
7 brake horse-power. What should be the difference in the pulls at the 
two ends of the rope ? 

9 . A shaft 6 inches in diameter runs at 180 revolutions per minute 
and transmits 900 horse-power. Assume the torque to be ui^iform, and 
calculate its value. 
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10 . In Question 9 a torsion-meter is fitted to a shaft at points 6 feet 
apart. Taking C to be 5500 tons per square inch, what angle of iwist, in 
degrees, will be indicated by the instrument ? 

11 . In calibrating a propeller shaft by use of the apparatus illustrated 
in Fig. 372, the following observations were made : External and internal 
diameters of the hollow shaft, 7 inches and 4*017 inches respectively ; 
distance between the clamping planes of the vernier arms, 51 inches; 
distance between the clamping planes of the torsion-meter, 25*5 inches ; 
radius of the vernier arms, 105 inches. 24,000 divisions on the meter scale 
correspond to an angle of twist of i radian. 


Test No. 

Torque, 
lb. -inches. 

Diflbrence 
in vernier 
readings, 
inches. 

Angle of twist 
on a length of 
51 inches, 
by verniers, 
radian. 

Torsion-meter 

readings. 

Angle of twist 
on a length of 
25.5 inches, 
by meter, 
radian. 

I 

0 

0*0000 


0 


2 

80,640 

0-1735 


19-85 


3 

108,864 

0-2300 


26-75 


4 

181,440 

0-3875 


44 * 6 o 


5 

254,016 

0-5425 


62*65 


6 

338,688 

07200 


82-75 


7 

431,424 

09250 


105.50 



Fill in the blank columns. Plot (a) torque and angle of twist by 
verniers, torque and angle of tw'ist by meter. Find and compare the 
toroues required to produce o*ooi radian twist on a length of 51 inches, 
(c) by verniers, (^/) by meter ; (e) find the modulus of rigidity from the 
vernier readings ; (/) find the shaft horse-power constant from the meter 
readings. On steam trials the mean torsion-meter reading was 98*5 and 
the revolutions per minute 665 ; find the shaft horse-power. 

12 . Estimate in ton-inches the maximum torsion of a shaft driven by 

an engine of 500 l.H.P. at a speed of 200 revolutions per minute, allowing 
an efficiency of 85 per cent, and a ratio of maximum to mean turning 
effort of 1*25. (I.C.E.) 

13 . A destroyer has a solid circular propeller shaft, 9J inches in 

diameter, which makes 400 revolutions per minute. A torsion-meter, 
fixed to the shaft, shows that the angle of twist over a length of 20 inches 
is 0-15“. If the modulus of rigidity is 5000 tons per square inch, find the 
horse-power transmitted through this shaft. (B.E.) 

14 . Explain how the work done by a varying force can be measured by 

means of an indicator diagram. The pressure on a piston P working in 
a cylinder AB of length 3 feet is proportional to its distance from A, If 
the pressure on the piston at B is 150 lb. weight, draw a diagram showing 
the pressure in any position, and find the work done as the piston moves 
from B to A. (L.U.) 

15 . Describe a differential pulley block. The diameters of the two 

grooves are 12 and 11-5 inches, what is the velocity ratio? Experiments 
are made on this pulley block when a load W is lifted by an effort E. 
When W was 600 lb. E was 26 lb., and when W was 300 lb. E was 18 lb. : 
what is E, probably when W is 800 lb.«* What is the efficiency when W 
is 800 1b.? (B.E.) 
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16 . An electrometer lifts 8o tons of grain too feet high ; the electric 
energy costs 40 pence at the rate of 2 pence per unit How much electric 
energy is used ? What is the efficiency of the lifting arrangements ? 

(B.E.) 


CHAPTER XV. 


FRICTION 


B tB 

Fig. 377,— Force of friction. 


7777777777 ^. 

B ffi 

(by 


DelBiiitions, When two bodies are pressed together it will be 
found that there is a resistance offered to the sliding of one upon the 
other. This resistance is called the force of ftlctioii. The force which 
friction offers always acts contrary to the direction of motion of the 
body, or, if the body is at rest, the force tends to prevent motion. 

Let two bodies A and B (Fig. 377 («)) be pressed together so that 
the mutual pressure perpendicular to the surfaces in contact is R. Let 
B be fixed, and let a force P, 
parallel to the surfaces in 
contact, be applied. If P is 
not large enough to produce 
sliding, or, if sliding with 
steady speed takes place, B 
will apply to A a frictional 
force F equal and opposite to P (Fig. 377 (^)). The force F may 
have any value lower than a certain maximum, which depends on the 
magnitude of R and on the nature and condition of the surfaces in 
contact. If P is less than the maximum value of F, sliding will 
not occur; sliding will be on the point of occurring when P is 
equal to the maximum possible value of F. It is found that the 
frictional resistance offered after steady sliding conditions have been 
attained is less than that offered when the body is on the point 
of sliding. 

Let F,= frictional resistance in lb. when the body is on the 
point of sliding. 

Ft= frictional resistance in lb. when steady sliding has 
been attained. 

R= perpendicular pressure in lb. between the sur&ces 
m contact. 
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Then 

Fi-R. 

are called respectively the static and kinetic coefficients of Motion. 

Frictioa of dry surfaces. For dry clean surfaces, experiments 
show that the following laws are complied with approximately : 

The force of ftictlon is practically proportional to the perpendicular 
pressure between the surfaces In contact, and is independent of the extent 
of such surfaces and of the speed of rubbing, If moderate. Another way 
of expressing the same laws is to say that for two given bodies, the 
kinetio coefficient of Motion is practically constant for moderate pressures 
and speeds. It is very difficult to secure any consistent experimental 
results on the static coefficient of friction ; it is roughly constant for 
two given bodies. 

The value of the coefficient of friction in any given case depends 
on the nature of the materials, especially on the hardness and ability 
to take on a smooth regular surface, and on the state of the rubbing 
surfaces as regards cleanliness. Rubbing surfaces are made usually 
of fair shape and are well fitted to one another. If clean and dry, a 
film of air may be present between the surfaces and prevent actual 
contact. Pressure and working may squeeze this film out, and the 
bodies will then adhere strongly together, or seize. Seizing takes 
place more rapidly with bodies of the same than with those of 
different materials. 

Considerable increase in the speed of rubbing and also heating of 
the bodies tend to lower the value of the coefficient of friction. For 
this reason, the frictional force produced by the application of the 
brakes to the wheels of a locomotive running at high speed is higher 
during the first few seconds than is ultimately the case after the 
temperature has risen owing to the conversion of mechanical work 
into heat. The coefficient rises again when the speed becomes very 
slow, and may become sufficiently high to cause the wheels to skid 
just before stopping. The coefficient of friction for light pressures 
on large areas is a little greater than for heavy pressures on small 
areas. 

The value of the coefficient of friction to be expected in any given 
case cannot be predicted with accuracy on account of the erratic 
nature of the conditions. The following table gives average values 
only ; experimental results will often show considerable variance 
with the tabular values. 
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Coefficients of Friction. 


AVERAGE VALUES. 


Metal on metal, dry, 

Metal on wood, dry, 

Wood on wood, dry, 

Hemp ropes on metal, dry, 
Leather belts on iron pulleys, 
Leather on wood. 

Stone on stone, 

Wood on stone, 

Metal on stone, 


0-2 ; oiled continuously, 0*05, 

0-6 ; greasy, 0*2. 

0*2 to 0*5 ; greasy, o*i. 

0-25; greasy, 0-15. 

0*3 to 0-5. 

0*3 to 0*5. 

0-7. 

0 - 6 . 

0 - 5 - 


Fluid friction. For liquids such as water and oils flowing in a 
pipe, the following laws are followed approximately : 

The frictional resistance is independent of the pressure to which the 
liquid is subjected, and is proportional to the extent of the surfiEioe wetted 
by the liquid. 

The reslstanoe is very small at slow speeds ; below a certain critLcal speed 
the motion of the liquid is steady and the resistance is proportional to the 
speed; at speeds above this, the liquid brealcs up into eddies, and the 
resistance is proportional approximately to the square of the speed. 

The critical speed depends on the nature of the liquid and on its tem- 
perature. Rise of temperature of the liquid diminishes the resistance. 
The resistance is independent of the material of which the pipe or channel 
is made, but the wetted surface should be smooth ; rough surfaces increase 
the resistance. 

Fnction in macliine bearings. The frictional laws for lubricated 
machine bearings are intermediate between those for liquids and for 
dry surfaces. The ideal bearing would have a film of oil of uniform 
thickness, and would run at constant temperature. There would be 
no metallic contact anywhere, and the resistance would be that of 
metal rubbing on oil. In such a bearing, the laws of liquid friction 
wT)uld be followed, and the resistance would be independent of the 
load and proportional to the speed of rubbing. In ordinary bearings 
the resistances experienced depend on the success which is achieved 
in getting the oil into the bearing and in preserving the oil film ; 
the working load is kept sufficiently low to avoid the danger of the 
film being squeezed out and seizing occurring. 

Friction of journals. The value of the coefficient of friction to 
be expected in any given case depends largely on the method of 
lubrication. In Beauchamp Tower's* experiments, one method 
of lubrication adopted was to have an oil bath under the journal 
* Proc* Jnsi, Mechanical Engineers y 1883 and 1884. 
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(Fig. 378). Remarkably steady conditions were obtained, and it was 
found that the coefficient of friction could be expressed by 



where ^ is a coefficient the value of which depends on the kind of 


lubricant used, v is the speed of rubbing in feet per second, p is the 


pressure per square inch of projected area of the journal. 



Fig. 378. — Oil bath lubrication. Fig. 379. — Projected area of a joumab 

Let P = the total load on the bearing, in lb. 

d = diameter of bearing, in inches. 

L = length of bearing, in inches (iMg. 379)- 
Then Projected area of bearing = 

p 

^ = _ lb. per sq. inch (2) 

d 

The following table gives some of Tower’s results : 


Journal Friction, Oil-Bath Lubrication. 



Lubricant. 

Olive oil - 
Lard oil - 
Mineral grease 
Sperm oil 
Rape oil - 
Mineral oil - 


. 

lb. per sq. inch. 

•V, 

feet per sec. 



/ 52 O 

2 * 6 i 

lioo 

7-85 

/ 52 O 

2-6 1 

lioo 

7-85 

1625 

2 - 6 i 

ti53 

7-85 

(310 

2 - 6 i 

\ioo 

785 

/4I5 

2 - 6 i 

II53 

7-85 

f 3 io 

2-6I 

\ioo 

6-99 
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It will be noted in (i) above that the coefficient of friction is 
inversely proportional to /, and hence is independent of the total 
pressure P on the bearing with oil-bath lubrication. It also follows 
that the frictional resistance of the bearing will be constant for all 
working loads, and will vary as the square root of the speed. Thus, 
referring to Fig. 380 : 

Let F — the frictional resistance of the bearing, lb. 

P = the load on the bearing, lb. 

Then, from (1) and (2) above 

_F_ F . 

pd\.~ p ’ 

F = ^^/Lv/w; (3) 

an expression which is independent of P. 

With less perfect systems of lubrication, there is a tendency for the 
oil film to be broken partially, and higher coefficients of friction are 
obtained. In some cases the coefficient may 
reach values from 0-03 to o*o8. 

Heating of journals. Work is done against 
the frictional resistance and is converted into 
heat. Referring to Fig. 380, in which D is the 
diameter of the journal in feet, we have 

F = /xP lb. 

Work done in one revolution = /xPttD foot-lb. 

„ per minute = /iPirDN foot-lb., *°” *^^ * 

where N is the number of revolutions per minute. 

Heat produced — ^-— British thermal units per minute, 
y 70 

This heat is dissipated by conduction and radiation, but the 
temperature of the bearing will rise during the early period of 
running. At higher temperatures the oil possesses lower visooBityf 
/.<?. it flows more easily and offers less resistance to rubbing; hence 
less work will be done, and consequently less heat will be produced 
as the temperature rises. The tendency is therefore to attain a steady 
temperature, in which condition the heat developed will be exactly 
balanced by the heat carried away by conduction and radiation. It 
must be noted, however, that the low^er viscosity possessed by the 
oil at the higher temperatures increases its liability to be squeezed 
out ; hence, if steady conditions are to be attained, the load must not 
be too great and the oil must be of suitable quality. loo** Fahrenheit 
may be regarded as a safe limit of temperature under full workmg 
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load. Occasionally the bearings are made hollow, and a water 
circulation is provided in order to keep the temperature low. Bearing 
pressures up to 3000 lb. per square inch are used, depending on the 
nature of the materials, method of lubrication, means of cooling, 
speed of rubbing, and on the consideration of whether the load 
always pushes on one side of the bearing or is alternately push and 
pull. Forced lubrication is often used, the oil being supplied under 
pressure to the bearings by means of a pump.* 

Friction of a flat pivot. The case of a flat pivot or foot-step 
bearing (Fig. 381) may be worked on the assumption that the 
coefficient of friction /a is constant for all parts of the rubbing surface; 
the resultant frictional force F will then be found from 


F = /aP lb. 

If it is assumed that the distribution of bearing pressure is uniform, 
we have p 

Load per unit area = -^2- 



Fig. 381. — Flat pivot bearing. 


Fig. 382. 


Consider a narrow ring (Fig. 382) having a radius r and a breadth Sr, 
Area of the ring 2Trr . Sr. 

P 2P 

Load on the ring — . 27 rr. = -=77, . r. Sr. 


Frictional force on the ring = 


2l> 

R2' 


.r.Sr. 


Moment of this force 


2 P/A 
R2 


.f^.Sr. 


To obtain the total moment, this expression should be integrated 
over the whole rubbing surface ; thus : 

2P/4 2 Pm R® 

Total frictional moment =-rrrr 1 r^-dr=-^^ * — 

Jo 3 


= (i) 

= Fx.|R (i') 


* An excellent discussion of the theory of lubrication and design of machine l>ear- 
ings will be found in Machine Design^ Part I., by Prof. W. C. Unwin. Longmans, 
1909. 
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It is seen thus that the resultant frictional resistance F may be 
taken to act at a radius equal to two-thirds the radius of tiie bearing. 

The frictional moment of a flat pivot may also be solved on the 
assumption that the wear is uniform and 1 proportional to the 
product pv^ where p is the bearing pressure in lb. per square inch 
and V is the speed of rubbing at any given part of the rubbing 
surfaces. Thus, = a constant. 

Also the velocity v at any point varies as the radius r. Hence, 
pr=di constant = a say ; 



Considering the narrow ring (Fig. 382) : 

Load on the ring = p, 27 ra .5r, 

Friction on the ring = 27 rfJLa.^r. 

Integrating over the whole rubbing surface, we have 

... 

Total frictional resistance = F 27r/-ia . 1 dr 

= 27r/xaR (2) 

Again, 

Moment of the friction on the ring= 27 rfia .r.5r. 

The total moment will be obtained by integration of this expression 
over the whole rubbing surface ; thus ; 

R2 

Total moment of friction == 2Trfxa .1 r,dr^ zirfia . — 

Jo 2 

= TTfxaR.^ 

-F x^R (from (2)) (3) 

= (3) 

It is probable that the actual value of the moment of friction will 
fall between the limits expressed in (F) and (3). 

In the case of a coUax (Fig. 383), no great error will be made by 
assuming that F acts at the mean radius A (R^ + Rg). Hence, 

Moment of F ^ J/xP(R^ + R2) lb. inches (4) 


Tower’s experiments on collar friction show that /x is independent 


both of speed and pressure unless the pressure 
is very small. The average value of /x found 
was 0*036. The bearing pressure should not 
exceed 50 lb. per square inch. 

Tower also experimented with a flat pivot 
bearing 3 inches in diameter. If Tower’s 
results obtained lor the moments of friction 
be reduced from equation ( i ), thus : 

/x=- moment of F x 



Fig. 383 .*^Conar beariogs. 
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values of /i are found which vary from about 0-015 5® revolutions 

per minute and 40 lb. per square inch, bearing pressure to about 
o-oo6 at 350 revolutions per minute and 100 lb. per square inch 
bearing pressure. ^ 

Schiele pivot. In the Schiele pivot (Fig. 384), the bearing is 

curved so as to secure uni- 
form axial wear all over the 
surface. There is thus less 
likelihood of the oil film 
being squeezed out. 

Supposing the bearing to 
wear so that the point F 
descends ultimately to E, 
then EF is the axial wear, 
and is constant for any point 
on the bearing. EG is normal 
to the surface at E and FG 
is parallel to the tangent EH 
at K. The normal wear is 
EG, and may be assumed to 
be proportional to the speed 
of rubbing. The intensity of 
normal pressure at E is / ; it 
is assumed that / is constant for all points on the surface. The 
velocity of rubbing v feet per second at any point evidently will be 
proportional to the radius r. Hence, 

EG ccvccr; 

EG-/^r, 

where is a constant. The triangles EFG and HEK are similar. 
Hence, EF EH^EH. 

EG“EK~ r ’ 

. _ EGxEH kr.EU 

. . Lr = = 

r 

= k . EH = a constant (i) 

Hence EH is constant ; a curve such as AB having this property 
is called a traotrlz. 

Considering a narrow ring having a radius r and a horizontal 
breadth hr (Fig. 384), we have 

Horizontal projected area of the ring = zvr. hr. 

Actual area of the ring = si^ 



Fig. 384, — Schiele pivot. 


1 


EH EH . 
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/. Actual area of the ring = 27 r, Sr. EH. 

Normal pressure on the ring=/ x 2zr.Sr. EH (2) 

Friction on the ring = 2w.fifi.Sr. EH. 

Moment of this friction = 27r//i. EH . r. Sr. 

/•Ri 

Total moment of friction —2wfifiE}l I r.dr 

Jrb 

R 2 _ R 2 

= 2wpfi-EYi 

= ,r//.EH(V- V). ...(3) 

Again, (2) gives 

Normal pressure on the ring = 2wfi. EH .Sr. 

The vertical component of this = 27 rfi. EH . Sr. sin 6 

= 2:r/.EH.S^.|g 

= 2wfi.r.Sr. (4) 

The sum of the vertical components for all the rings composing 
the curved surface of the bearing will be equal to W. Hence, 

f Ri 

r.dr 


Ha 


= :r/(V_R^2) (S) 

Substitution of this in (3) gives 

Total moment of friction = EH (6) 


The Schiele pivot is not much used in practice on account of the 
difficulty of manufacture. 

Bolling friction. In rolling friction, .such as that of a wheel or 
roller travelling on a flat surface, the frictional resistances are roughly 
proportional to the load and inversely proportional to the radius of 
the wheel or roller. The resistance also depends on the hardness of 
the materials, and is comparatively small for very hard surfaces. In 
ball bearing.s, both balls and ball races are made of hardened steel ; 
the races are best made concave, to a radius about 0*66 the diameter 
of the balls. This plan both reduces the resistance and enables a 
heavier load to be carried. In such bearings, the value of fL is 
practically constant through wide ranges of speeds and loads ; 0-0015 
is an average value 

Fig. 385 shows a heavy pattern of ball bearing made by The 
Hoflmann Co. and applied to a shackle B for holding one end of a 
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test piece A undergoing both tension and torsion. The test piece is 
screwed to the shackle, the end of which is furnished with a nut C, 



which rests on the top ball race D. 
The bottom ball race E has its lower 
face made spherical to fit the corre- 
sponding spherical bottom of the cup 
F. This arrangement permits the test 
piece to accommodate itself to any 
want of alignment. A cage G made 
of two thin plates, secured together by 
means of four distance pieces, holds 
the balls in position and prevents them 
from coming into contact with one 
another ; the cage also prevents any of 
the balls being lost when the bearing 
is taken to pieces. A similar bearing 
is applied to the other end of the test 
piece. The moment of friction is very 
small ; with a tensile load of four tons 
and a test piece i inch in diameter, 
it is possible to rotate the whole by 
simply gripping the test piece with one 
hand. 

Resultant reaction between two 


F.o.385.-Hoffm=.n„thr«s<bani«aring. ^ 


block A resting on a horizontal table BC. The weight W of the 


block will be constant, and will act in a line perpendicular to BC 



Fig. 386. ‘—Reactions ni the surfaces in contact. 


Let a horizontal force P, be applied to the block and W have a 
resultant Ri- For equilibrium, the table must exert a resultant force 
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on the block equal and opposite to Rj and in the same straight line ; 
let this force be Ej, cutting BC in D. Ei may be resolved into two 
forces, one Q perpendicular to BC and the other Fj along BC. Let 
be the angle which Ej makes with GD. Then 


_ HG 
Q GD 


tan 


Now, when is zero, €f>^ and hence tan will also be zero, and 
Q will act in the same line as W. will increase as P, increases, 
and will reach a maximum value when the block is on the point of 
slipping. It is evident that Q will always be equal to W. Let <f> be 
the value of the angle when the block slips, and let F be the corre- 
spending value of the frictional force. Then 


Coefficient of friction = /x = — = tan (f>. 


There will be two values of tan cf> corresponding to the static and 
kinetic coefficients of friction respectively. When the block is on tno 
point of sliding, <f> is called the firiction ang^le or the limi Mwg angle or 
resiatance ; when steady sliding is occurring, 4 > is lower in value, and 
may be termed the angle of sliding Motion. 

It is evident from Fig. 386 (a) that P^ and are always equa' 
(assuming no sliding, or sliding with steady speed), so also are 
W and Q. I'hese forces form couples having equal opposing 
moments, and so balance the block. The force 
Q acting at D will give rise to normal stress of 
a distribution as shown by the stress figure in 
Fig. 386 (d). The action is partially to relieve 
the pressure near the right-hand edge of the 
block and to increase it near the left-hand edge. 

With a sufficiently large value of /x, and by 
applying P at a large enough height above the 
table, the block can be made to overturn instead 
of sliding. The condition of overturning may 
also be stated by reference to Fig, 387. Here Fig. sS^.—Condition that 
the resultant R of P and W may fall outside the 
base AB before sliding begins. Flence E, which must act on AB, 
cannot get into the same line as R, and the block will overturn. 
For overturning to be impos.sible, R must fall within AB. 



Example. A wall of rectangular section 2 feet thick is subjected to a 
uniform normal pressure on one side of 50 lb. per square foot (Fig. 388). 
Taking the weight of material as 150 lb. per cubic foot and /x=o-7, find 
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whether sliding at the base is possible. For what height of wall would 
overturning just occur ? 

Consider a portion of wall one foot in length, and let H feet be the 
height. Then 

W=aH X i5o=3ooH lb. per foot run, 

F 

M-w’ 

F = fiW =0*7 X 300H 
= 21 oH lb. per foot run. 

This result represents the maximunn possible 
value of P'. 

Again, P = 50H lb. per foot run. 

Hence, as P will always be much less than the 
maximum frictional resistance possible, the wall 
will not slide. 

When overturning is just possible, the resultant 
of P and W will act through O, and the moments of P and W about O 
will be equal. Taking moments about O, we have 

Moment of P = 5oH x~ = 25H2 lb. -feet. 

Moment of W = 3ooH x i = 300H Ib.-feet. 

Equating these moments gives 

25H2=3ooH, 

H = 12 feet. 

Friction on inclined planes. In Fig. 389 (a) is shown a block of 
weight W lb. sliding steadily up a plane of inclination a to the 



wall. 




Fig. 389. — Fiiction on an incline ; P horuontal. 

horizontal, under the action of a horizontal force P lb. Draw AN 
perpendicular to the plane; then the angle between W and AN is 
equal to a. Draw AC making with AN an angle <i^> equal to the 
angle of sliding friction ; the resultant reaction R of the plane will 
act in the line CA, The relation of P to W is deduced from the 
triangle of forces ABC. 


FRICTION ON INCUNKD PLANES 


36J 


P BC , , ^ 

^ = ^g = tan(a + ^), 

P _ tan g -i- tan . 
W I - tan a tan^ 


(P- 8), 


or (,) 

\i - /itan a/ ^ ' 

The case of the block sliding down is shown in Fig. 389 (^). Here 
R acts at an angle </> to AN, but on the other side of it. 

P _ tan <t> — tan a 
W I + tan a tan <f> 

P = (2) 

\i +/X tan a/ ^ ' 

It will be noted in the last case, that if <f> is less than a, the block 
will slide down without the necessity for the application of a force P. 
Rest is just possible, unaided, if a is equal to the limiting angle 
of resistance. 

When P is applied parallel to the incline, the forces are as shown 
in Fig. 390 (a) and (^). For sliding up (Fig. 390 (a)), we have 
P BC_sinBAC 
W^AB-sin ACB 

— _ sin a cos ^ +^cos a sin <f> 

^ sin (90** - </>) cos 

= sin a + cos a tan 4 * ; 

P = W(sin a + /lA cos a). .(3) 



Fig. 390. — Friction on an incline ; F parallel to the incline. 


For sliding down (Fig. 390 (d ) ), we have 
P BC sin BAG 
W“AB”sin ACB 

sin (<^ — a) ^ sin cos a — cos sin a 
~ sin (90" - <f>) cos 4 > 

«= tan 4 > cos a - sin ; 

P»BW(/ACOSa-gina) 


(4) 
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Friction of a screw. The results for a block on an inclined plane 
and acted on by a horizontal force may be applied to a square threaded 
screw. Such a screw may be regarded as an inclined plane wrapped 
round a cylinder. In Fig. 391 are shown two successive positions 
A and B of a block erf weight W lb. being pushed up such an inclined 




Fig. 392. — Friction of a square threaded 
screw. 


plane by means of a horizontal force P lb. In the actual mechanism, 
the load is applied over a considerable portion of the surface of the 
incline (Fig. 392), and P may be UsSSumed to act at the mean radius 
R inches of the screw. Let p inches be the pitch of the screw, and 
let one turn of the thread be developed as shown in Fig. 393. 

tan a — ' 

2n-R 


Using equation (i), p. 365, we have, for raising W, 

tana + ^ \ 

\ 1 ~ /i tan a/ 

V-±L 

\ 2JrR/ 



M 


Fig. 393.— Development of one turn of a 
screw thread. 


\27rR -pfij' 


(0 


For lowering the load, P in Fig. 393 will be reversed in direction 
usually, and equation (2), p. 365, should be used : 

^-w( 

V 1+ /X tan tt/ 

w 
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If /* =» tftn o, or if sMrR/t P will be zero, and the load will be 
on ^e point of running down unaided. Running down with 
continually increasing speed may occur if tan o is less than /«, and 
may be prev^ted by application of a force P given by (2) above 
and applied in the same sense as for raising the load. If rotation 
of the screw is produced by means of a force Q lb. applied to a 
spanner at a radius L inches, the nut being fixed, we have 

QL = PR, 

Q=e 1 ^- (3) 


The above solution is applicable to the case of a screw-jack 
(Fig. 411), the friction of the screw alone enters into the problem. 

The efficiency of such an arrangement may be calculated by com 
sidering the screw to make one revolution in raising the load. Then 


Efficiency = 


Work done on W/ 

Work done by Q~Q x 2irh‘ 


Also, 



P; 


Efficiency = 




P* T> T 

£ P X 27 rL 


W 

P 27 rR* 


Substituting for W/P from equation (i) above, we have 

Efficiency = ^ 

If ^ be the ratio of the mean circumference 27 rR to the pitch 
so that 27 rR = 7 ip^ equation (4) may be written : 


(4) 


Efficiency = - 

^ 1 . 

\i n 


( 5 ) 


Example. In a certain square threaded screw, «=io and /x=o-r25. 
Find the efficiency while raising a load. 


Efficiency = 


( io-o»i 25 \ 
Vi + 10x0*125/ 


j 

TO 


= 0*44 

= 44 per cent. 


In tightening a nut on a bolt (Fig. 394), not only has the moment 
of the friction of the screw to be considered, but also the friction 
between the nut and the part against which it is being rotated. 
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Let Rj be the mean radius of the bearing surface in inches and W lb. 
be the pull on the bolt. Then 

F = /iWlb. 

Moment of F=/aWRi Ib.-inches (6) 



Fig. 394. — Friction of a nut. Fig. 395. — Friction of a V thread. 


Let P lb. be the frictional resistance of the screw, found from 
equation (i), p. 366, and let R be the mean radius of the threads. 

Then QL = fiWR^ + PR (7) 

In V threaded screws (Fig. 395), the pressure between the bearing 
surfaces of the nut and the bolt threads is increased. If W is the 
load, it should be resolved into a force S perpendicular to the thread 
section and another horizontal force. Then 

-g- = cos ft 


S= >. = Wsecft 
cos fi ^ 


where 0 is half the angle of the V. All the results found for square 
tnreaded screws may be used for V threaded screws by writing 
/i sec 0 instead of /x in the equations. 


Friction circle for a journal. It is u.scful to consider the friction 
of a journal A resting on a loosely fitting bearing B (Fig. 396 (a ) ). 

I 


(a) (b) 

Fig. 396.— Friction of a loose bearing. 

If there is no rotation, the load W on the journal will be balanced 
bjr an equal opposite reaction Q applied by the bearing. Let a 
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couple of moment T be applied to the journal, of sufficient magni- 
tude to produce steady rotation in the direction shown (Fig. 396 (^)), 
The journal will roll up the bearing until the place of contact is 
at which steady slipping will occur. The condition which fixes the 
position of ^ is that the vertical force Q acting at ^ must make an 
angle with the normal being the angle of sliding friction. Q 
and W being still equal, form a couple of moment W y A:, and this 
couple balances T, the couple applied. Hence, 

T==Wx/^r. 

Also, ^ = tan very nearly ; 


be = ab tan <^ = r tan ; 

T = Wrtan</» (i> 

This will be in lb. -feet if r is in feet and W is in lb. 

It will be noted that Q is tangential to a small circle of radius^ 
drawn with centre a. This circle is called the Mctlon oiiele. and its 
radius is equal to be. Hence, 

Radius of friction circle r tan very nearly 

= /irfeet, (2) 

where /t* = tan </», is the coefficient of friction, 

radius of journal in feet. 

The same result is true for a closely fitting bearing (Fig. 397). 
Here R lb. is the resultant reaction of the bearing, the components 
of which are Q, the resultant vertical reaction and F the resultant 
frictional force. R acts at an angle to Q for the direction of 
rotation as shown, or on the other side of Q for | 

the contrary direction of rotation In either 
case, R is tangential to the friction circle, and 
gives a moment R/ lb. -feet opposing rotation. 

To obtain the work done, we have 

Frictional couple = R/ Ib.-feet, 

Work done in one revolution = R/x 27r foot-lb. 

Let N = revolutions per minute. 

Then Work done per minute == 27 rNR/'foot-lb., 

^ 27rNR/ 

H.p. wasted = ^ • 

33000 

The value of R is given actually by fig. 397.— Friction circle 

R = VQ^n of a bearing. 

but as the coefficient of friction and hence the frictional resistance is 
very small for well lubricated journals, no great error is made by 
taking R equal to Q, the load on the journal 



Fig. 397. — Friction circle 
of a bearing. 
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Example i. In a machine for raising a load W the load is suspend^ 
from a rope wound round a drum A, 8 inches in diameter, to the rope 
centre (Fig. 398). The axle on which the drum is fixed has journals 
1*5 inches in diameter, and is rotated by a toothed 
wheel B, 18 inches in diameter, to which a force 
P is applied. Find the mechanical advantage 
and efficiency of the machine, taking the co- 
efficient of friction of the bearings to be o-i and 
W to be a load of 500 lb. 

Neglecting friction, and taking moments about 
the centre of the drum, we have 
W X 4 = P X 9, 



W 9 

P=4 = ""5- 


•(«) 

•(2) 


Taking account of friction, and assuming that R is equal sensibly to 
(P4-W), we have, by taking moments about the centre of the drum, 

4W + (P4-W)/==9P. 

Also, 

inch. 

2ooo+(P+5oo)4«<y=9P, 

9P- AP==2ooo-f 


Hence, 


p ^ 2037.5 xjo 
357 

:= 228-3 lb. 

Mechanical advantage jj ^2^^ 


= 2-19. 


•(3) 

..(4) 


Let the drum make one revolution. 7'hen 

Work done by P = Px?r. 18 inch-lb. 
Work done on W = W x tt . 8 inch-lb. 


Efficiency 


85W 

i'SttP 


= 0-97 


8 X 500 
18 x 228-3 


= 97 per cent. 


( 5 ) 


Example 2. The mechanism shown in Fig. 399 consists of a crank OA 
fixed to a shaft having OZ for its axis of rotation. The crank is driven in 
the direction of rotation shown, by means of a slotted bar B ; a block C 
may slide in the slot, and has a hole to receive the crank pin. The force 
P pushes during the stroke from right to left, and pulls during the return 
stroke. Show by drawing how the turning moment on the crank, as 
modified by friction, may be obtained. Give the construction for each 
quadrant, assuming tan <f> is the same for both block and pin. 
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In answering this question it is essential to remember that the force 
which the block gives to the crank pin must be tangential to the friction 
circle, and must act so as to oppose the motion of rotation of the pin. 




HE 





PLAN 

Fig. 399. — Crank and slotted-bar mechanism* 


Further, the force which the slotted bar gives to the block must act at an 
angle <j(> to the normal, and must be applied so as to oppose the sliding 
motion of the block. For ordinary values of the coefficient of friction 
these forces, shown by R in Fig. 400, will be very nearly equal to P. 




M 


Fig. 400. — Friction of the block and crank pin In Fig. 399, 

The constructions required are shown in Fig. 400 («) to In the first 

and fourth quadrants (a) and id) the block is sliding upwards, and in the 
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second and third quadrants (d) and (r) it is sliding downwards. In each 
case the turning moment is R x OM, OM being drawn perpendicular to 
R from O, the centre of the crank shaft. 

Friction of the crank pin and the crosahead pin. Figs. 401 (a) 
and (^) show the application of the friction circle method to the 
determiiiation of the line of thrust along a connecting rod, when 
account is taken of the friction at the crank pin and the crosshead 
pin. The diameters of the friction circles at A and B are calculated 
and the circles drawn. The line of thrust Q will be a common 
tangent to these circles for any given crank position. Draw OM 
perpendicular to the line of Q; the turning moment on the crank will 
be Q X OM. No difficulty will be experienced in choosing the line 
of Q if it is remembered that the frictional moments at A and B both 
tend to reduce the turning moment on the crank ; hence the common 
tangent which gives the line of Q must be so drawn as to make OM 


(b) 

Fig. 401. — Friction of the crank pin and crosshead pin in a crank and connecting rod 

mechanism. 

a minimum. Thus, in Fig, 401 (a), Q touches the top of the circle at 
A and the bottom of that at B; in Fig. 401 (^), Q touches the bottom 
of both circles. The change in the line of Q from the top to the 
bottom of the circle at A takes place when the crank makes 90® with 
the centre line OA; in this position, the connecting rod makes its 
maximum angle with the centre line OA and has no angular motion 
for an instant, z\e. at this point the crosshead pin is not rubbing in its 
bearing. The solution for other positions is given at Q' in Figs. 401 
(a) and (^). 

In Fig. 401 (//), it will be noted that, as B' approaches the inner 
dead point, the line of Q' will pass through O. In this position there 
is no turning moment on the crank. Further, the crank must rotate 
through a small angle beyond the dead point before the line of Q will 
pass above O. There will, therefore, be a small crank angle near 
each dead point in which there will be no turning moment tending to 
rotate the crank in the direction of rotation of the crank shaft. These 
angles may be determined approximately as follows: In Fig. 402, O is 
the crank shaft centre and A is the crosshead pin at the end of the 
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Stroke. Draw the friction circle at A ; draw the lines of Q and Q' 
touching the circle at A and passing through O. Draw the friction 



Fig. 402. — Angle of zero turning moment due to friction at the crank and crosshead pins ; 
inner dead point. 

circles at B and B', touching the lines of Q and Q' ; then BOB' is the 

angle within which there is zero turning moment near the inner dead 



Fig. 403. — Angle of zero turning moment due to friction at the crank and crosshead pins ; 

outer dead point. 

point. The construction for the outer dead point is given in Fig. 
403, and will be followed readily. 

Friction of the crankshaft bearings. The loads producing 
frictional resistances at the crank-shaft bearings include the weight 
of the shaft and its attachments, belt 
pulls or other forces due to the driving 
of machinery and a reaction owing 
to the thrust of the connecting rod. 

Considering the latter alone, and 
referring to Fig. 404, Q is the thrust 
of the connecting rod, making allow- 
ance for the friction of the crosshead 
pin and the crank pin as illustrated 404-— Friction of the crank-shaft 

7 ^ ^ ^ , hearings. 

m Fig. 401 (a), A force Q, equal, 

opposite and parallel to Q is applied by the crank-shaft bearing to 
the shaft, Q and Q' together forming a couple which causes the shaft 
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to rotate. During rotation, Q' will be tangential to the friction circle 
for the shaft and is so shown in Fig. 404. Draw OM perpendicular 
to Q and cutting the shaft friction circle at O'. The effective turning 
moment will be Q x O'M, and has been diminished by an amount 
Q X 00' by reason of the friction produced by Q in the shaft bearings. 

Near the dead points, the effect of the friction at the crosshead pin, 
crank pin and crank-shaft bearings is that there will be a small angle 
embracing each dead point within which no force, however great, 
along the piston rod will cause the shaft to rotate if at rest. These 



angles are called dead angles and are shown at BOB' in Figs. 405 and 
406. The construction is similar to that in Figs. 401 (<2) and (^), 
with the addition of the friction circle at O for the crank-shaft 
bearings. The lines of the forces Q and Q' are tangential to the 
friction circles at A and O, and the friction circles at B and B' are 
drawn to touch the lines of the forces, produced if necessary. 



The student will note that the dead angles so found take account 
only of the friction at the crank-shaft bearings produced by the 
thrust of the connecting rod. If at rest, the crank shaft will not 
commence rotation until the turning moment Q x O'M (Fig. 404) is 
large enough to overcome the resisting moment due to the total 
friction at the crank-shaft bearings together with the resistances 
offered by any machinery to be driven. 

Experiments on fiiction. Experiments have been described in 
Chapter XIV., in which the general effect of friction in the complete 
machine was one of the factors to be determined. The following 
additional experiments may be performed usefully. 
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Expt. 38. — Friction of a slider. AH is a wooden board or flat piece 
of metal having its top surface brought horizontal by means of a spirit 
level (Fig. 407)’ ^ slider C, of wood or metal, may be drawn along 

AB by means of a horizontal force P applied by using a cord, pulley 
and scale pan. The upper 
surface of AB and the under 
surface of C should be clean 
and dry. Weigh the slider C 
and also the scale pan. R is C 
the perpendicular reaction of ^ 
the surfaces in contact, and 
is equal to the weight of the 
slider together with the load 
placed on it. Add loads to 
the scale pan, tapping AB gently after each load is applied, until the 
slider is drawn steadily along AB. P will be nearly equal to the 
weight of the scale pan together with the loads placed in it, and 
the kinetic friction F will have the same value. Calculate the kinetic 
coefficient of friction from 

F 

i‘— 

The experiment should be repeated with several different loads on 
the slider, and F and R should be tabulated for each. Plot F and R ; 
if this gives a straight line, find the average value of from the graph. 

Repeat the experiment, using different materials for the board and 
for the slider. It is useful to have a set of sliders, all of the same 
material, but having llic under sides cut away so as to give different 
areas of contact. 



£xpt. 39.- Detemiiuatioii of the angle of sliding Motion. In Fig. 408 



sliding fViction. 


A B is a board which may be 
set at different angles to the 
horizontal. A block C is 
placed on it, and the angle 
is varied until the block will 
slide steadily down after being 
assisted to start. Measure 
the angle BAD which AB 
makes with tlie horizontal ; 
this will give the value of the 
angle of sliding friction. Cal* 
culate /X from 

= tan BAD. 


Repeat the experiment using different materials. 


Expt. 40. — Rolling Motion. In Fig. 409 is shown apparatus similar 
to that of Fig, 407, but having a small carriage mounted on wheels 
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having bearings constructed to reduce friction as much as possible. 
The board should be levelled carefully, and the tractive effort P 
required to draw the carriage steadily along should be found for 
different loads on the carriage. It is useful to have three or four 
different roads for the carriage to run on; these may be of plate glass, 


rJ=L 

n ' ~r 


L 

F 

g 





A 


Fig. 409.— Apparatus for rolling friction. 

metal, wood and rubber. The effect of the varying degrees of hard- 
ness should be contrasted by comparing the results for the different 
roads, and this may be done easily by plotting tractive effort and load 
for each road on the same sheet of squared paper. 

Expt. 41. — Effect of speed of rubbing:. In Fig. 410, A is a wheel 
which may be rotated at different speeds by some source of power. 
B is a block which is pressed on the rim of the wheel by means of a 
shackle C and a load D. The block B is restrained from rotation 



by a cord and another load at E. The perpendicular pressure 
between the block and the wheel will be the weight of the block, 
together with those of the shackle, scale pan and load. The force 
of friction will be nearly equal to the combined weights of the scale 
pan and load at E. Hence /x may be determined for different speeds 
of rubbing. It will be observed that the friction is greater on 
starting with both wheel and block cold, and diminishes after a few 
seconds as the rubbing parts become warm. The experiment should 
be repeated with blocks of different materials. 
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Expl 42. — metloii of a ociw. The screw-jack shown in Fig. 411 
may be experimented on in the same manner as that explained in 
Chapter XIV. for other types of lifting machines. 

'Jfeating of lubricants. The mechanical testing of lubricants is 
performed usually by feeding the lubricant into a test bearing, which 
may be loaded and run at varying speeds. Provision is made for 
measuring the torque required to rotate the shaft and also for 
measuring the temperature of the oil. There are many different 
forms of ^machine. One which has given useful information in the 
hands of Messrs. W. W. F. Pullen and W. T, Finlay at the South- 
Western Polytechnic* is shown in Fig. 412. A shaft AB is loaded 



with two equal flywheels C and I) ; the central enlarged portion of 
the shaft runs in a bearing and is lubricated by means of a loose 
ring G, which hangs freely on the shaft and dips into an oil bath ; 
the ring revolves slowly as the shaft rotates. The oil leaving the 
bearing is spun off by collars F, F fixed to the shaft and having several 
sharp edges to prevent the oil travelling axially along the shaft ; the 
oil is thus returned to the oil bath and is used again. K is a gauge 
tube indicating the quantity of oil in the bath. The temperature of 
the oil is controlled by a U tube H, through which water may be 
circulated. A gas flame in the space J under the bath can be used 
to raise the temperature of the oil. The temperature is measured 
by a thermometer suspended in the oil. I'he machine is direct 
driven by an electromotor arranged as shown in Fig. 413. The 
motor A has its bearings supported by rollers B, C and D, and is 

* Proc, Jmt. Meek. 1909. 
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therefore free to rock about its axis. A balance weight is fitted at E, 
and a counterpoise F serves to measure the torque. The shaft 
runs in the direction of the arrow, and the rotor of the machine 

applies a torque of opposite 
sense to the stator ; this torque 
is balanced by the counter- 
poise, and is equal to the 
torque required to drive the 
oil-testing machine. This 
type of machine is very useful 
for testing oils under steady 
load and under different con- 
ditions as regards speed and 
temperature. 



Fig. 413.— Arrangement of electromotor for diiving 
Pullen’s machine. 


EXERCISES ON CHAPTER XV. 

1 . A shaft journal is 4 inches in diameter and has a load of 4000 lb. 
If the coefficient of friction is o-o6, find the torque resisting the motion. 
Calculate also the energy absorbed in foot-lb. per minute in overcoming 
friction; to what heat in li.T.U. is this energy equivalent.^ The shaft 
revolves 1 50 times per minute. 

2 . A vertical shaft is supported on a flat pivot bearing 2 inches in 
diameter and carries a loud of 150 lb. The shaft revolves 300 times 
per minute. Take ^=0-03, and calculate the moment of the frictional 
resistance, {a) assuming that the distribution of bearing pressure is uniform, 
(d) assuming that the wear is uniform. In each case calculate the horse- 
power absorbed by the pivot. 

3 . The thrust of a propeller shaft is taken by 6 collars, 12 inches 
diameter, the rubbing surface inner diameter being 8 inches. The shaft 
runs at 120 revolutions per minute. Take //. — 005, the bearing pressure 
60 lb. per square inch of rubbing surface, and find the horse-power 
absorbed by the bearing. 

4 . A block weighing W lb. is dragged along a level table by a force 
P lb. acting at an angle 6 to the horizontal. The coefficient of friction 
may be taken of constant value 0-25. Obtain the values in terms of W, 
{a) of P, {&) of the work done in dragging the block a distance of one foot. 
Give the results when $ is o, 15, 30, 45, 60, and 75 degrees. Plot graphs 
showing the relation of P and and also the relation of the work done 
by P and 6. 

5 . A block weighing W lb. is pushed up an incline, making an angle 
$ with the horizontal. The coefficient of friction has a constant value of 
0-25. Find in terms of W {a) the values of the force P lb., parallel to the 
incline, (fi) the work done in raising the block through a vertical height of 
one foot. Give the results for 6 ecmal to o, 15, 30, 45, 60, 75 and 90 
degrees. Plot graphs for each case,X«) and 
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6 . Answer Question 5 if P is horizontal. What is the value of ^ when 
P becomes inhnitely great ? 

7 . In a screw-jack the pitch of the square threaded screw is 0-5 inch 
and the mean diameter is 2 inches. The force exerted on the bar used in 
turning the screw is applied at a radius of 21 inches. Find this force if 
a load of j tons is being raised. Take /i=o*2. What is the efficiency of 
this machine ? 


8 . With the screw-jack given in Question 7, find the force required at 
the end of the bar in order to lower the load of 3 tons. 

9 . Show that the horizontal force required to move a weight W up a 

plane whose slope is i is W^^^, where fi is the coefficient of friction. 

A. right- and left-hand square-threaded screw (pitch 0-25 inch, mean 
diameter of thread i inch) is used as a strainer. Find the couple required 
to tighten against a pull of 1000 lb. /i=o-i5. (I.C.E.) 


10 . In a I -inch Whitworth bolt and nut take the dimensions as 
follows: pitch, 0-125 inch ; angle of the V thread, 60 degrees; mean 
diameter of the thread, o-8 inch ; mean radius of the bearing surface of 
the nut, 0’9 inch. Take the coefficient of friction to be 0*2 for both the 
screw and the nut. Find the force required at the end of a spanner 
15 inches long in order to obtain a pull of 1000 lb. on the bolt. 


11 . A horizontal lever, instead of having a knife edge as a fulcrum, is 
pivoted on a pin 2 inches in diameter. The arms of the lever are 8 inches 
and 5 feet respectively. The coefficient of friction for the pin is 0*2. 
What load at the end of the short arm can be raised by a vertical pull of 
100 lb. at the end of the long arm? (B.E.) 


12 . The arms of a bent lever ACIJ are at right angles to one another; 
AC is 12 inches long and is horizontal ; BC is 27 inches long, and B is 
vertically above C. The lever may turn on a fi\t d shaft 3 inches in 
diameter at C. A load of 2000 lb. is hung from A. Find what horizontal 
force is required at B {a) if A is ascending, (^) if A is descending. Take 
the coefficient of friction for the shaft to be o-i. 


13 . In the mechanism shown in Fig. 399, the crank OA is 6 inches 
long and has anti-clockwise rotation ; the crank pin at A is 2 inches in 
diameter and the width of the slot in the bar is 2-75 inches. Take the 
force P as constant and equal to 1000 lb. ; find the turning moment on 
the crank in each of the four positions when the crank makes 45 degrees 
with the line of P, (a) neglecting friction, (/^) taking account of friction. 
The coefficient of friction for all rubbing surfaces may be taken as o-i. 

14 . In the crank and connecting-rod mechanism of an ordinary steam- 
engine, the crank and connecting-rod are 7 inches and 30 inches long 
respectively. The diameter of the crank pin is 3-5 inches and that of 
the crosshead pin is 3 inches. When the crank has travelled 45 degrees 
from the inner dead point the total force urging the crossbead is 
3000 lb. Find the turning moment on the crank for this position, taking 

for the crank pin and crosshead pin to be 0-06, Find both angles in 
which there is zero turning moment on the crank. 

15 . Determine an expression for the work absorbed per minute in 
overcoming the friction of a collar bearing. State the assumptions made 
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in deriving the formula. The thrust in a shaft is taken by 8 collars 
26 inches external (ftameter, the diameter of the shaft between the collars 
being 17 inches. The thrust pressure is 60 lb. per square inch, the 
coefficient of friction is 004, and the speed of the shaft is 90 revolutions 
per minute. Find the horse power absorbed by the friction of the thrust 
bearing. (LU.) 




CHAPTER XVL 

VELOCITY. ACCELERATION. 

Velocity. The Velocity of a body may be defined as the rate at 
which the body is changing its position. The four elements which 
enter into a body^s velocity are : {a) the distance travelled, {b] the 
time taken to travel this distance, {c) the direction in which the body 
is moving, {d) the sense along the line of direction ; the sense may be 
described as positive or negative. A body having untform vdooity will 
travel equal distances in equal intervals of time, and the velocity 
may be calculated by dividing the distance by the time. In the 
case of varylBfiT velocity, the result of this calculation will be the 
average velocity of the body. 

The units of time employed are the mean solar second, minute, or 
hour. The unit of distance may be the foot, mile, centimetre, metre 
or kilometre. Common units of velocity are the foot per second, the 
mile per hour, the centimetre per second, and the kilometre per hour. 

Let s = distance travelled in feet, 

/=* time taken, in seconds, 

V = the velocity. 

Then v = - feet per second, 

t 

This will be the velocity at any instant if the rate of travelling is 
uniform, and will give the average velocity if the rate is varying. 

Distance-time diagrams. In Fig. 414, the distances travelled by 
a given body have been set off as ordinates on a time base. Thus 
I A is the distance travelled during the first second of the motion, 
2B is the distance travelled in the first two seconds, and so on. 6F 
is the total distance travelled in 6 seconds. Drawing AG, BH, CK, 
etc., horizontally, it is evident that BG is the distance travelled 
between the end of the first second and the beginning of the third, 
CH is the distance travelled during the third second, DK, EL and 
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FM are the distances travelled during the fourth, fifth and sixth 
seconds respectively. If all these distances were equal, the velocity 
would be uniform and the line OF would be straight (big. 415)* A 



straight-line distance-time diagram therefore represents the case of 
uniform velocity. 

Referring again to Fig. 4T4, the average velocity during the six 
seconds would be obtained by dividing 6F in feet by 6 seconds. 
The average velocity during any second such as the fourth may be 
calculated by dividing DK in feet by i second. 

In Fig. 416, let = and CI) = i‘2 be the distances in feet 
travelled during the times and seconds respectively. Drawing 

AE parallel to OD, the distance travelled 
during the interval ■“ will be 
CE = .y2~'^i- Hence, 

Average velocity during the interval BD 

^2 "" 

The actual velocity at any instant of 
the interval may differ somewhat from 
this. If the interval be made very small 
we may write the difference in the distances by the symbol & and 
the difference in the time by 5 /. 

Average velocity during a small interval — ^. 

Now let 5 /, represented by BD or AE in Fig. 416, be reduced 
indefinitely until finally it gives us the conception of an “ instant.” If 
dt is its value when so reduced, and if ds is the distance travelled, 
then, at the instant considered, 



ds 
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The velocity of a body at any instant may be described as the 
distance which would be travelled during the next second had the 
velocity possessed at the instant considered remained uniform. 

The mathematical calculation involved in ( i ) above is performed 
by use of the rules of the differential calculus (p. 9)- 

Example. Suppose the equation connecting s and / for the motion of 
a given body to be 

where ^ is a constant. Find the velocity at any instant. 

'^~drdt ^ 

= iaX2/ 


If the time up to the required instant be inserted in this result, the 
velocity at that instant will be obtained. 


In dealing with a moving point in a machine the space-time 
diagram may be drawn by setting out the mechanism in a number 
of positions differing by equal intervals of time, and then measuring 
the distances travelled by the point in question. The average 
velocity over each of the intervals may be obtaiiied very closely 
from the diagram. 


Example r. A rigid bar AB, 3-r feet in length, moves so that one 
end A is always in OX (Fig. 417), and the other end B is always in OY, 
which is perpendicular to OX. A is 
at first 3 feet from O and travels to 
O in 6 seconds with uniform velocity. 

Draw the space-lime diagram for B. 

Divide AO into six equal intervals 
as shown. A will traverse each 
interval in one second. 

Velocity of A (uniform) 

= g=o-5 foot per sec. 

Find the positions of B for each 
position of A ; these are numbered 
r, 2 \ 3', etc. to correspond with the 
numbering of the positions of A. 

Measure Bi', B2', B3', etc.; these 
will be the distances travelled by B 4 ^ 7 ,--^ rigid bar AB ; A moves in OX ; 

m I, 2 and 3 seconds respectively. 

Choose suitable scales and draw the space-time diagram (Fig, 418), by 
setting off the distances travelled by B up to the stated times. The 
numbering i', 2', 3', etc. in this diagram agrees with that in Fig. 417. 
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Example 2. Find from Fig. 418 the average velocity of B for each 
interval of time and draw a velocity-time diagram. 

The average velocity during the third second may be obtained by 
dividing H3' in feet by i second. It is preferable to measure 33' and 


Feet 



22' and take the difference as the value of H3'. The average velocity so 
calculated may be taken to be the actual velocity at the middle of the 
interval, and is set off as BC in Fig. 419, which is the velocity-time 
diagram. It is best to set out the quantities in a table thus : 


Interval No. 

' 

Ordinate. 

Distance 
in feet. 

piflTerence in 
distance, feet. 

Average velocity 
=diffcrence- 5 *i sec. 
Feet per sec. 

0 

0 

0 






i-o6 

i*o6 

I 

II' 

i-o6 






0-53 

0-53 

2 

22' 

159 






0-35 

0.35 

3 

33' 

1-94 






0-22 

0*22 

4 

44' 

2 'I 6 






O-II 

0*11 

5 

55 ' 

1 2-27 






0-03 

0*03 

6 

66' 

2*30 




The last column is plotted at the middle of the intervals in Fig. 419 ; a 
fair curve through the plotted points gives the required velocity-time 
diagram. 

A useful property of the velocity-time diagram is that its area 
represents the distance travelled. The distance is equal to the 
average velocity multiplied by the time, and the average velocity 
evidently will be given to scale by the average height of the diagram. 
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while its base represents the time to scale. The area of the dia^am 
is its average height multiplied by its base and therefore represents 
the distance travelled. To 
obtain the scale : 

Let 

I inch of height represent v 
feet per second, 

1 inch of length represent / 
seconds. 

Then 

I square inch of area repre- 
sents vt feet. 

Hence, the area of the velo- 
city-time diagram, in square 
inches, multiplied by vf will give the distance travelled. 

Acceleration. Aeoeleratioii means rate of chansre of velocity; it is 
measured by dividing the change in velocity by the time in which 
the change is effected. The change in velocity may be either positive 
or negative, depending on whether the velocity is increasing or 

diminishing, and the accelera- 
tion will have the same signi 
If the change in velocity is 
stated in feet per second, and 
if the time in which the change 
takes place is stated in seconds, 
then the units of the accelera- 
tion will be feet per second per 
second. 

Acceleration may be studied 
from the velocity-time diagram. 
Fig. 420 shows such a diagram 
in which a velocity f/j occurs at the end of a time and a velocity 
at the end of /gi these velocities are represented by AB and 
CD respectively. The change in velocity — an increase in this 
case — is DE. 

Change in velocity — 

Time in which this change is effected = ^2 “ A i 
Acceleration during the interval AC 

This expression will be strictly correct if the gain in velocity is 



Fig. 420. — Deduction of acceleration from a 
velocity- time diagram. 


Feet par sec. 
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acquired uniformly throughout the interval, in which case BD would 
be straight. If BD is curved, then the value given by (i) will be the 
average acceleration over the interval. The acceleration at any 
instant may be calculated by diminishing ^ indefinitely, when 

Acceleration = « = {2) 


I H 


In the interval FH (Fig. 420), the change in velocity is a decrease, 
shown by GL. If the acceleration at A is positive, that at F will be 
_ negative. At M, where the tan- 

2 ^ gent to the curve is horizontal, 

there is no change in the 
velocity over an indefinitely 
small interval of time, and 
hence there is no acceleration. 

An acceleration-time diagram 
may be deduced from the 
velocity-time diagram by the 
method already applied in 
Example 2, p. 384, for obtain- 
ing a velocity-time diagram from a space-time diagram. The average 
acceleration over any interval is set out as an ordinate at the middle 
of the interval. 



Seconds 


Fig. 42T. — Velocity-time diaji'ram for the point B 
in Fig. 417. 


Example. Taking the data of Example i, p. 383, and the velocity- 
time diagram (Fig. 421, redrawn from Fig. 419) from Example 2, p. 384, 
draw an acceleration-time diagram. 

The tabular form of calculation may be adopted as follows : 


Interval No. 

Ordinate. 

Velocity, 
feet per sec. 

Change in vel , 
feet per sec. 

Average acceleration 
= change in vel.-r-i sec., 
feet per sec. per sec. 

0 

00' 

1-87 

- r*2o 

- 1-20 

I 

II' 

22' 

0*67 

-0-25 

-0*25 

2 

042 

-015 

-0-15 


3 

33' 

0-27 

-O'lo 

-o-io 

4 

44' 

55 ' 

017 

-009 

-0-09 

5 

0'08 

-o-oS 

-o*o8 

6 

6 

0 


J 
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The last column is plotted at the middled the intervals as shown in 
Fig. 422, and a fair curve is drawn throu|^ the plotted points, thus 
obtaining the acceleration-time diagranu 



Seconds 


Fig. 432 .— Acceleration-time diagram for the point B in Fig. 417. 


If the distance travelled is given by an equation connecting j and 
/, the acceleration may be found by two successive differentiations. 
Thus: Let 

where c is a. constant. Then 


a 


dv _ 
~dt~~dr^ 


= 6 ^*/. 


The indices in 

dt^ 


simply indicate that s has been differentiated 


twice with respect to t (p. 12). 

Equations for uniform acceleration. Reference is made to Figs. 
423 and 424, the former showing the velocity-time diagram for a 



body starting from rest ; Fig. 424 shows the diagram if the body starts 
with a given velocity \ in both cases the acceleration is uniform. 
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Starting from rest (Fig. 423) : 

Let the velodty in feet per second, 

/«=the time in seconds taken to acquire 
s = the distance travelled, in feet, 
a = the acceleration, feet per sec. per sec. 


* Zf 

By definition, a = y 

or, v — at. (i) 

s = the average velocity x / ; 

(2) 

Or, s = the area of the diagram 

= /x ^z; = /x (from (i)); 

8 = Jat2 (3) 

From(i), f = 

Inserting this in (3), ^ » 

(4) 

Starting with a velocity (Fig. 424) : 


Let Vi and V2 = the initial and final velocities respectively 

in feet per second, 

/=the time in seconds in which increases 
to 2^2, 

s = the distance travelled, in feet, 
a = the acceleration, in feet per sec. per sec. 


Then = (S) 

r = the average velocity x t 

■■■ -(H’’)*- w 


Or, s = the area of the diagram 

*= rectangle OCDA + triangle CDB 
= (/X ^DB). 

Also, BD = a/; 

/. 8 = vit + iat2 (7) 

-^1 

a 


From (s), 
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Inserting this in (6), s = 



= ( 8 ) 

The case of a body falling under the action of gravity is one of 
nearly uniform acceleration. The acceleration would be quite 
constant, but for the resistance offered by the atmosphere, and for 
the fact that a body weighs less when at a height above the surface 
of the earth. The symbol g is used to denote the acceleration of a 
body falling freely, that is, neglecting atmospheric resistances. The 
value of g varies to a small extent, being about 32*088 feet per second 
per second at the equator and about 32*252 at the poles. The value 
32*2 may be taken for all parts of the British Isles. The equations 
found above may be modified to suit a body falling freely, by writing 
^ instead of <2, and the height h feet instead of j. 

Composition and resolution of velocities and accelerations. A 
given velocity is a vector quantity and may be represented in the 



Fig. 425. -^Triangle and parallelogram of velocities- 


same manner as a force by a straight line having an arrow point. 
Hence problems involving the resolution or composition of velocities 
may be solved in the same way as for forces by the application of the 
triangle or polygon of velocities. 

Let a point A have component velocities and Vg in the plane 
of the paper (Fig. 425). The resultant velocity may be found from 
the triangle abc in which ab represents Vj, be represents Vg and ac 
gives the resultant velocity V which should be shown applied at A. 
A parallelogram of velocities, ABDC, may be used by making AB = 
and AC^Vg ; the diagonal AD gives the resultant velocity. 

Rectangular components of a given velocity V (Fig. 426) along two 
axes OX and OY may be calculated from 

Va; = V cos a, 

Vy — Vsina. 
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Example. A body slides down an incline of 30“ (Fig. 427) with a 
velocity of 10 feet per second. Find the horizontal and vertical com- 
ponents of its velocity. 

V/t V cos 30® == 10 X ^ = 8-66 feet per sec. 

Vv« V sin 30“ = 10 X J = 5 feet per sec. 

It will be understood that, as acceleration has magnitude, direction 
and sense, this quantity can be represented also by a straight line 

yl 




having an arrow point. Problems involving the composition and 
resolution of accelerations may be solved by use of the same con- 
structions as for velocities. 


Example. A body slides down an inclined plane with an acceleration 
a feet per second per second (Fig. 428). If the plane makes an angle a 
to the horizontal, find the component accelerations {a) normal to the plane, 
(d) vertical. 



Make OA to represent a to scale and draw the 
parallelogram of accelerations OH AC, OB being 
normal to the plane and OC being vertical. The 
angle OH A will be equal to a. Hence, 


OB 

OA 


= cot a, 


and Normal acceleration — nn^a cot ou 


Also, 


OC 

OA 


== cosec 




and Vertical acceleration = «» cosec a. 


The relation of an and av is given by 


an 

av 


CA 

^ -;^=-cosa ; 


a-n — av cos cu 

Angular velocity. When a body is rotating about a fixed axis, 
the radius of any point in the body turns through a definite angle 
in unit time. The term angular veloci^jr is given to the rate of 
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describing angles, and may be measured in revolutions per minute 
or per second, or, more conveniently for the purposes of calculation, 
in radians per second ; the symbol w is taken usually to denote the 
latter. 

Since there are 27r radians in a complete revolution, the connection 
between <u and N, the revolutions per minute, will be 
N ttN 

wzs — 27 r = radians per second. 

00 30 ^ 

Let a line OA (Fig. 429) have uniform speed of rotation in the 
plane of the paper about O as centre. The point A will have a 
uniform linear velocity z/ feet per second in 
the circumference of a circle; let r be the 
radius of the circle in feet. It is evident 
that the length of the arc described by A 
in one second will be zf feet, and the angle 

subtended by this arc will be ? radians. OA 

r 

turns through this angle in one second, hence 
its angular velocity is 

y ^ Fic. 429. -Relation of angular 

w = ^ radians per second **"®^*’ velocities. 



It will be noticed that the linear velocities of other points in the 
line OA will be proportional to their radii, hence such velocities will 
be unequal. The same numerical result will he obtained for the 
angular velocity by dividing the linear velocity of any point by its 
radius. It is obvious that, under given conditions of speed of 
rotation, all radii of a body turn through equal angles per second, 
hence only one numerical result is possible for the angular velocity. 

Equations of angular motion. In uniform angular velocity equas.^ 
angles are described in equal intervals of time. The total angle a 
described by a rotating line in a time / seconds will be, if the angular 
velocity 0, is uniform, ^ ^ 


If the angular velocity varies, the body is said to have angular 
acceleratioxL Angular acceleration is measured in radians per second 
per second and is written 6^. Suppose a line to start from rest with 
a uniform angular acceleration 6^, its angular velocity at the end of t 


seconds will be « = et, radians per second (i) 

The average angular velocity will be iw, hence the total angle 

» (2) 


described will be 
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Substituting for u> from (i) gives 


(3) 


Again, from (i), 




/2 = 




Substituting this value in (3), we obtain 


< 1)2 

«* = 29 a (4) 

It will be observed that the above results are similar to those given 
on p. 388 for rectilinear motion with the substitution of <0 for v, and 
6 for a. Making these substitutions, we may obtain the corresponding 
equations for angular motion when the body has an initial angular 
velocity <0 ^ . 


Wj = Ot 

( 5 ) 

-('"'fv 

(6) 

a-i»it+4et2 

( 7 ) 

= 20a 

(8) 


The relation between the linear acceleration of a point in a revolving 
line and the angular acceleration of the line will be given by 


- radians per sec. per sec., 


•( 9 ) 


where 


a = linear acceleration of A (Fig. 429) in feet per sec. per sec., 
r= radius of A in feet. 

Defining the angular velocity of a rotating line as its rate of 
describing angles, and its angular acceleration as the rate of change 
of angular velocity, suppose a line to describe a small angle 8a in 
an interval of time 8f, The average angular velocity during the 


interval will be 


''8t’ 


If 8a be taken indefinitely small and written da, the time d/ in 
which it is traversed will be our conception of an instant, and the 
angular velocity at this instant will be 


da 

Cl) s . 

dt 


.(10) 


If the angular velocity alters by a small amount Scu during an 
interval of time 8t, then 


Average angular acceleration = 


Su> 

'W 
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If these be reduced indefinitely, the result will give the angular 
acceleration at the instant considered, viz., 




ill) 


The results (lo) and (ii) are suitable for application of the rules 
of the differential calculus (p. 9). 


Example 1. An engine starts from rest and acquires a speed of 
300 revolutions per minute in 40 seconds from the start. What has been 
its angular acceleration ? 

300 

= 2ir = lOTT 

60 

= 31-41 radians per sec. ' 

40 

= 0785 radian per sec. per sec. 

Example 2. The driving wheel of a locomotive is 6 feet in diameter. 
Assuming no slipping between the wheel and the rail, what is the angular 
velocity of the wheel when the engine is running at 60 miles per hour. 

Velocity of engine = = 88 feet per sec. 

As the distance travelled in one second is 88 feet, we may find the 
revolutions per second of the wheel by imagining 88 feet of rail to be 
wrapped round the circumference of the wheel 


Number of turns = — 
Tra 


Revolutions per sec. = 


88x7 
22 X 6 


=4-67. 


(0 = 4.67 X 27 r 
= 29-33 radians per sec. 

Or the following method may be used. Referring to Fig. 430, if there 
is no slipping, the point A on the rim of the wheel is in contact with the 
rail for an instant and is therefore at rest. Hence the whole wheel is 
rotating about A for an instant. The angular velocity will therefore be 

velocity of O 

“= — OA 


88 

=—= 29-33 radians per sec. 


Example 3. Using the data of Example 2 and referring to Fig. 431, 
find the velocities of the points on the rim of the wheel marked B, C and 
D, supposing no slipping. 
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In answering this, it will be assumed that the whole wheel is rotating 
about A for an instant, and that the velocity of any point is proportional 




to the radius of that point from A as centre and has a direction perpen- 
dicular to that radius. 

The angular velocities of AB, AC and AD are equal and are given by 
the angular velocity of OA in Fig. 430, viz. 

(0 = 29-33 radians per sec. 

Also, t/=(oR ; 

2/8 = 29-33 xAB 
= 29-33 

= 1 24-4 feet per sec. 
vc = 29-33 ^ AC 
= 29-33x6 
= 176 feet per sec. 

2/d = 29-33 X AD 
= 29-33x3^2 
= 1 24-4 feet per sec. 

Angular velocity and acceleration diagrams. Diagrams showing 
the angle traversed, the angular velocity, and the angular acceleration, 
all three on bases representing time may be drawn by the same methods 
as have been explained on pp. 381-387 for linear velocities, etc. 
The angle traversed is treated in the same manner as the disStance 
travelled and an angle-time diagram is drawn. I'he angular velocity 
diagram is then deduced from the angle-time diagram and an angular- 
velocity-time diagram is drawn. The angular-acceleration- time 
diagram may then be deduced from the angular-velocity-time diagram. 

Velocity changed in direction. Hitherto the acceleration due to 
changes in the magnitude of a body^s velocity alone have been con- 
sidered. There may be also changes effected in the direction of the 
velocity, and such will give rise to accelerations. 
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Let a point move along a straight line AB (Fig. 432(a)) with a 
velocity >1; on reaching the point B, let the point move along BC 
with a velocity V2* determine the change in velocity which has 
taken place at B, the following method may be used. Stop the 
point on reaching B by applying a velocity equal and opposite to 
this is represented by DB in the figure. The point now being at 
rest can be dispatched along any line with any velocity ; to comply 
with the given conditions, give it a velocity in the line BQ repre- 
sented by EB in the figure. The total change in velocity has com- 
ponents represented by DB and EB ; hence the parallelogram BDFE 
gives FB = z>c as the resultant or total change in velocity. 

o 



A convenient construction is shown in Fig. 432 (d). Take any point 
O, and draw OA and OC to represent completely and V2 respec- 
tively. Then the change in velocity will be AC^^^'c- The sense of 
the change in velocity may be found from the rule that it is directed 
/ram the end A of the initial velocity toivards the end C ol the final 
velocity (Fig. 432 {b)). 

For reasons that will be appmrent later, it is not possible to make a 
body take a sudden change in velocity ; the transition from AB to 
BC in Fig. 432 (t/) wil^ take place along some curve, such as GHK. 
'i’his makes no difference in the construction for finding the total 
change in velocity. Suppose that the body takes / seconds to pass 
from G to K along the curve, then this gives the time taken to effect 
the total change in velocity Vc- Hence, 

Vc 

Resultant acceleration ~ 

and has the same direction and sense as 7 >e- 

Motion in a circle. A small body moving in the circumference of 
a circle with uniform velocity v is continually changing the direction 
of its velocity. At any point of the circumference the direction of 
the velocity will be along the tangent ; at (Fig. 433 (a)) the velocity 
will be — and at Pg the velocity will be To obtain the 

change in velocity between Pi and draw the triangle OAB 
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(Fig. 433 (^))’ AB - Ve will be the change in velocity, and is shown in 
Fig. 433 (^) passing through the point C where and intersect. It is 



Fig. 433. — Motion in a circular path. 




evident that if Vc be produced it will pass through , the centre of 
the circle, and this will be the case no matter what may be the 
positions chosen for and P2. The acceleration due to Vc will also 

pass through Oj. The follow- 
ing method may be used to 
obtain the acceleration. 

Referring to Fig. 434, in 
which a point P is moving in 
the circumference of a circle of 
radius R with uniform velocity 
V. At Pj the velocity is 
along the tangent, and its hori- 
zontal and vertical components 
will be z^jsinai and z^^cosaj 
respectively, where ct^ is the 
angle OP^ makes with the hori- 
zontal diameter AB. Similarly 
at the components will be 
As Vi — V2=^ V, we have 
= vsina2-v sin Qj 
V (sin - sin aj) 

2 PiM, 

, OP2 OPi 

|(P2M,-PiMj) 



Fig. 434.- 


-Acceleration of a point moving in the 
circumferenee of a circle. 


V2 sin ttg and z'g cos respectively. 
Change in horizontal velocity 


■.v( 






<0 
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Again, the time, taken to pass from Pi to Pg will be the time in 
which this change in velocity has been effected, and may be cal- 
culated from 




Hence, Horizontal acceleration of P = 


change in velocity 


R- 


If Oj and are very nearly equal, the angle PjOPj will be very 
small and the arc P1P2 will be a straight line practically. The angle 
PjPgK will be equal to a^. Hence, 


- s s cos a, 


horizontal acceleration of P = g cos aj. .(4) 

This acceleration will be directed always towards the vertical 
diameter NS, as the sign of the acceleration will be the same as that 
of cos a. 

Let P be at A. Then a « o, cos a = i, and the acceleration will be 

“-R (5) 

and will be directed along AO. As any reference diameter might 
have been taken instead of AB, it follows that for any position of P, 
the acceleration towards the centre of the circle will be given by (5). 
The result will be in feet per second per second if 
V = the velocity in feet per second, 

R = the radius of the circle in feet. 

The acceleration may be stated in terms of the angular velocity by 
writing t, 


From (s), 


<i) = or r = ci>R. 


Example i. A motor car is travelling at 20 miles per hour round a 
curve of 600 feet radius. What is the acceleration towards the centre of 
the circle ? 00 


feet per second, 
60x60 3 ^ ' 


88x88 

■3x3x600 


= 1*434 feet per sec. per sec. 
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Example 2. What is the acceleration, towards the centre, of a point 
on the nm of a wheel 4 feet diameter and running at 300 revolutions per 

minute ? x 27r= iott radians per second, 

^^tu2R=.IOOX^X 2^2X2 


“1225 


Simple harmonic motion. In Fig. 435, the point P travels in the 
circumference of the circle ANBS with uniform velocity v. Drawing 
PM perpendicular to the diameter AB, it will be noticed that M, the 
projection of P on AB, will vibrate in AB as P rotates. The velocity 
and acceleration of M at any instant will be the horizontal com- 
ponents of the velocity and acceleration of P, viz. 


V = sin a = oiR sin a, 

tP" 4 

— COS a = 0)2R cos a, 


(0 

(*) 


where R is the radius of the circle. 

The vibratory motion of M is called simple haimonlo motion. One 
of its properties is that the acceleration is directed always towards 

the middle point O of the vibration. Again, since cos a = 5 ^, and 


is therefore proportional to OM, the acceleration is proportional to 



Fig. 43$. — The motion of M is 
simple harmonic. 



Fig. 436.— Acceleration diagram for M, 
on a space base. 


OM, the distance of M at any instant from the middle of the 
vibration. When M is at A, the acceleration is proportional to OA 
and is positive, i.e. directed towards the left; when M is at B, the 
acceleration has the same value, but is directed towards the right aud 
is negative. M has no acceleration when at O. An acceleration 
diagram may be drawn by erecting ordinates AA' and BB', each 
equal to R, on the diameter AB and joining A'B' (Fig. 436). Any 
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ordinate MC will then give the acceleration for the position M, The 
scale of this diagram is obtained from the consideration that when P 
is at A (Fig. 435), cosa=i and a = u*2R; hence the scale is such 
that AA' = w-R. As the diagram has been drawn on a distance, not 
a time, base, it may be called a distanoe-acoeleratloii diagram. 

The velocity of M at any instant is proportional to sin a. Now 
PM 

sina=^~ (Fig. 435), and is therefore proportional to PM; hence 

the velocity is proportional to PM. When M is at A the velocity 
is zero, and has also zero value at B. Maximum velocity is attained 
at O, when 'V==v. The circle in Fig. 435 is a velocity diagram on a 
distance base AB, as any ordinate PM will give the velocity of M at 
the instant considered, the scale being such that ON represents v/ 
V is positive, i.e. towards the left, if PM is above AB, and negative 
if PM is below AB. 

Velocity-time and acceleration-time diagrams may be drawn by 
noting that, as the velocity of P in Fig. 435 is uniform, equal angles 
will be described by OP in equal times. Divide the circle into 
twelve equal angles of 30** each, and calculate V = sin a, and also 

cos a for each position of P. Set off a base of angles from 
o** to 360* (Fig. 437), and erect ordinates having the calculated values 



V and a. The base represents angles or time to different scales ; the 
scale of time is such that the total length of the base line represents 
the time of one revolution of OP in Fig. 435. 

399 (P- 37 shows a well-known mechanism, used in pumps, 
which realises simple harmonic motion. The slotted bar has a 
sliding block, in which is bored a hole to receive the crank pin. 
"I he vertical components of the velocity and acceleration of the crank 
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pin are thus eliminated, and the horizontal components alone are 
communicated to the piston rods. 

The time of a complete vibration in simple harmonic motion from 
A to B and back again (Fig. 435) may be estimated from the fact 
that it will be equal to that of a complete revolution of P. 

Let T = the time of one vibration in seconds. 


v — the velocity of P, in feet per second. 

R = the radius of the circle = the amplitude of the 

vibration, in feet. 


Then 

vT = 27rR, 



rp 

T = 27 r — 

(3) 


V 


R 27 r 

= 27 r -:5 = — , 

wR Cl) 

(4) 


where w is the angular velocity of OP in radians per second. 


Example. A point is describing simple harmonic vibrations in a line 
4 feet long. Its velocity at the instant of passing through the centre of 
the line is 12 feet per second. What is the time of a complete vibration? 

rp 27rR 

1 = > 

V 

where P. is 2 feet and v\s 12 feet per second. Hence, 

^ 2 X 22 X 2 
7x12 

— 1-05 seconds. 

Change in angular velocity. A given angular velocity may be 
represented by means of a vector in the following manner. In 
Fig. 438 {a) is shown a wheel rotating about an axis OA with dn 
angular velocity w. A person situated on the right-hand side sees 
the wheel rotating in the clockwise direction, and may represent 
the angular velocity by drawing a line OA perpendicular to the 
plane of rotation of the wheel and on the same side of this plane 
as the person is situated. OA is made, to scale, of length to 
represent w. A person situated on the left-hand side will see the 
wheel rotating in the anti -clockwise direction, and may represent 
the angular velocity by means of a perpendicular to the plane of 
rotation drawn on the opposite side of this plane. Both observers 
will thus agree in erecting the perpendicular on the same side of the 
plane of rotation. The perpendicular represents the magnitude and 
direction of rotation of an angular velocity in a plane perpendicular to 
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the line, and will thus obey the same laws as a vector. Two or more 
component angular velocities represented m this way may be dealt 
with and their resultant found by means of a triangle or polygon of 
velocities. 

In Fig. 438 {a) the wheel is revolving in a vertical plane ; at 
the same time its axis is revolving in a horizontal plane as indicated 
by the arrows at the ends of the axis. A plan of the wheel is given 
in Fig. 438 ; OA represents the angular velocity of the wheel at 

one instant, and OA' represents its angular velocity after a short 
interval of time during which the wheel has turned horizontally into 
the position indicated by dotted lines. Since OA and OA' represent 
the initial and final angular velocities respectively, it follows, by the 
same reasoning as for linear velocity (p. 395), that the change in 



angular velocity is represented by AA'. The actual change in angular 
velocity takes place in a plane perpendicular to AA', Le, a vertical 
plane in the given case, and is anti-clockwise to an observer situated 
at B. 

It may be of assistance to the student to consider the problem from 
the point of view of linear velocities. In Fig. 439 («) is given a plan 
of the wheel. OA represents the initial velocity of a point on the 
top of the wheel ; OA' represents the final velocity V2 of the point on 
the top of the wheel; AA' represents Vq, the change in velocity of 
this point. In the same way BB' represents the change in linear 
velocity of a point at the bottom of the wheel. Fig. 439 (I?) shows 
these changes in linear velocity in their proper positions, and indicates 
that a change in angular velocity is taking place in a vertical plane 
containing the axis of the wheel. 

D.Mt. 


O 
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In Fig. 440 OA represents o>, the^angular velocity of the wheel. It 
will be evident that the successive additions of small changes in 
anguliSir velocity such as that represented by AA' will cause A to 
describe a complete circle. The total change 
in angular velocity during one rotation of the 
wheel axis in the horizontal plane will be the 
circumference of the circle, and will be given by 
Change in angular velocity = zttw. 

If this result be divided by the lime taken by 
A in describing the complete circle, i.e, the time 
in which the wheel axis makes one complete 
rotation in the horizontal plane, the result will 
give the angular acceleration. It is evident that the angular accelera^ 
tion will take place in the same plane as that in which the change in 
angular velocity occurs, viz. a vertical plane containing the wheel axis. 

Relative velocity. The relative velocity of two bodies may be defined as 
the velocity which an observer situated on one of them would perceive in the 
other. An observer in one of two trains, moving side by side with 
equal velocities of the same sense, would perceive no velocity in the 
other and would therefore say that the relative velocity is zero. If 
the train carrying the observer has a velocity of 30 miles per hour, 
and the other, one of 35 miles per hour, he will see the other train 
moving past him at a rate of 5 miles per hour, which velocity he 




Fig. 441. — ^Velocity of B relative to A 


would call the relative velocity of the trains. Had the trains been 
moving in opposite directions, the relative velocity would be 65 miles 
per hour. A stream of water moving at 8 feet per second reaching a 
water wheel, the buckets of which are moving away from the stream 
at 6 feet per second, will enter the buckets with a relative velocity of 
2 feet per second. 

If two bodies A and B have velocities as shown at and 
(Fig. 441 {a)), their relative velocity may be obtained in the ^Following 
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manner. Stop A by giving B^jth A and B a velocity equal and 
opposite to that originally possessed by A ; this artifice will not alter 
their relative velocities. B has now component velocities Vb and 
Va, the resultant of which is Vr. As A is at rest, the velocity of B 
relative to A will be Vr. 

In Fig. 442, B has been brought to rest by giving both A and B a 
velocity Vq equal and opposite to that originally possessed by B. 
The resultant velocity of A will now 
be Vr, and, as B is at rest, this will be 
the velocity of A relative to B. 

It will be clear that Vr in Fig. 441 (a) 
is equal and opposite to Vr in Fig. 442, 
showing that the velocity of B relative 
to A is equal and opposite to the 
velocity of A relative to B. 

A convenient construction is given 
in Fig. 441 {d). From any point O draw OA and OB to represent 
respectively Va and Vr, both being placed so that the senses are 
away from O. Then AB represents . the relative velocity of sense 
from A towards B if the velocity of B relative to A is required, 
and of opposite sense if the velocity of A relative to B is required. 



\b 




Fic. 443. — Velocity of A relative to B. 


EXERCISES ON CHAPTER XVI. 

1 . In a crank and connecting-rod mechanism, the crank is i foot and 
the connecting rod is 4 feet in length. The line of stroke of the cross- 
head pin passes through the axis of the crank shaft. Find, by drawing, 
the distances of the crosshead from the beginning of the stroke for crank 
intervals of 30" throughout the revolution. Plot a distance-time diagram. 

2 . Use the data obtained in the solution of Question i, and calculate 
the mean velocity of the crosshead for each interval. The crank rotates 
uniformly at 180 revolutions per minute. Draw a velocity-time diagram. 

3 . Using the results of Question 2, calculate the mean acceleration 
for each interval. Plot an acceleration-time diagram. 

4 . Answer Questions i, 2 and 3 for the case in which the line of 
stroke of the crosshead passes the axis of the crank shaft at a distance of 
6 inches. 

5 . The distance between two stations is i-6 miles. A locomotive, 
starting from one station, gives the train an acceleration of 25 miles per 
hour in 0-5 minute until the speed reaches 30 miles per hour. This speed 
is maintained until brakes are applied and the train is brought to rest at 
the second station under a negative acceleration of 3 feet per second 
per second. Find the time taken to perform the journey. 
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6. iThe distance travelled by a body is given in feet by the equation 
j=o-oa/®+3, / being the time in seconds from the start. Find the 
distance travelled, the velocity and the acceleration at the end of 
4 seconds, starting from rest. 

7 . A body, falling freely under the action of gravity, passes two 
points 30 feet apart vertically in o-2 second. From what height above 
the higher point did it start to fall ? 

8 . A body is thrown upwards from the foot of a cliff 40 feet high and 
reaches a height of 12 feet above the cliff. It finally alights on the cliff 
top. Find the total time of the flight and the initial velocity. 

9 . A body slides down a plane inclined at 10 degrees to the horizontal 
under the action of gravity. What is the acceleration in the direction of 
the motion, neglecting frictional effects ? Suppose the body to start from 
rest, what will be the velocity after it has travelled 12 feet? 

10 . A boat is steered across a river 100 yards wide in such a way that, 
if there were no current, its line of motion would be at 90 degrees to the 
banks. Actually it reaches a point 40 yards further down stream, and 
takes 3 minutes to cross. What is the speed of the current ? 

11 . A pistol fires a bullet with a velocity of 1000 feet per second. 
Suppose It to be fired by a person in a train travelling at 60 miles per 
hour, (a) forward in the line of the motion of the train, (6) backward 
along the same line, (c) in a line parallel to the partitions of the com- 
partments, and calculate in each case the resultant velocity of the bullet. 

12 . A wheel slows from 120 to no revolutions per minute. What has 
been the change in angular velocity in radians per second? If the 
change took place in 2 minutes, find the angular acceleration. 

13 . A wheel starts from rest and acquires a speed of 150 revolutions 
per minute in 30 seconds. Find the angular acceleration and the revolu- 
tions made by the wheel while getting up speed. 

14 . Starting from rest, a wheel 2 feet in diameter rolls without 
slipping through a distance of 40 yards in 8 seconds. Find the angular 
acceleration and the angular velocity at the end of the given time. Plot 
an angular velocity-time diagram. 

16 . Water travels along a horizontal pipe with a uniform speed of 
4 feet per second. The pipe changes direction to the extent of 30 degrees. 
Find the change in the velocity of the water. 

16 . A wheel 12 inches in diameter revolves 18,000 times per minute. 
Find the central acceleration of a point on the rim. 

17 . Calculate the central acceleration of a train running at 50 miles 
per hour round a curve having a radius of 075 mile. 

18 . A point describes simple harmonic vibrations in a line 2 feet long. 
The time of one complete vibration is 0-3 second. Find the maximum 
velocity. 

19 . A wheel revolves in a vertical plane 300 times per minute. The 
plane keeps vertical, but rotates through an angle of 90“. Find the change 
m angular velocity, and show it in a diagram. If the change took place 
in 2<5 seconds, find the angular acceleration. 
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20 . A carriage wheel is 4 feet in diameter and is travelling at 6 miles 
per hour. What is the velocity of a point at the top of the wheel relative 
to (a) a person seated in the carriage, {b) a person standing on the ground. 
Answer the same regarding a point at the bottom of the wheel. 

21 . A railway line A crosses another B by means of a bridge, the 
angle of intersection, as seen in the plan, being 30 degrees. A train 
on A is approaching the point of intersection with a velocity of 40 
miles per hour and another train on B is receding from the intersection, 
on the same side of it, with a velocity of 20 miles per hour. Find the 
relative velocity of the trains, 

22 . A particle moves with simple harmonic motion ; show that its 

time of complete oscillation is independent of the amplitude of its motion. 
The amplitude of the motion is 5 feet and the complete time of oscillation 
is 4 seconds ; find the time occupied by the particle in passing between 
points which are distant 4 feet and 2 feet from the centre of force and are 
on the same side of it. (LU.) 

23 . At midnight a vessel A was 40 miles due N. of a vessel B ; A 

steamed 20 miles per hour on a S.W. course and B 12 miles per hour 
due W. They can exchange signals when 10 miles apart. When can 
they begin to signal, and how long can they continue? (I.C.E.) 



CHAPTER XVII 

INERTIA. 

Inertia, inertia is that property of matter by virtue of which a 
body tends to preserve its state of rest or of uniform velocity in a 
straight line, and offers resistance to any change being made in the 
velocity possessed by it at any instant, whether the change be one of 
magnitude or of direction of velocity. Hence, in order to effect any 
such change, it will be uecessary to employ force to overcome the 
inertia of the body. There will be no resultant force acting on any 
body which is travelling with uniform velocity in a straight line ; in 
such a case the external forces, if any, applied to the body are in 
equilibrium. The existence of acceleration in a body implies the 
presence of a resultant external force, and this force must be applied 
in the line of, and must have the same sense as the prof>osed 
acceleration. 

The estimation of the magnitude of the force required to produce 
a given acceleration may be obtained from an experimental law. All 
bodies at the same place fall freely with the same acceleration 
Now their weights are proportional to their masses, and as these 
weights are the resultant forces producing acceleration, it follows that 
the force required to produce a given acceleration is proportional to 
the mass of the body. It may also be sliown by experiment that the 
force required to produce acceleration in a body of given mass is 
proportional to the acceleration. Hence, we have the law that the 
force required is proportional jointly to the body's mass and accelera- 
tion, and consequently will be measured by the product of the 
mass and the acceleration. 

From the case of a body falling freely we know that a force of i lb. 
weight acting on a mass of i pound gives an acceleration of ^ feet 
per second per second. It follows that the algebraic statement of 
the above law will be 

p = — lb. weight, 


(0 
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where m =* the mass of the body in pounds, 

a = its acceleration in feet per sec. per sec. 

The result of the calculation by use of equation (i) will vary to a 
small extent depending on the value of g at the particular place. An 
absolute unit of force may be employed which does not vary, and is 
defined as the force required to give unit acceleration to a body 
having unit mass. The British absolute unit of force is the ponndal, 
and is the force that would give an acceleration of one foot per 
second per second to a body free to move and having a mass of one 
pound. The metric absolute unit is the dyne ; a force of one d)me 
acting on a body free to move and of mass one gram would produce 
an acceleration of one centimetre per second per second. Using 
these units, equation (i) becomes 

F = ina, in absolute units, (2) 

the result being in poundals, or dynes, respectively if 

m = the mass of the body in pounds, or grams, 
a = its acceleration in feet, or centimetres per sec. per sec. 

The weight of a body expressed in absolute units will be given by 

w = mgr (3) 

Also, a force stated in poundals or dynes may be converted into 
lb. weight or grams weight by dividing by the proper value of 
which may be taken as 32- 2 feet per second per second in the 
British system, or as 981 centimetres per second per second in the 
metric system, for all parts of the British Isles. 

In using the above equations, it must be understood clearly that 
each side of the eciuation represents a force ; the left-hand side 
represents the resultant force applied to the body from the outside ; 
the right-hand side represents the force due to the collective resist- 
ance of all the particles of the body to any change being made in 
the velocity. T'he whole equation expresses the equality of these 
forces. The student would do well to recall again the fact that a 
force cannot act alone ; there must always be an equal opposite force, 
and if the latter is not wholly supplied by some resistance given by 
an outside agency such as friction, etc., it must be supplied in part 
by the inertia of the body. Equality of the forces is an invariable 
law. 

Example i. A train has a mass of 200 tons. If frictional resistances 
amount to 12 lb. weight per ton, what steady pull must the locomotive 
exert in order to increase the speed on a level road from 20 to 40 miles 
per hour, the change to take place in minutes? 
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Let T 5= pull required, in lb, weight units. 

F = total frictional resistance, lb. weight. 

P — resultant force producing acceleration, lb. 
weight. 

'Then P=T-F=~. ..(i) 


^-Uso, F = 200 X 1 2 = 2400 lb. weight. 

Initial velocity 

. 176 

Final velocity = feet per sec. 

Acceleration=a = ^i ^-“^~90 
88 ^ 

= — foot per sec. per sec 

Substituting these values in (i) gives 

_ 200 X 2240 X 88 

T- 2400= 

^ 32-2 X 2/0 

T = 4535 + 240o 
== 6935 lb. weight. 


Example 2. The mass of a train is 250 tons and frictional resistances 
amount to 1 1 lb, weight per ton. The speed 
on reaching the top of an incline of i in 80 
is 30 miles per hour, and the train runs 
down with steam shut off. If the incline is 
is 0*5 mile long, what will be the speed at 
the bottom ? 

Referring to Fig. 443, the weight of the 
train, W, may be resolved into two forces T 
and R respectively, parallel and perpendicular to the incline. Let a be 
the angle made by the incline with the horizontal. Then 
T = W sin tt = W tan a, very nearly, 

= 25ox 2240 X 
= 7000 lb. weight. 

Also, Friction = F = 250 X 1 1 =2750 lb. weight. 

P = T-F 



Also, 


= 7000-2750=4250 lb. weight. 


Pjf 4250X 32»2 

" m~~ 250 X 2240 
=0-244 foot per sec. per sec. 

Again, Initial velocity = 2/1 =^^5g^=44 feet per sec. 
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And - v^^2as (p. 389) ; 

- (44 X 44)= 2 X 0-244 X 

*'3®= 1290-1- 1936=3226, 

7/= 56*8 feet per sec. 

= 3^*^ miles per hour. 

Kinetic energy. In Fig. 444 is shown a body of mass m pounds 
able to move freely. Let the body be at rest at A and let a force 
P lb. -weight be applied, in consequence of which the body moves 
with continually increasing velocity to B, a horizontal distance of 
s feet. Work will be done by P 
against the resistance due to the 
inertia of the body. 

Work done by P = IV foot-lb. 

As there has been no external F.c. 444.-K!..eiic energy of a body. 

resistances of any kind, it follows that the whole of the work done 
by P will be stored in the body at B in the form of kinetic energy. 
Let V feet per second be the velocity at B, and let a be the accelera- 
tion in feet per second per second. 

Then P = — lb. weight. 

g 

Also, s = ™ feet (p. 388). 

Hence, Work done by P = ^ — > or, 

^ g 2a ^ 

KlnetLo energy of body = ---- foot-lb (i) 

S?g 

Note that the velocity is squared in this result, hence its sign, 
positive or negative, is immaterial. The interpretation of this is that 
kinetic energy is not a directed, or vector, quantity, and a body 
moving in any direction will have kinetic energy which may be 
calculated by use of the expression found above. The kinetic energy 
may be expressed in absolute units by omitting g. 

Kinetic energy = foot-ponndalB. (2) 



Example i. A railway truck of mass 20 tons moving at 6 feet per 
second comes into collision with buffer stops and is brought to rest in a 
distance of 9 inches. What has been the average resistance of the 

buffers ? 20 x 6 x 6 o - _ 

Kinetic energy =—-=* — jrrz — foot-tons. 

2g 04-4 



410 


MACHINES AND HYDRAULICS 


Let P=the average resistance in tons weight 
Then, Work done against P = P x foot-tons. 

Hence, Px^=iii8, 

_ I J«l8 X 12 

9 

= I4»9 tons weight 

Average forces calculated in this manner are described sometimes as 

space-average forces. 

Example 2. A vessel of mass 10,000 tons and having a speed of 
30 feet per second is slowed to 10 feet per second in travelling a distance 
of 3000 feet. Calculate the average resistance to the motion. 

Here we have 

.... nnh? 

Change in kinetic energy 

1 2/ 

10,000 . V 

= 124,100 foot- tons. 

Let P = the average resistance in tons weight 
Then, Work done against P = P x 3000 foot-tons. 

Hence, 3000 P= 124,100, 

P= 4f-37 tons weight 


Momentum. The momentum of a body in motion is measured by 
the product of its mass and velocity. The units will be stated by 
giving the units of mass and velocity employed ; thus, if the pound 
and the foot-second units are employed, then 

Momentum = mv pounO-foot^econda. 


Suppose a body of mass m pounds, free to move, to be acted on 
by a force P lb. weight during a time t seconds, and that the body is 
at rest at first. An acceleration a feet per second per second will be 


produced, such that 


P = - 


g 


lb. weight (r) 


Since P acts for a time i seconds, the velocity of the body at the end 
of this time will be 

v — at feet per second (p, 388) ; 

feet per second per second. 
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And from (i), by substitution, 

^ lb. weight .(2) 

Now mv is the momentum possessed by the body at the end of 
.he time f seconds, consequently “ will be the momentum it acquires 

each second, z\e. the rate of change of momentum- Hence, the 

force In lb. weight g^enerating momentum win be numeiloaUy equal to the 
rate of change of momentum in pound-foot-Beoond unite divided by g. 

^ ni'y 

Or, we may write F = — poundals, .(3) 

showing that the force in absolute units is equal to the rate of change 
of momentum. 

Suppose equal forces P, P, to act during the same interval of time 
on two bodies A and B, free to move and initially at rest. Let the 
masses be and respectively, and let z/a and Vn be the velocities 
acquired at the end of the time /. 

From (2) above, P = for the body A ; 

P = for the body B ; 

- , — or, 

It may be stated therefore that equal forces, acting during the same time, 
generate equal momenta irrespective of the masses of the bodies. 

Impulsive forces. Supposing a body in motion to possess a 
momentum mv, which is abstracted by the body encountering a 
uniform resistance P. If this is accomplished in / seconds, then 



It will be noticed that if t becomes very small, P will become very 
large, and is then said to be impulsive. If P be not uniform, its 
average value may be found from the above equation. In the case 
of impulsive action, P is called the average force of the blow. 

Change of momentum. Momentum depends on the velocity of 
a body, and, since velocity has direction, momentum will also be a 
directed quality and so can be represented by a vector. Momentum 
differs in this respect from kinetic energy which depends on 
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Change of momentum must be estimated always by taking the 
change in the body’s velocity, paying attention to both magnitude 
and direction. Having found the magnitude and direction of the 
change in momentum, the force required may be calculated and will 
act in the same line of direction. 

Example i. A locomotive picks up a supply of water from a long 
trough laid between the rails (Fig. 445) while travelling at 40 miles per 

hour. Suppose the speed to remain un- 
altered, what additional resistance is offered 
if 5 tons of water be picked up in 50 
seconds ? 

The water in the trough has no momen- 
tum ; after it is picked up it has the same 
velocity as the train, hence 

p _ 5 X 40X 5280 

32*2 X 50 X 60 X 60 
~ 0-182 ton weight. 

Example 2. A gun discharges 350 bullets per minute, each of mass 
0*02$ pound, with a velocity of 2000 feet per second. Neglecting the mass 
of the powder gases, find the backward force on the gun. 

Mass of bullets ejected per second = - =0-146 pound. 

Momentum generated per second =0-146 x 2000 pound-foot-sec. 

Force required to eject the bullets 

= 9-07 lb. weight. 

It is evident that the backward force acting on the gun will be equal to 
the force required to eject the bullets, viz. 9-07 lb. weight. 

Example 3. A hammer head of mass 2 pounds and having a velocity 
of 24 feet per second is brought to rest in 0-005 second. Find the average 
force of the blow. ^ ntv 2 x 24 

^ 32-2 X 0-005 

= 228 lb. weight. 

Average forces calculated in this manner are described sometimes as 

time-average forces. 

Centre of mass. It will be understood that every particle in a 
body offers resistance, due to its inertia, to any attempted change 
in its velocity. In Fig. 446 is shown a body travelling in a straight 
line towards the left and having an acceleration a. There being 
no rotation of the body, every particle will experience the same 
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acceleration a. Calling the masses of the particles etc., 

the resultant resistance will be 

R =» m^a + + m^a + etc. 

This force will act through the centre C of the parallel forces 
^2^, etc. (p. 48), a centre which is called the centre of mase of 
the body. It may be assumed for all practical purposes that the 
centre of mass and the centre of gravity of a body coincide. 

Let C be the centre of mass of a body (Fig, 447), and let R 
acting through C be the resultant inertia resistance. The resultant 
external force F producing acceleration must clearly act in the same 
straight line as R if there is to be no rotation of the body. Hence, 
we have the principle that if the external forces acttna on a body ftee to 




move are to produce no rotation, tbelr resultant must pass tbrougb tlie 
centre of mass of the body. The truth of this may be tested easily by 
laying a pencil on the table and flicking it with the finger nail. An 
impulse applied near the end will cause the pencil to fly off rotating 
as it goes ; an impulse applied through the centre will produce no 
rotation. 

Rotational inertia. In Fig. 44S is shown a body which is capable 
of turning freely about an axis OZ perpendicular to the plane of the 
paper. In order to produce rotation, without 
tendency to displace or translate the body, a 
couple must be applied. Let the two forces 
P, P, form a couple, one of the forces being 
applied at the axis, and let the forces rotate 
with the body so that a constant moment 
is exerted. The forces being in lb. weight 
and the arm D being in feet, the moment 44B,-Rotationai inertia, 
will be T = PD lb. -feet (1) 

As the body is free to rotate, the only resistance which will be 
opposed to the couple must be due to the inertia of the body 
causing it to endeavour to rotate with uniform angular velocity. For 
inertia resistance to be possible there must be angular accelerationt 
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— 1 — - 

cons^uently each particle of the body will have a linear acceleration 
in the direction of its path of motion. 

Considering one such particle pound at radius feet; its 
linear acceleration will be feet per sec. per sec., and the resistance 
which the particle will offer is 

A = 

Now, — 

where ^is the angular acceleration in radians per sec. per sec. (p. 392). 


To obtain the moment of this resistance, multiply by giving 

ffi ^ 

Moment of resistance of particle = —’—f- 

e 




■(2) 


Now had any other particle been chosen, a similar expression for 
its moment of resistance would result. Hence 
Total moment of resistance due to inertia of body 


= - 
S 


( 3 ) 


the summation being taken throughout the body. The quantity 
may be called the second moment of mass, or more commonly, 
the moment of inertia of the body, written I. Using a suffix OZ to 
indicate the axis about which moments must be taken, (3) becomes 

0 

Total moment of resistance = - Iqz (4) 


Clearly this moment must be equal to the moment of the couple 
applied to the body. Hence equating (1) and (4) we have 

T = PD = — (5) 

ET 

If the couple is measured in absolute units, say L poundabfeet, 
(5) becomes i. = i„e (6) 

The analogy between this equation and the corresponding one for 
rectilinear motion may be noted ; viz. 

¥ = ma (7) 

In (7) a force appears on the left hand side, and in (6) the moment 
of a force ; in (7) the product of mass and liixear acceleration are on 
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the right hand side, and in (6) the product of second moment of 
mass or moment of inertia and angular acceleration. 

The following common cases of moments of inertia may be noted 

Moments of Inertia. 

The results are all in pound-(root)® units if the mass M is taken in 
pounds and the linear dimensions in feet. 

1. A slender uniform rod. 

(a) Axis OX parallel to rod and at a distance D from it (Fig. 449). 

Iox = MD2. 

(^) Axis OX perpendicular to rod through one end (Fig. 450), 



(ir) Axis OX perpendicular to rod through its centre of gravity 


/TTior V# r T \ 



Fig. 449. Fig. 450. Fig. 451. Fic. 453* 


II. A thin uniform reotangnilar plate. 

(a) Axis OX coinciding with a long edge (Fig. 452). 

_MH2 
ox- ^ • 

(^) Axis OY coinciding with a short edge (Fig. 452)- 
_ MB2 

OY ^ 

((^•) Axis GX through centre of gravity and parallel to long 

edge (Fig. 453). ^^^^2 

Icx = — ■ 

(if) Axis GY through centre of gravity and parallel to short 
edge (Fig. 453). 


12 
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(i) Axis OZ through one corner and perpendicular to piate 


(Fig- 454)- 


M(H2 + B2) 


(/) Axis GZ through the centre of gravity and perpendicular to 
plate (Fig. 454). 

III. A tUdE nalform plate. 

(a) Axis OY coinciding with one edge (Fig. 455). 

- 

OY ^ 

ip) Axis GZ parallel to OY and passing through the centre of 
gravity (Fig. 455). 

^ M(B2 + T2) 


J 


5F’ 




1 

1 

1 


G 

X 

1 





I — 

Lr. ... I-JL 

Fig. 454. 


:: — 


Fig. 455. 


IV. A tlilxL olrcular plate. 

(a) Axis OX forming any diameter of the plate (Fig. 456). 

T 

fox — • 

4 

(d) Axis TV forming any tangent to the plate (Fig 456). 

. SMR2 


(c) Axis OZ passing through the centre and perpendicular to 

the plate (Fig. 456). 

^ MR2 
Ioz = -"^ 

i^) Axis TZ touching the circumference and perpendicular to 
the plate (Fig. 456). 

T 3MR^ 
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V. A ttaln droular plate luiTiii^ a ooaoentrlo hole. 

{a) Axis OX forming any diameter of the plate (Fig. 457), 

, _M(R,2 + R32) 

■•■ox • 

4 

(^) Axis OZ passing through the centre and perpendicular to 
the plate (Fig. 457). 

_M(V + R,®) 

-- • 


T V 

Fic. 456. Fig. 457. 

VI. A solid cylinder. 

Axis OX coinciding with axis of cylinder. 

• MR2 

Xox = — — . 

2 

VII. A hoUow concentric cylinder. 

Axis OX coinciding with axis of cylinder. 

m(r;^ + r,2) 

lox 2 ’ 

VIII. A solid sphere. 

Axis OX forming any diameter. 

, 2MR2 
ox ^ 

The following rules are useful in calculating moments of inertia. 

{a) Given Iqx and loy for a thin uniform plate, to find I02, OZ 
being perpendicular to the plane containing OX and OY : 

loz = lox + Iqy' 

{l>) Given Igx for a thin uniform plate, GX being an axis passing 
through the centre of gravity, to find Iqx, OX being parallel to GX 
at a distance D : lox = Igx + M D*. 

{c) Routh’s rule : If a body is symmetrical about three axes 
which are mutually perpendicular, the moment of inertia about one 
axis is equal to the mass of the body multiplied by the sum of the 
squares of the other two semi-axes and divided by 3, 4, or 5 according 
as the body is rectangular, elliptical or ellipsoidal. 

D.M. 
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Example: i. A rectangular plate, as shown in Fig. 455, is symmetrical 
about <jZ and other two axes passing through G, and parallel to B and T 

respectively. MKiB)*+(iT)*} M(Ba+T2) 

1gz = = — = — 

3 12 

Example 2, A solid cylinder (special case of an elliptical body) is 
symmetrical about the axis of the cylinder OX and about other two axes 
forming diameters at 90" and passing through the centre of gravity 
of the cylinder. Hence : 

I, , 3 ^ = M(RMJ^) ^ MRg 


Iox = 


Example 3. A solid sphere is symmetrical about any three diameters 
which are mutually perpendicular. Hence, about one diameter, OX : 

M(R2 + R3_2MR2 

5 ‘ 

The radius of gyration of a body is defined as a quantity k such that, 
if its square be multiplied by the mass of the 
body, the result gives the moment of inertia of 
the body about a given axis. I'aking the case 
of a solid cylinder as an example, the moment 
of inertia about OZ, the axis of the cylinder, is 
MR2 



Let 

Then 


I0Z-- 
la ■’ 


,0 


n/2 


Fig. 458.— An experimental 
flywheel. 


which gives the value of the radius of gyration 
for this particular axis. 

Example i. A flywheel has a moment of inertia of 8000 in pound and 
foot units, and is brought from rest to a speed of 180 revolutions per 
minute in 25 seconds. What average couple must have acted ? 

1 80 

Final angular velocity = (i>= ^ X27r<^67r radians per sec. 


Angular acceleration 


= ^=~=^ radians per sec. per sec. 

j _ I?— 

^ ~ 25 X 32*2 “ 


187 lb. -feet. 


Example 2. In a laboratory experiment, a flywheel cf mass 100 pounds 
and radius of gyration 1-25 feet (Fig. 458) is mounted so that it may be 
rotated by a falling weight attached to a cord wrapped round the wheel 
axle. Neglect friction and find what will be the accelerations if a body 
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of 10 pound weight is attached to the cord and if the radius of the axle is 
2 inches. 

Let M = mass hung on, in pounds. 

M^«its weight, in absolute units. 

T^=pull in cord, in absolute units. 
r= radius of axle, in feet. 

I = moment of inertia of wheel 
“ 100 X 1*25 X 1-25 = 156-2 pound and foot units. 

— the linear acceleration of M, in feet per sec. per sec. 

^=the angular acceleration of the wheel, in radians per stc. 


per sec. 

Then, considering M, we have : 

Resultant force producing acceleration = M^- T^« Ma ( j ) 

Considering the wheel, we have : 

Couple producing acceleration = I (2) 

Also, (3) 

These three equations will enable the solutions to be obtained. Thus : 

F rom (2) and (3), T^/-= ; 

. ....( 4 ) 


Substitute this value in (i), giving 

r 




•• «= — 

■h.jr . * 


10 X 32-2 




io+(i56-2 x6x6) 


From (3X 


= 0-0572 feet per sec. per sec. 

=00572 x 6 
= 0-343 radian per sec. per sec. 

Kinetic energy of rotation. In Fig. 459 is shown a body rotating 
with uniform angular velocity w about an axis OZ 
perpendicular to the plane of the paper. Con- 
sidering one of its particles the linear velocity 
of which is , we have 


Kinetic energy of particle = = • 


Now, 





Fio, 459.— Kinetic 
energy of rotation. 
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Hence, Kinetic energy of particle = — • (*) 

A similar expression would result for any other particle, hence 
Total kinetic energy of body = or, 

/ \ 

Kinatio energy = — lo* (21 

2g 

In using this equation with w in radians per second, ^ should be in 
feet per second per second and I in pound-(foot)2 units to obtain the 
result in foot-lb. The corresponding equation for foot-poundals 

would be ^2 

Kinetic energy = -- • lo* (3) 


Example i. A flywheel has a mass of 5000 pound and a radius of 

gyration of 4 feet. Find its kinetic energy at 150 revolutions per minute. 

<D= . 27 r= 5 'ir radians per sec. 

I = M^= 5000 X 16= 80,000 pound-(foot)*. 

... <0^ _ 25 X TT^ X 80,000 

Kinetic energy = ^ I = 

~ 306, 500 foot-lb. 

Example 2. The above flywheel slows from 150 to 148 revolutions 
per minute. Find the energy which has been abstracted. 

Change in kinetic energy ~ 

Also, = 

•27r = 4-9337r; 

Energy abstracted = ^(a>i - a)jj)(ti>i + wg) 


80,000. 


64-4 
= 8160 foot-lh. 


X 0-067 X 9-933 


Energy of a rolling wheel. The total kinetic energy of a wheel 
rolling along a road will be made up of kinetic energy of rotation 
together with kinetic energy of translation. 

Let 0) the angular velocity, radians per sec. 

V = the linear velocity in feet per sec. of the carriage to which 
the wheel is attached (this will also be the velocity 
of the centre of the wheel). 

M ~ the mass of the wheel in pounds. 

^ » its radius of gyration, in feet, with reference to the axle 
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Kinetic energy of rotation 


<i)*I 


foot-lb. 


Kinetic energy of translation > ^ foot-lb. 

2 .fi 

Total kinetic energy = = — + ,(i) 

Again, if there be no slipping between the wheel and the road, we 
have (p. 393) 


where R is the radius of the wheel in feet. 

Substituting in (i), we obtain, for perfect rolling: 

1 otaJ kinetic energy = — - „ h 

2^R2 2 g 


\- , 


Energy of a wheel rolling down an inclined plane. The 

principle of the conservation of energy may be applied to the case 
of a body rolling down an inclined plane (Fig. 460). In rolling from 
A to B, the body descends through a vertical height H feet ; hence, 
if M is the mass in pounds, 

Work done by gravity = M^H foot-poundals (i) 

Assuming that none of this is wasted, ^ 

the total kinetic energy at B will be 

equal to the same quantity. The energy j 

at B is made up of translational kinetic ^ 

energy owing to the linear velocity v feet i 

per second of the mass centre and of 

rotational kinetic energy owing to the fig. 460.— Energy of a wheel rolling 

... , . down an incline. 

angular velocity a> radians per second. 

Hence, Total energy at B ) foot-poundals, (2) 

I02 being the moment of inertia in pound and feet units about the 
axis of rotation passing through the mass centre of the body. 
Equating (i) and (2), we have 

— - H — loz- 


Writing M/J® for Iqz, this will give 

MzA! 

M^H = — 


2 
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If there is no slipping between the wheel and the plane, we have 


0 )=* 


R’ 


where R is the radius of the body in feet 
Hence, = + 


or 




V — 


I 2/ril 




•“F- 

+ R2 


( 4 ) 


Motion of a wheel rolling down an incline. The following 
way of regarding the same problem should be studied. Fig. 461 



Fig. 461. — Forces acting on a wheel rolling down an incline. 


shows a body rolling down a plane inclined at an angle a to the 
horizontal. The weight may be resolved into two forces respec- 
tively parallel to and at right angles to the plane; these will be 
M^sina and M,^cosa. The normal reaction Q of the plane will 
be equal to Mucosa. If there is no friction, all these forces act 
through the mass centre O, and there will be no rotation, i,e. the 
body will slip down the plane without any rolling. Suppose that 
a maximum frictional force F may act between the plane and the 
body and that /x is the coefficient of friction, then 

F = ^tM^’"COS a. 

To investigate the effect of F, transfer it to the mass centre O as 
shown and apply an anti-clockwise couple of magnitude FR. Then 

P = Resultant force at O acting down the plane 
= M^siii a - F 
=* Ml^sin a - /xM^cos a. 
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Let a be the linear acceleration of O down the plane. Then 

or M^^(sin a - cos a) = Ma, 

/. a a - fi cos a) (5) 

Also, owing to the couple FR, an angular acceleration 6 will be 
produced, to be obtained from 

^_FR jtJtM^^cosa.R 

_ fiK cos a 

If the rolling is perfect, t.e. no slip, we have 

a 
R 

Hence, from (5) and (6), 

^ . V mR cos a 

^ (sin a.~ix cos a) — ^-5 — > 

uR- cos a 
Sin a - /i cos a - - — ; - 


sin a = /A cos 




tan a 

= 


( 6 ) 


( 7 ) 


This expresses the minimum value of the coefficient of friction 
consistent with perfect rolling. Assuming that the rolling is perfect, 
the value of the linear acceleration a may be calculated as follows ; 


From (6), 


u cos a = ^ 


a 




Substituting this value in (5) gives 


a k 


=^sina-fl^; 


.( 8 ) 


jrsin a 
a = 


•(9) 
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Suppose that the body 



starts from rest at A (Fig. 462) and rolls 
to B. The linear velocity v of the mass 
centre at B may be calculated thus, 

= 2flL (p. 388). 

A1 H . T M . 

Also, -r- = sin a : or, L = ; 

’ L sin a 


• a H 
. . 20 - — . 

sin a 


Inserting the value of a from (9), we have 
2^ sing H 

* sin a >6^’ 

I + I + 




^ + R2 


.{10) 


Comparison of (4) with (10) will show that the same result has 
been obtained by both methods. 


Example. In a laboratory experiment, a small steel ball was allowed 
to roll down a plane of length 6 feet and inclination i®4o'. The average 
time taken (six experiments) was 4-25 seconds. Compare the experimental 
and calculated accelerations of the ball. 

To obtain the experimental acceleration, we have 

where s is the length of the incline and t is the time of descent. Hence, 

2x6 

= o« 664 feet per sec. per sec. 

To calculate the acceleration, take equation (9), p. 425. 
esin a 

a^— 

I+RJ 

For a ball, 1 = f MR* (p. 417) ; 

“R='“5* 

H ence, sin a 

= ? X 32 2 X 0 02908 
= 0-669 feet per sec. per sec. 

The experimental and calculated accelerations differ by about three- 
quarters of one per cent. ; the agreement is good. 



CENTRIFUGAL FORCE 


4*5 


Oentriftigal force* It has been shown (p. 397) that, when a small 
body moves in the circumference of a circle of radius R feet with 
uniform velocity v feet per second (Fig. 463), there is a constant 
acceleration towards the centre of the circle given by 

a = ^ feet per sec, per sec. 


To produce this acceleration requires the application of a uniform 
force P, also continually directed towards the centre of the circle, 
and given by 

^ or, 


P=r-~ lb. weight .(i) 

gR ' ' 

This force overcomes the inertia of the body, which would other- 
wise pursue a straight line path, and may be called the central force. 



It is resisted by an equal and opposite force Q (Fig. 463), produced 
by the inertia of the body. Q is called the centrifugal force. 

Expressed in terms of the angular velocity w radians per second, 


P = Q = 




or. 


p ~ . mR lb. weight 
g 


•(») 


A large body rotating about an axis may be considered as being 
made of a large number of small bodies ; for each of these, will 
be the same, hence the total central force will be 

p =* — (wjRi + 

The quantity inside the brackets would have the same numerical 
value if the whole mass were concentrated at the centre of mass. 

Let M = mass of whole body, in pounds, 

Y - radius of the centre of mass, in feet (Fig. 464). 
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Then P == Q = ^ MY lb. w^ht (3) 

= tt^MT poundalB. ••*•(3 ) 


It follows from this result that if a body rotates about an axis 
passing through its centre of mass (in which case Y = o), there will be 
no resultant pull on the axis due to centrifugal action. There may 
be a disturbance set up if the body is not symmetrical about an axis 
at right angles to the axis of rotation, and passing through the centre 
of mass. For example, in Fig. 465 is shown a rod rotating about an 



Fig. 465. — An afisymmetrical load produces rocking couples. 


axis GX, G being the centre of mass. The rod is not symmetrical 
about GY, hence, considering the halves separately, there will be 
centrifugal forces as shown by Q, Q, forming a couple tending to 
bring the rod into the axis GY. If this tendency is to be balanced, 
forces S, S, forming an equal opposite couple must be applied by the 
bearings. These forces will, of course, rotate with the rod and 
produce what is called a rocking couple. In Fig. 466 is shown a 



Fig. 466.— a balanced 
symmetrical body. 



Fig. 467. —Balancing a piece of 
work in a lathe. 


body symmetrical about GY and consequently having neither rocking 
couple nor resultant centrifugal force. 

In Fig. 467 is shown the face plate of a turning lathe with a piece 
of work B attached to the face plate by means of an angle plate C. 
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To the other side of the face plate is attached a balance vdabt 
which is adjusted until there is no tendency to rotate the spindle 
of the lathe from any position of rest, />. the centre of gravity 
of the whole falls on the axis of rotation. This is called atatio 
bala nc i n g and will serve very well for low speeds. It will be 
observed, however, that the bodies attached to the face plate are not 
symmetrical. Gj and G^, the centres 
of gravity of the work and of the balance 
weight, are not in the same vertical 
line, hence the centrifugal forces Pj 
and P2, being equal, form a rocking 
couple which will set up troublesome 
vibrations if the speed be increased. 

The effect may be reduced by having 
the balance weight further from the 
face of the plate. 

In Fig 468 is shown a motor car travelling in a curved path. To 
prevent side slipping, the road is banked up to such an extent that 
the resultant Q of the centrifugal force and the weight falls perpen- 
dicularly to the road surface. 

Let M = mass of car, in pounds. 

V = its speed, in feet per sec 
R = radius of curve, in feet. 

Then, Weight of car = poundals. 

Centrifugal force = poundals. 



Fig. 46B.— Section of a banked 
motor track. 


Also, ABG is the triangle of forces. Hence, 


Centrifugal force _ _ AE ^ 

Weight of car BG 


Now, 


AB 

BG 


= tan a, 


and a is also the angle which the section of the road surface makes 
with the horizontal ; hence, 

tana== _• 

Railway tracks are also banked up in a similar manner ; the super- 
elevation of the outer rail prevents the flanges of the outer wheels 
grinding against the rail in rounding a curve. 
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EXERCISES ON CHAPTER XVII. 

1 . A body of mass 200 pounds has an acceleration of 150 feet per 
second j^r second at a given instant. Calculate the resistance due to 
the inertia of the body. 

2 . A resultant force of 1220 dynes acts on a body of mass i’2$ grams. 
Calculate the acceleration in cm. per sec. per sec. 

3 . A train has a mass of 250 tons, and starts with an acceleration of 
I* I feet per second per second. Frictional resistances amount to ii lb. 
weight per ton. Find the pull which the locomotive must exert. 

4 . A body slides down a plane inclined at 20 degrees to the horizontal. 
The coefficient of friction is o*i ; find the acceleration and the time taken 
to travel the first 20 feet. 

5 . A load of 10 pounds is attached to a cord which exerts a steady 
upward pull less than 10 lb. weight. Starting from rest, the load is found 
to descend 6 feet vertically in 4 seconds. P'ind the pull in the cord. 

6. A shot has a mass of 20 pounds and a speed of 1500 feet per 
second. Find its kinetic energy in foot-tons. Supposing an obstacle to 
be encountered and that the shot is brought to rest in a distance of 
12 feet, what is the average resistance? 

7 . Calculate the momentum of the shot given in Question 6. Suppose 
that the shot had been brought to rest in o-02 second, and calculate the 
average resistance. 

8. A man stands on a small truck mounted on wheels which are 
practically frictionless. If the man jumps off at the rear end, what will 
happen to the truck? Take the masses of the man and the truck to be 
1 50 and 200 pounds respectively, and assume that the man is travelling 
at 8 feet per second immediately he has left the truck, 

9 . A jet of water delivers 50 pounds of water per second with a 
velocity of 35 feet per second. The jet strikes a plate which is fixed with 
its plane at 90 degrees to the jet. Find the pressure on the plate. 

10 . Suppose in Question 9 that the plate had been curved in such 
a manner that the jet slides on to it and has the direction of its velocity 
on leaving the plate inclined at 90 degrees to its original direction. Find 
the change in velocity, and hence find the pressure on the plate, 

11 . A wheel has a moment of inertia of 10,000 in pound and feet units, 
and is brought from rest to 200 revolutions per minute in 25 seconds. 
Calculate what steady couple must have acted on it. 

12 . An iron plate 4 feet high, 2 feet wide and 2 inches thick is hinged 
at a vertical edge. Calculate its moment of inertia about the axis of the 
hinges. Take the density of iron to be 480 pounds per cubic foot. 

13 . Find the moment of inertia about the axis of rotation of a hollow 
shaft 20 inches external and 8 inches internal diameter by 60 feet long. 
Take the density as given in Question 12. 

14 . A solid ball of cast iron is 12 inches in diameter ; density of metal 
450 pounds per cubic foot. Find the moment of inertia about an axis 
which touches the surface of the ball. 
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16 . Referring to Question 5 ; The upper part of the cord is wrapped 
round a drum 6 inches diameter measured to the cord centre, and a 
flywheel is attached to the same shaft as the drum. Find the moment 
of inertia of the flywheel. 

16 . A solid disc of cast iron is 4 feet in diameter and 6 inches thick, 
and rotates about an axis at 90 degrees to its plane and passing through 
its centre. For the density, see Question 14. Speed 150 revolutions per 
minute. Find the radius of gyration and the kinetic energy of the disc. 

17 . If the disc given in Question 16 slows to 140 revolutions per 
minute, how much energy will be given up ? 

18 . Suppose that the disc given in Question 16 were to roll without 
slip down an incline of i in 10, what would be the linear acceleration of 
its centre ? 

19 . A blade of a small steam turbine has a mass of 0-05 pound and 
revolves in the circumference of a circle 8 inches in diameter 24,000 times 
per minute. Find the centrifugal force. 

20 . An oval track for motor cycles has a minimum radius of 80 yards, 
and has to be banked to suit a maximum speed of 65 miles per hour. 
Find the slope of the cross section at the places where the minimum 
radii occur. 

21 . A tramcar weighs 12 tons complete. Each of the axles with its 
wheels, etc., weighs 0-5 ton, and has a radius of gyration of 1 foot. The 
diameter of the wheel tread is 3 feet, and the car is travelling at 12 miles 
per hour. Find (a) the energy of translation of the car ; {^) the energy 
of rotation of the two axles ; (c) the total kinetic energy of the vehicle. 

(B.E.) 

22 . Prove the formula for the acceleration of a point moving with 

uniform speed in a circle. Find in direction and magnitude the force 
required to compel a body weighing 10 lb. to move m a curved path, the 
radius of curvature at the point considered being 20 feet, the velocity of 
the body 40 feet per second, and the acceleration in its path 48 feet per 
second per second. (I.C.E.) 

23 . A motor car, whose resistance to motion on the level is supposed 

to be the same at all speeds, has been running steadily on the level at 
20 miles per hour ; it now gets into a rise of i in 1 2. What is the 
maximum length of this rising road which may be traversed by the car 
without changing gear ? (B.E.) 

24 . A train weighing 300 tons, travelling at 60 miles per hour down a 

slope of I in no, with steam shut off, has the brakes applied and stops in 
450 yards. Find the space-average of the retarding force in tons exerted 
by the brakes ; if the time that elapses between the putting on of the 
brakes and the moment of stopping is 36 seconds, find the time-average 
of the retarding force in tons. (I.C.E.) 
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Ajignlar momenttun. The angular momentum or moment of momentum 

of a particle may be defined by reference to Fig 469. A particle of 
mass m pounds revolving in a circle of r feet in 
radius has a linear velocity of v feet {ler second 
at any instant in the direction of the tangent. 
Hence its linear momentum at any instant will be 
Linear momentum of particle = mv, 
and v=tor\ 

.'. Linear momentum of particle = (omr. (1) 

The moment of this about OZ (Fig. 469) may 
be obtained by multiplying by r, the result being 
called the moment of momentum, or angular 
momentum of the i^rticle. 

Angular momentum of particle = (2) 

A body having many particles would have a similar expression for 

each. Hence, momentum of a body = wSwr® 

~ (3) 

Consider now a body free to rotate about a fixed axis, and, 
starting from rest, acted on by a constant couple T Ib.-feet. The 
constant angular acceleration being $, we have, as in equation (5) 


Fig. 469 —Angular mo- 
mentum of a body. 


p. 414. 


T = 


hi 

s ' 


Let T act during a time t seconds, then the angular velocity w at 
the end of this time will be 


0, = ^/, or, 

H ence, T = — lb.-feet, (4) 

Et 

or ’ poundals-feet. (S) 

t 
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Now, wioz is the angular momentum acquired in the time / seconds, 
hence o>Ioz/^ will be the gain of angular momentum per second. 
We may therefore state that the oonple in ib.-feet acMiig on a body free 
to rotate about a fixed axis ie numerioally OQual to the rate of oban^e of 
anenilar momentum divided by ^ ; or, omitting the couple will be in 
poundal-feet. This statement should be compared with those for 
linear momentum given on p. 411. 

It will be evident that the applied couple must be acting in the 
plane of rotation of the body ; should this not be the case, then 
rectangular components of the couple should be taken, and that 
component which is in the plane of rotation used in applying 
equation (4). 

Gyrostatic action. In Fig. 470 is shown a cycle wheel suspended 
by means of a long cord attached at C to one end of the bearing pin. 




Fig, 470. — A cycle wheel showing Fig 471, — Angular velocities of 

gyrostatic action. the wheel shown in F>g. 470. 


If the w^heel be at rest, it cannot maintain the position shown without 
assistance, but, if set revolving, it will be found to be capable of 
maintaining its plane of revolution vertical. It will be noticed, 
however, that the wheel spindle slowly revolves in azimuth, ue, in 
a horizontal plane ; the vertical plane of revolution of the wheel will, 
of course, be always perpendicular to the wheel axis. The effect is 
owing to the action of the couple formed by the equal forces T, the 
pull of the cord, and the weight of the wheel. I’his couple acts 
in a vertical plane containing the wheel axis, and will produce 
changes in the angular velocity of the wheel ; these changes must 
occur in the plane containing the couple. 

In Fig. 471 is shown a plan of the wheel ; as it is revolving clock- 
wise when viewed from the right hand side, Oa may be drawn to 



43 « 


MACmNES AND HYDRAULICS 


represent w, the angular velocity of the wheel in its present position. 
The couple acting is clockwise when viewed from the front side, 
hence at^ will represent the change of angular velocity occurring in 
a brief interval of time (p. 401). Hence the angular velocity of the 
wheel at the end of the interval will be represented by Ob. The 
vertical plane of revolution of the wheel will turn from the position 
OA to OA' during the interval, and the wheel spindle which 
occupied the position Oa at first will revolve clockwise when viewed 
from above. 


Let L = the couple applied, poundal-feet. 

I = the moment of inertia of the wheel about its axis, pound 
and foot units. 

Wj = the angular velocity of the wheel about its axis, radians 
per second. 

ai2 = the angular velocity of the wheel axis in the horizontal 
plane, radians per second. 

/^the time in which the axis makes a complete revolution in 
the horizontal plane, seconds. 


Then, in one horizontal revolution of the axis, change in angular 
velocity of the wheel = (p. 402.) 



Also, 01 = ^ I. (p. 4 14.) 


Also, a>./= 27 r; 


/ = 


27r 


L = 






or 


( 2 ) 


In Figs. 470 and 471, 

L = M,i?^xCO; 

X CO = 

_ X CO 

where CO is the horizontal distance 
between the centre of gravity of the 
wheel and the suspending cord. 

Qyrostatic action in motor cars. 
In Fig. 472 is shown a motor car 
travelling round a curve ; when 
looked at from the front, the engine flywheel has a clockwise angular 
velocity. Let OA represent the angular velocity of the flywheel 
when the car is in the position shown, and let OB represent the 


Fig. 47a.~Gyrostatic action in an ordinary 
motor car. 
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angular velocity after a short interval of time ; then the change in 
angular velocity will be represented by AB, and indicates that a 
clockwise couple must be acting on the car as seen in the side 
elevation. This couple can come only from the reactions of the 
ground, hence the front wheels are exerting a greater pressure and 
the back wheels a smaller pressure than when the car is running in 
a straight line. If the car is turning towards the right instead of 
towards the left, there will be an increase in pressure on the back 
wheels and a diminution in pressure on the front wheels ; the 
student should make a diagram of this case for himself. 

Let P = the change in pressure on each axle of the car, in poundals. 

a>^ = the angular velocity of the engine, in radians per second. 

I = the moment of inertia of the revolving parts of the engine, 
in pound and foot units. 

V = the velocity of the car, in feet per second. 

R = the radius of the curve, ih feet. 

<i>^, = V/R = the angular velocity in azimuth of the engine shaft, 
radians per second. 

D = the distance, centre to centre of the wheel axles, in feet. 

Then, Couple acting = ; 

V 

PD=.a,,^L 


poundals 


U>,VI 

^DR 


Ib.-weight. 


In Fig. 473 is shown a car having a wheel at 


O rotating in a 



vertical plane parallel to the planes of revolution of the back wdieels 
of the car. In the side elevation the wheel rotates clockwise ; the car 
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is shown in plan turning towards the right. Oa will represent the 
initial angular velocity of the wheel, Od represents the angular velocity 
after a brief interval, and ab represents the change in angular 
velocity during this interval. Viewed from the front of the car, 
the change in angular velocity is anti-clockwise, hence an anti-clock- 
wise couple P, P, must act on the wheel in a vertical plane con- 
taining the wheel axis. This will give rise to an equal opposite 
couple Q, Q, acting on the car, and will cause the wheels at AA to 
exert greater pressure on the ground and those at BB to tend 
to lift. It will be noted that in this case both centrifugal force and 
gyrostatic action conspire to upset the car. If the wheel at O be 
made to rotate anti clockwise, the gyrostatic couple will have the 
opposite sense to that in Fig. 473, and will tend to equilibrate the 
effects of centrifugal force on the car. The student should sketch 
the diagram for this case, and also for the case of the car turning 
towards the left. 

Further points regarding gyrostatic action. A wheel revolving 
in a given plane may be shifted to any parallel plane without any 



gyrostatic action being evidenced. This is in consequence of such a 
change in position being unaccompanied by any change in the 
angular velocity of the wheel ; hence there is no change in angular 
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momentum, and therefore no couple is required. A couple is 
required in every case where the new plane of revolution is inclined 
to the initial plane. 

In Fig. 474 is shown a common form of gyrostat by use of which 
useful information regarding the behaviour of gyrostats may be 
obtained. The revolving wheel A rotates on a spindle BC, the 
bearings of which at B and C are formed in a ring which has freedom 
to rotate about an axis DE. The ring has bearings at D and E in 
another semicircular ring DFE, which has freedom to rotate about 
the vertical axis FG. The spindle FG is dropped into a vertical 
hole in a heavy stand. The effect of a weight W hung from C will 
be to cause the axis BC to rotate in a horizontal plane, accompanied, 
of course, by the whole frame ; the direction of this rotation, as 
viewed from above, will be either clockwise or anti-clockwise, depend- 
ing on the direction of rotation of the wheel. 

It will be noted that the original vertical plane of rotation gradu- 
ally becomes inclined to the vertical as the motion goes on. This is 
owing to the action of a horizontal couple acting 
on the frame, and produced by the frictional 
resistance offered by the stand to the rotation 
of the spindle FG. In Fig. 475 an elevation of 
the wheel is shown, rotating in the vertical plane 
OA. Oa represents the angular velocity of the 
wheel ; alf represents the change in angular velocity 
in a given interval of time in the horizontal plane 
containing the wheel axis, and produced by the frictional couple. 
Olf is the altered angular velocity of the wheel at the end of the 
interval. The wheel will now be rotating in the plane OA', per- 
pendicular to O/f and inclined at an angle AOA' to the vertical. 

AVhile the wheel is rotating, if the free motion of the semi-circular 
ring DFE be impeded by application of a finger, it will be noted that 
the wheel turns over. This effect is precisely the same as the effect of 
the frictional couple, only it is more marked, as the horizontal couple 
produced by the finger is larger than that produced by the friction. 
If DFE be held forcibly from rotating, the wheel will assume 
a horizontal plane of rotation instantly. In fact, the wheel is only 
capable of exerting a couple which will equilibrate the couple applied 
by means of W, provided its motion in azimuth is allowed to take 
place freely. 

Schlick’s anti-rolling gyrostat. Fig. 476 illustrates in outline 
the method used by Schlick for reducing the rolling of a ship 



l-IG 475. 
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among waves. The view is a cross section of the ship; A is a 

heavy wheel revolving in a horizontal plane about the axis BC 

The frame in which the wheel rotates can rock about a hori- 
zontal axis, I)E, which works in bearings secured to the ship's 

frames. DE is perpendicular to the direc- 

tion of length of the ship. When the ship 

B rolls, the axis DE is forced out of the hori- 

^ zontal, and the axis BC will be inclined 

j[( C A by either H or C coming out of the paper. 

^ A couple, applied by vertical forces acting 

at D and E, is required to giv^c the wheel 
Fig. 476,^Schiicic*s anti rolling frame this motion, and an equal opposite 

gyrostat. it* . 

couple acts on the ship, tending to give 
to it a motion opposite to the rolling motion. In consequence of 
this reaction on the ship, the rolling effect is made much smaller. 
Freedom of motion about DE must be provided, otherwise the wheel 
is incapable, as has been shown above, of offering any resistance to 
rolling. 

There are many other applications of the principle of the gyrostat, 
such as in the gyro-compass used on board ships, in the Brennan 
monorail cars, and in steering torpedoes. 

Simple haxmonic vibrations. It has been shown (p. 398) that a 
body, in describing simple harmonic vibrations, possesses at any 
instant an acceleration directed towards the centre of the vibration, 
and proportional to the distance of the body from the centre of the 
vibration. A force will be necessary in order to produce this acceler- 
ation, and the force will evidently follow the same law as the 
acceleration, Le. it will be constantly directed 

towards the centre of the vibration, and 

will be proportional to the distance of the 1 9 ^ 

body from the centre. ® O m a 

In Fig. 477 a body of mass m pounds 
vibrates with simple harmonic motion in the 

line AB. Let v feet per second be the velocity when the body is 
passing through the centre O, then the accelerations at A and B will be 

aj = g feet per second per second, 

R being the length of OA in feet (p. 397). 

Let F| be the force in poundals required at A and B, then 

Fi = poundals (i) 
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Supposing the body to be situated at C, its acceleration a may be 

found from £. = 2C_OC 

OA~ R ’ 

* R • 

Also, the force F required to produce the acceleration may be 
found from jr qC OC 

• F - TT 

R “ R“‘"R 


= • OC poundals - (2) 

Suppose OC to be one foot, and that fx represents the value of the 
force required when the body is at this distance from O, then 

tfiTp' 

= poundals (3) 

The time of one complete vibration from A to B and back to A is 
given by (p. 400) r 


From (3), 


R‘"_w 

““ /A ' 

. R 
V V /A * 


Substitution of this value gives 




seconds. 


(4) 


(s) 


Example. A body of mass 2 pounds executes simple harmonic 
vibrations. When at a distance of 3 inches from the centre of the 
vibration, a force of 0-4 lb. weight is acting on it. Find the time of 
vibration. 

The force required at a distance of one foot from the centre will be 
four times that required at 3 inches. Hence, 

/ji = 0*4 X 4 — I -6 lb. weight 


Hence, 


= I -6 ^poundals. 

^ fi 7 ▼ i*6 X 


32*2 


= 1*238 seconds. 
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Simple harmonic torsional oscillations. A body will execute 
simple barmoiiio torsional osoUlatlonB if it is under the influence of a 
couple which varies as the angle described by the body from the 
mean position, the couple having a sense of rotation always tending 
to restore the body to the mean position. Thus, a body secured to 
the lower end of a vertical wire, the upper end of which is fixed 
rigidly, will hang, when at rest, in a position which may be described 
as the mean position. As has been explained on pp. 255 and 295, if the 
wire be twisted by rotation of the body, it will exert a couple which will 
be proportional to the angle of twist ; this couple will be constantly 
endeavouring to restore the body to the mean position, hence the 
body will describe simple harmonic torsional oscillations. The time 
of vibration may be deduced by analogy from equation (5), p. 437, 
showing the time of simple harmonic rectilinear vibrations ; the 
moment of inertia of the body about the wire axis must be substituted 
for and the couple acting at unit angle (one radian) from the mean 
position must be substituted for fi. Thus 

Let M = the mass of the body, in pounds. 

>^ = its radius of gyration about the axis of vibration, in 
feet. 

I = = the moment of inertia about the same axis, in pound 

and foot units. 

A = thc couple acting at one radian displacement from the 
mean position, in poundal-fcet. 

T = the time elapsing between successive passages of the 
body through the same position. 



Example. A flywheel having a mass of 1000 pounds and a radius of 
gyration of 2 feet, is fixed to the end of a shaft 4 feet long and 3 inches in 
diameter. It has been found from a separate calculation that the shaft 
has an angle of twist of 0*0005 radian when a torque of 1000 lb. -inches is 
applied. Find the time of a free torsional oscillation. Take ^^=32*2. 

The term ‘*free^^ indicates that the frictional effects of the bearings and 
of the atmosphere are to be disregarded. 

5= 1000 X 2 X 2 = 4000 pound and foot units. 
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The angle of twist is proportional to the torque, and if this were true up 
to one radian, we have 

Torque at on e radian i 

looo “0^0005 ’ 

Torque at one radian = 

0-0005 

=2,000,000 lb. -inches ; 

“ 12 


5,367,000 poundal-feet. 

Hence, r = 27 r'^~ 

_ 44 ^ 40Q0 
7 >5,367,000 
= 0-1715 second. 

Suppose n to be the number of torsional oscillations per minute ; then 




00 

0-1715 


= 252 - 

4 

If this shaft were driven by means of an engine connected to a 
crank fixed to the shaft at the end remote from the flywheel, and if 
the shaft were to have a speed of 350 revolutions per minute, the 
engine w'ould be delivering impulses to the shaft V'hich would keep 
time with the free o.scillations of the shaft. In 
these circumstances, the angle of oscillation would 
rapidly increase in magnitude. As the stress in 
the shaft is proportional to the angle of twist, a 
very large stress would be produced and the shaft 
would be in danger of breaking. A somewhat 
higher or lower speed of revolution is necessary 
in order to avoid these effects ; in no case should 
the impulses given to the shaft synchronise with 
the free torsional oscillations. 

The simple pendulum. A simple pendulum may 
be realised by suspending a small heavy body at fig 478.— a simple 
the end of a very light thread and allowing it to pendulum, 
vibrate through small angles under the action of gravity. In Fig. 478 
the body at B is under the action of its weight and the pull T 
of the thread. The resultant of these fojces is F, a force which 
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is urging the body towards the vertical, 
will be ABD, and we have 


F^^BD 
mg ad' 


or 


F 




BD 

AD* 


The triangle of forces 


Now, if the angle BAD is kept very small, AC and AD will be 
very nearly equal. Let L be the length of the thread in feet ; then 


17 


w. 


£-.BD. 


(0 


Hence we may say that F is proportional to BD. For very small 
angles of swing BD and BC coincide practically, therefore the body 
will execute simple harmonic vibrations under the action of a force F 
which varies as the distance from the vertical through A. To obtain 
the value of fi, the force at unit distance, make BD equal to one foot 
in (i) ; then 

/u = ^’^poundals. 

Now, T = 2 a-^^ (P- 437) 

V m 

— 

(2) 


Example. Find the time of vibration of a simple pendulum of length 

4 feet at a place where g is 32 feet per 
second per second. 

7 »32 

— 2-222 seconds. 

The compound pendulum. Any 

body vibrating about an axis under the 
action of gravity and having dimensions 
which do not comply with those re- 
quired for a simple pendulum may be 
called a compound pendulum. In 
Fig. 479 (fl) is shown a compound 
pendulum consisting of a body vibrating 
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about A, G is the centre of mass of the body, and the line AG 
makes an angle a with the vertical passing through A in the position 
under consideration. In Fig. 479 (^) is shown a simple pendulum 
CD vibrating about C ; at the instant considered CD makes the 
same angle a with the vertical passing through C. Both pendulums 
will execute small vibrations in the same time provided that their 
angular accelerations in the given positions are equal. 

Considering the compound pendulum, 

Let M = its mass, in pounds. 

Y = the distance AG, in feet. 

Ia = = its moment of inertia about A, in pound and 

foot units. 

0i = the angular acceleration in radians per sec. per sec. 
in the given position. 

^ _ couple applied _ x GB 
* Ia 

^ X G A sin a .V 


Considering now the simple pendulum, 

Let m = its mass, in pounds. 

L==its length, in feet 

Ic = wL2 = its moment of inertia about C, in pound and 
foot units, 

^2 = its angular acceleration in radians per sec. per sec. in 
the given position. 

Th„ coateapplied 

•Ic 

_ X DE _.?■ xJ7C sin a 

.(2) 

To comply with the required conditions, we have 
. ^xGAsina ^sina 


L’ 

• T 

• - y 


( 3 ) 
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The length L of the corresponding simple pendulum may be 
calculated from this result, and hence the time of vibration of both 
pendulums may be found. If AG be produced to Z (Fig. 479(^7)), 
making AZ equal to L, the point so found is called the centre of 
oscillation. The centre of oeoillation may be defined as the point at 
which the whole mass of a compound pendulum may be concen- 
trated without thereby altering the time of vibration. 

Centre of percussion. If a body is capable of rotating freely 
about a fixed axis, it will be found that, in general, a blow delivered 
to the body will produce an impulse on the axis. 
There is, however, one point in the body at which 
a blow will produce no impulse on the axis ; this 
point is called the centre of percussion. 

In Fig. 480, C is the axis about which the body 
may turn freely and G is the centre of mass. Let 
an impulse F be delivered to the body at a point Z. 
The effects of F may be examined by transferring 
F to the centre of mass, applying at the same time 
a clockwise couple of moment F x GZ. The force 
F acting at G will produce pure translation, and 
if the mass of the body is M pounds, every point in it will have an 
acceleration feet per second per second, found from 

F-Mai, 



Fig, 480. — Centre of 
percussion. 


or 


M’ 


(0 


In particular, C will have this acceleration towards the left. 
Further, the coujile F x GZ will produce a clockwise angular 
acceleration 6>, found from p ^ 

0= — 

where Ig is the moment of inertia of the body about an axis passing 
through G and parallel to the axis at C. Writing VLk^ for this 
moment of inertia, we have 

FxGZ 




M>&g 


As a consequence of this angular acceleration, C will nave a linear 
acceleration feet per second per second towards the right, to be 


found from 


tty— Ox. CG 

FxGZ xCG 


(2) 



EQUIVALENT DYNAMICAL SYSTEMS 


443 


If there is to be no impulse on the axis at C, there must be 
equality of and Hence, 


or 


Also, 

oi 


Also, 


F FxGZxCG 

M m4 

,_GZxCG. 

^ i2 ■ i 

il = GZxCG 

Ic = Ig + M.CG 2 , (p. 417.) 
M4 = M-4c + M.CG“; 

/. kl = Al-CG^ 

GZ = CZ-CG ; 


or 


Substituting these values in (3) gives : 

-CG 2 = (CZ-CG)CG, 
4 = CZxCG; 


C 7 =— *- 

CG 


(3) 


(4) 

( 5 ) 


( 6 ) 


Comparison of this result with that found for the position of the 
centre of oscillation (p. 441, equation (3)), indicates that the centre 
of percussion of a body coincides with the centre of oscillation. 

Eeduction of a given body to an equivalent dynamical system. 
It is often convenient to substitute for a given body two separate 
bodies connected by means of 
an imaginary rigid rod, and 
arranged in such a way that the 
substituted bodies behave under 
the action of any force or forces 
in exactly the same manner as 
the given body. In Fig. 481 (a) 
is shown a body of mass M, 
and having its centre of mass at 
G ; Fig. 481 (//) shows an equi- 
valent system, consisting of two bodies at A' and B', having masses 
and mo respectively, and having their centre of mass at G'. A 
and B in Fig. 481 (a) correspond with A and B'. ^I'he conditions 
of equivalence may be stated as follows : 

(i) I'he mass M must be equal to the sum of and and the 
points G and G' must divide AB and A'B' respectively in the same 
proportion. A force applied at G or at G' will then produce pure 


M 



Fig. 481. — Equivalent dynamical systenu 
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translation with equal accelerations in the given body or in the 


substituted system. Hence, 

= (i) 

X AG = ^2 ^ 

or — (2) 


(2) The moment of inertia of the given body about any axis pass- 
ing through its centre of mass must be the same as the moment of 
inertia of the substituted system about a similarly situated axis. 
This condition ensures that the given body and the substituted 
system shall possess equal angular accelerations when acted on by 
equal couples. Hence, 

+ mjP' = M^g (3) 

These equations may be reduced as follows : 

From (2), = 

Substituting these in (i) gives : 


Also, 


M 

.. m. ~ =: y, 

^ a a^'f? 

^ I 


(4) 


m~ = 


M 


Ma 


a 


(5) 


Inserting these values in (3), we have 


M/5a2 
a + b^ 


-M^c, 


’^b + al^ . 


ab(,a + /')_ 
a+b 


ab = k'i ( 6 ) 

The required equivalent system may thus be obtained by first 
selecting a. b may then be calculated from (6), having first deter- 
mined the value of ^g* ^2 be calculated from (4) 

and (5). 
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Example. A connecting rod (Fig. 482) 4 feet long has its centre of 
mass G at 2-8 feet from the small end. The mass of the rod is 200 



Fig. 482. — Equivalent dynamical S3rstem for a connecting rod. 


pounds, and an equivalent system is required in which one of the two 
masses is to be situated at the small end. is 2 in foot units. Find the 
system. 

Here a is 2-8 feet ; hence, from (6), 

^ = 0714 foot. 

From (4), 


200 X 0714 _ 200 X 0714 
”2“8 + o 7 14 3 -5! 4 


= 40-6 pounds. 


From (5), 


m.^ 


Ua 
a + lf 


200 X 2*8 

3*514 

= 1 59-4 pounds. 

If it is desired to give the body shown in Fig. 48 1 {a) any assigned 
motion, the forces required may be obtained as follows : Find the 
linear accelerations at A and B, both in direction and magnitude ; 
let these be and respectively. In Fig. 481 {b\ showing the 
equivalent system, and w., will have accelerations and 
respectively, and forces will be retjuired acting in the lines of these 
accelerations, and given by 


both in absolute units. The same forces applied at A and B respec- 
tively in Fig. 481 {a) will give the proposed motion to the body. 
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Expt. 43. The law F = ma may be verified roughly by means ol 
the apparatus illustrated in Fig. 483. A and B are two similar scale 
pans connected to a fine cord C which passes over two aluminium 
pulleys D and E. A cord C^, of the same kind as C, is attached to 
the bottom of each pan, and compensates for the 
extra weight of cord on the B side of the pulleys, 
A fall of about 10 feet should be arranged for 
the scale pans. 

Place equal masses in the scale pans, and 
find by trial what additional mass placed in A 
will cause it to descend with uniform velocity 
when given a start. Any additional mass placed 
in A will now give A an acceleration downwards 
and B an equal acceleration upwards. Let A 
have a total fall of H feet, and make several 
experiments without changing the masses, 
noting the time in seconds for each descent by 
means of a stop-watch. Take the average time 
t seconds and calculate the acceleration from 



feet per sec. per sec. 


• 0 ) 


The acceleration should also be calculated as follows : 

Let M« — mass of each scale pan, pounds. 

M,p = the equal masses added, pounds. 

Me = the additional mass in A required to secure uniform 
velocity, pounds. 

Ma = mass added to A for the purpose of producing 
acceleration, pounds. 

The total mass to which acceleration has been given, neglecting 
the cord and pulleys, is 

M = 2Mfl + 2 Mw -f Me “i" Mtt, 

= 2(M^ -f M,p) + Me + Mfi. 

The force F which has produced the acceleration is the weight 
of M«, i.e. Ma^ in poundals. Hence, 

F-Mao, 

or Ma^= {2(M«+M«,) + Me + Ma}a2, 

M7+M, P®’’ 

This value should agree fairly well with that experimentally found 
and given by in equation (i). 

Repeat the experiment two or three times with different masses 
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Expt. 44. — To And tbo moment of Inertia of a small Aywheel by tlie 
method of a fEOling: load. T'he apparatus used consists of a small 
flywheel (Fig. 458, p. 418) having a drum on its shaft and capable of 
being rotated by means of a cord wrapped round the drum, and 
having a scale pan containing a load attached to its end. The cord 
is attached to the drum in such a manner that it drops off when the 
scale pan reaches the floor. 

Allow the scale pan to descend slowly through a measured height, 
and note the number of revolutions made by the wheel during this 
operation. Wind up the scale pan to the same height, place a load 
in it, then allow the wheel to start unaided, at the same moment 
starting a stop-watch. Stop the watch at the instant the scale pan 
reaches the floor, and note the time of descent. Allow the wheel to 
go on revolving until friction brings it to rest, and note the total 
number of revolutions which it makes from start to stop. 

Let == the mass of the scale pan, in pounds. 

z«2 ~ mass placed in the scale pan, in pounds. 

M = Wj -f nia = the total falling mass, in pounds. 

H = the height of fall of the scale pan, in feet. 

/==the time of fall, in seconds. 

Ni — number of revolutions made by the wheel during the fall. 

N2 = the total number of revolutions from start to stop. 

The total work done by gravity will be foot-poundals, and, 

up to the instant that the scale pan is on the point of touching the 
floor, this work has been expended as follows: (a) in giving kinetic 
energy to the falling mass M; {b) in overcoming frictional resistances; 
{c) in giving kinetic energy to the wheel. If v bf" the velocity of M 
when the scale pan arrives at the floor, the average velocity of 
descent will be It' feet per second. Hence, 

/. feet per second. 

1^- • • lu A/f Me;-' 4H2 

Kinetic energy acquired by M ~ 


2MH2 _ , , 

= - ^2 " foot-poundals. 


The difference between and the kinetic energy acquired by 

the falling mass M represents the energy reaching the drum, and is 
expended in overcoming friction and in giving kinetic energy to 
the wheel. 

Energy reaching the drum ~ M^H — ^2' - 


= mh(^- 


2 H 

/- 


foot-poundals. 
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Ultimately, the whole of this energy is dissipated in overcoming 
frictional resistances throughout the entire motion of the wheel, ie. 
in Ng revolutions. Assuming that the frictional waste per revolution 
is constant, we have 

( 2H\ 

Energy wasted while M is falling = foot-poundals. 

Let E = the kinetic energy possessed by the wheel at the instant 
the scale pan reaches the floor. 

Then E = Mh(^ - - Mh(^— 5^)^^ 

= foot-poundals 


= foot-lb. 


The angular velocity of the wheel at the instant the scale pan 
reaches the floor may be calculated as follows : 

Revolutions described in t seconds = Nj 

- average revs, per sec. xf; 

Average revolutions per sec. = 

2N 

And, maximum revolutions per sec. — ; 

Maximum angular velocity of wheel = w - -y-l . 27r 

45^1 radians per sec. 


Maximum kinetic energy of the wheel = - I = E foot-lb. ; 

2jir 

■ . 1. o 



8 





pound and 
foot units. 


The experiment should be repeated several times with different 
masse.s and with different heights of fall H ; the values of I 
shoula oe calculated for each experiment and the mean value taken. 
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Expt. 45 » — To iind tlie centre of oscillation, or the centre of percussion, 
of a given My. A connecting rod has been selected as a useful 
example (Fig. 484)- The rod AB is suspended from a knife edge 
consisting of a square bar of tool steel 
CD, passing through the hole in the 
small end and resting on V blocks at 
E and F. The rod can vibrate now 
in the same plane as that in which it 
will vibrate when built into the engine. 

GH is a simple pendulum consisting 
of a small heavy bob and a light cord. 

Cause both rod and simple pendulum 
to execute small vibrations, starting 
both together at the end of a swing. 

Adjust the length of GH until both 
vibrate in the same time. Measure 
GH and mark a point on the con- 
necting rod at this length from its axis 
of vibration. This will give the centre 
of oscillation or percussion when the 
rod is vibrating about the upper edge 
of the tool steel bar. 


UH 


B B 

Fig. 484,— Centre of oscillation by 


Expt. 46. — Take a uniform bar of metal about 3 feet long and of 
section about inch by | inch. Referring to p. 443, it will be seen 
that the centre of percussion Z for this bar will be at a distance from 
C given by 


Let L be the length of the bar. Then 

CG = JL, 

4=JL2; 

CZ=5L. 

Mark clearly the position of Z on the bar ; allow the bar to hang 
vertically, using a finger and thumb at C. Use another short bar 
and strike the bar sharply at different points. The absence of any 
jar on the fingers when the bar is struck at Z will be observed 
readily, and gives confirmation of the calculated position of Z. 


Expt. 47. — To find tlie radius of gyration of a given body abou/^ an axis 
passing through its centre of mass. In Fig. 485 is shown a flywheel 
arranged in the same manner as the connecting rod in Fig. 484. 
Find the length of the corresponding simple pendulum as directed 
previously, being careful to cause the flywheel to vibrate in the same 
plane as that in which it will rotate subsequently. Measure BK, the 
distance from the axis of vibration to the centre of mass of the wheel. 
Weigh the wheel in order to estimate its mass. 

D.M. 
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Taking equation (3), p. 441, and applying it to the present casei*^ 
we have 


L = 




where L = GH, in feet ; 

Y = BK, in feet ; 

= the radius of gyration about B, in feet. 
Hence, 4 = LY. 

Now, Ik = Ib-MY 2 , 

or M/Jk = - MY2 ; 

4 = /JB-Y2 = LY-Y2j 

- 4 k = '/Y(I 7 =Y) feet ,.(l) 



Fig. 485. — Radius of gyration of a flywheel by experiment. 


The moment of inertia of the wheel about its axis of rotation 
will be Ik = M4 

= MY(L “ Y) pound and foot units. ..,{2) 

This experiment therefore provides a means of finding the data 
required for estimating the kinetic energy and the rotational inertia 
of a given flywheel. 

Expt. 48. — To find tbe velocity acquired by a wheel in rolling down an 
Incline. In Fig. 486 is shown a long incline AB consisting of two 
angle bars with a gap between them. The angle bars are pivoted to 
a bracket at A, and a prop at F enables the angle of inclination to 
be altered. 

The wheel D has a spindle projecting on each side of the wheel, 
and has a collar E on each side secured by a nut to the spindle. 
The collars are coned slightly for the purpose of keeping the wheel 
centrally in the gap as it rolls down and to prevent the wheel from 
rubbing on the angles. A fixed stop is fitted at C. The object of 
the arrangement is to increase the time taken in rolling down the 
incline. 
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First determine the square of the radius of gyration of the wheel 
and its attachments about the axis of the spindle, by the method 
explained in the last experiment. Let this be in foot units. 



Set the incline to a suitable angle by means of the prop. Measure 
the difference in level between the centre of the wheel spindle when 
in the starting position and when in the stopping position ; let this be 
H feet. Measure also the distance travelled, parallel to the incline, 
by the wheel centre ; let this be L feet. Let the wheel start unaided, 
and note the time taken in rolling down \ let this be t seconds. Let 
the linear velocity of the wheel centre at the instant of arriving at 
the bottom be v feet per second. Then 

= the average velocity x t 
2L 

==— feet per second (i) 

Taking equation (4), p. 422, and writing r instead of R, where r 
is the mean radius of the collars E in feet, 

2/= / feet per second .(2) 

(i) and (2) are expressions for the velocity found by entirely 
independent methods, and the results obtained from them should 
agree. Give the results for v by both methods ; repeat the experi- 
ment, using different angles of inclination and collars having a 
different diameter. 


EXERCISES ON CHAPTER XVIII. 

1. A wheel has a moment of inertia of 24,000 in pound and foot units, 
and runs at 90 revolutions per minute. Find its moment of momentum. 
Suppose that the speed changes to 88 revolutions per minute in 0*5 second, 
what couple must have acted ? 

2. A wheel has a moment of inertia of 20 in pound and foot units, 
and has a speed of 90 revolutions per minute ; the plane of revolution is 
vertical. The wheel is mounted so that its axis is capable of turning in a 
horizontal plane {i.e. in azimuth). The axis is found to have an angular 
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velocity of ^ radian per second in azimuth. Calculate the couple 

acting. Show the couple and the directions of both angular velocities 
clearly in a diagram. 

3 . A cycle wheel has a mass of 5 pounds and its radius of gyration is 
one foot. It is suspended as shown in Fig. 470, the distance between 
the suspending cord and the mass centre being 2*5 inches. The wheel is 
spun and revolves with its plane vertical 120 times per minute. Find 
the angular velocity in azimuth. 

4 . A body having a mass of 12 pounds vibrates in a straight line 18 
inches long with simple harmonic motion. The time of one complete 
vibration is 0 25 second. Find what force must act on it at the end of 
each stroke and the velocity at the middle of the stroke. 

6. A small wheel having a moment of inertia of 0 4 in pound and foot 
units has its plane horizontal and is attached firmly at its centre to a 
vertical steel wire, the top end of which is fixed to a rigid bracket. The 
wheel can execute torsional oscillations under the control of the wire. 
The wire is 0 06 inch in diameter and 36 inches long, and its modulus of 
rigidity is known to be 11,000,000 lb. per square inch. Find the time 
of one complete oscillation . 

6 . A thin disc 24 inches in diameter can execute small vibrations under 
the influence of gravity about a horizontal axis at 90 degrees to the plane 
of the disc and bisecting a radius. Find the length of the equivalent 
simple pendulum and the time of one complete vibration. 

7. A thin uniform steel rod 3 feet long hangs freely from its top end. 
Find the centre of percussion. 

8. A uniform bar of mild steel, section 2 inches by i inch, 4 feet long, 
has masses of 4 and 2 pounds attached at distances of i foot and 3-5 feet 
respectively from one end. Take the density of the bar to be 0-28 pound 
per cubic inch. Find the mass centre and the moment of inertia about 
an axis at 90 degrees to the flat face of the bar and passing through the 
mass centre. 

9 . Take the system given in Question 8 and reduce it to an equivalent 
dynamic system having a mass situated at the end of the bar adjacent 
to the given 2 pound mass. 

10 . Take the equivalent dynamic system found in answer to Question 
9. A force of 100 Ib. weight is applied at 90 degrees to the bar (a) at the 
mass centre, {d) at 3 inches from the mass centre. Find, in each case, 
the translational acceleration of the mass centre and the angular acceler- 
ation, if any, of the bar. 

11 . Explain what is meant by moment of momentum. Calculate the 

moment of momentum of a body weighing 300 lb. rotating at 1250 revolu- 
tions per minute, the radius of gyration of the body about the axis of 
rotation being 1*7 foot. What property is measured by rate of change of 
moment of momentum ? (I.C.E.) 

12 . A body of 40 pounds hangs from a spiral spring, which it elongates 

2*5 inches. The body is then pulled down a short distance and let go. 
Determine the number of complete oscillations the body will make per 
minute, assuming that the weight of the spring is 20 lb. (B.JE.) 
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13 . A body weighing i6i lb. has a simple harmonic motion, the total 

length of one swing being 2 feet ; the periodic time is i second. Make a 
diagram showing its velocity and another showing its acceleration at 
every point of its path. What force is giving to the body this motion ? 
What IS its greatest value ? (B.E.) 

14 . A heavy circular disc is supported on a shaft 3 inches in diameter, 

carried on roller bearings ; a cord is wrapped round the shaft. It is 
found by experiment that a weight of 6 lb. suspended from this cord is 
just sufficient to overcome the friction of the roller bearings and maintain 
a uniform speed of rotation of the disc. When a weight of 30 lb. is 
suspended from the cord, it is found that this weight descends vertically 
14 feet in 2 seconds of time. Determine the moment of inertia of the 
disc in pound-foot‘^ units. Neglect the inertia of shaft and cord, and 
assume that the speed of rotation of the disc increases at a uniform rate 
in the second experiment. (B.E.) 

15 . Obtain the magnitude and position of the single force which when 

applied perpendicularly to the axis of a uniform bar (48 inches long, 
weighing 200 lb.) will give it a translational acceleration of 40 feet per 
second per second and a rotational acceleration of 10 radians per second 
per second. (I.C.E.) 

16 . In a hoisting gear a load of 300 lb. is attached to a rope wound 
round a drum, the diameter to the centre of the rope being 4 feet. A 
brake drum is attached to the rope drum and fitted with a band brake. 
The cuinbined weiglit of the two drums is 720 lb., and the radius of 
gyration of the two together is 20 inches. The weight starts from rest 
and attains a speed of 10 feet per second. The brake is then applied and 
the speed is maintained constant until the load reaches 20 feel from the 
bottom, when the brake is tightened so as to give uniform retardation 
until the load comes to rest. The total descent is 100 feet, find the time 
taken for the descent and the tension in the rope during slowing. (I.C.E.) 

17 . Show that the natural period of vertical os dilation of a load 

supported by a spring is the same as the period of a simple pendulum 
whose length is equal to the static deflection of the spring due to the load. 
When a carriage underframe and body arc mounted on the springs, 
these are observed to deflect inch. Calculate the time of a vertical 
oscillation. (I.C.E.) 

18 . Show that a body having plane motion may be represented by two 

masses supposed concentrated at points. A rocking lever (mass 600 pounds) 
has a radius of gyration alxmt its centre of gravity of 18 inches, and the 
centre of gravity is distant 6 inches from the axis round which the lever 
rocks. Find the magnitude of the equivalent masses if one is supposed 
to be concentrated at the axis, and find also the distance of the other 
mass from the axis. Find the torque required to give the lever an 
acceleration of ro radians per second per second. (L.U.) 

19 . The revolving parts of a motor car engine rotate clockwise when 
looked at from the front of the car, and have a moment of inertia of 400 
in pound and foot units. The car is being steered in a circular path of 
400 feet radius at 12 miles per hour, and the engine runs at 800 revolutions 
per minute, (a) What are the effects on the steering and driving axles due 
to gyroscopic action ? The distance between these axles is 8 feet, (d) 
Supfiose the car to be turned and driven in the reverse direction over the 
same curve at the same speed, what will be the effects on the axles ? (L,U.) 
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20, A hollow circular cylinder, of mass M, can rotate freely about an 
external generator, which is horizontal. Its cross-section consists of 
concentric circles of radii 3 and 5 feet Show that its moment of inertia 
about the fixed generator is 42 M units, and find the least angular velocity 
with which the cylinder must be started when it is in equilibiium, so that 
it may just make a complete revolution. (L«U.) 



CHAPTER XIX. 

LINK MECHANISMS. 


Link mechanisms. Unks are used for transmitting motion from 
one point to another in a mechanism. In any complete mechanism 


containing links, usually each 
part is constrained so as to 
move always over the same path / 
in the same definite manner; [ 
the whole may then be defined \ 



as a idnematlo chain. The slider- 


crank-chain is a well known ^gy,_-sii(ier.crank<hain. 

example of complete restraint 

(Fig. 487) ; here the crank CB revolves about an axis C and forms 
one link in the chain ; the connecting rod AB is connected to the 
crank at B, hence this end of the rod revolves about the centre C ; 
its other end A is constrained by the sliding block D and slotted 
frame E so as to move always in a straight line. 

Fig. 488(a) shows a case of incomplete restraint; there are two 
cranks AB and CD, capable of rotation about A and C respectively, 



Fig. 488.— Example!, of incompletely and completely restrained mechanisms* 


•1 

and connected by two links BE and DE, jointed at E. It is impossible ' r"' 
to make any calculations in a case such as this. Complete restraint 
may be secured by having a block at the joint E and guiding it to 
move in a definite line (Fig. 488 (^)) ; the addition of another cranlt 
GF and a connecting rod FE will secure definite motion for eveiy 
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part of the mechanism. In cases of complete restraint, problems 
regarding the path, velocity and acceleration of any point may be 
solved, and calculations made regarding the effects of inertia in pro- 
ducing stresses in the parts and in modifying the forces given to the 
mechanism by outside agencies. 

The path of any point in a mechanism is found best by drawing 
the mechanism in several different positions and marking in each 
the position of the point under consideration ; a fair curve may be 
drawn through these points and will give the desired path. The path 



Fic. 489. — Path of a point in a connecting-rod. 


of a point D in the connecting rod of a slider-crank-chain is shown in 
Fig. 489 as an illustration of the method. A simple method of 
obtaining velocity and acceleration diagrams has been given in 
Chapter XVI. ; .some special methods will now be examined. 

Velocity of any point in a rotating body. In Fig. 490 is shown a 
body rotating about an axis at C which is perpendicular to the plane 

of the paper. The direction of the 
velocity of any point, such as A or B, 
will be perpendicular to the radius. 
To calculate the velocity of B, if the 
velocity of A is given, let the body 
make one revolution ; then 

Distance travelled by A = 27r . CA. 
Distance travelled by B 27r . CB. 
As these distances are travelled in 
the same time, we have 

V,_^2^.CB 

' 



2 T . CA’ 
CB 


This result shows that tbe velocities of different points in a body bavlng 
motion of rotation only axe proportional to the radii. 
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Possible velocities in a link. Let AB be a rigid rod or link 
(Fig. 49^ )> let A have a velocity at a given instant. will 
have components cos a and Va sin a along and perpendicular to the 
rod respectively. Let B have a velocity Vb at the same instant, the 
components of V b in the same directions will be Vb cos /3 and 
Vssin^. As the rod is rigid, t.e, cannot bend or alter its length, it 
follows that VbCos/:^ and VACosa must be equal, otherwise the rod 
is becoming shorter or longer. The other component of the velocity 
of B may be of any magnitude and of either sense along BY. The 
result may be expressed by saying that the velocity of B relative to or 
of A relative to B moat be perpendioalar to the line AB. 




Instantaneous centre. I'he relations of the velocities of the ends 
of the rod AB may be examined by the following method, which is 
suitable for graphical solutions. Reference is made to Fig. 492. 
Here the velocity of A is along Va, but for an instant it might be 
imagined that A is rotating about any centre in AI which is perpen- 
dicular to Va ; this will not alter the direction of the velocity, which 
will still be along Va- In the same way, w^e may imagine that B is 
rotating about any centre in BI for an instant, BI being perpendicular 
to Vr. Hence I, the point of intersection of AI and BI may be 
looked upon as a centre about which both A and B are rotating for 
an instant, and is called the instantaneous centre. We have, therefore, 

Ya ^ 

Vb BI* 

The application of this method to a crank and connectlngr rod is 
shown in Fig. 493 (a). Given the velocity of B, equal to Vb, to find 
the velocity of A draw AI perpendicular to Va, to AC, and also 



438 MACHINES ANX> HYDRAULICS 


produce CB, which is perpendicular to V», to cut AI in I. Then 


Xa ia 

Vb'IB* 


A more convenient construction is to produce, if necessary, the line 
of the connecting rod AB to cut CN in Z. The triangles lAB and 
CBZ are similar. Hence, 

CZ IA^Va 
CB“ 1 B Vb’ 


or 


CZ = “ V* 


If the crank is rotating with uniform angular velocity, Vu will be 
constant and CZ may be taken to represent the velocity of A to a 
scale in which Vy is represented by CB, the length of the crank. It 
is evident that is zero when the crank pin is at either L or R ; 




Fig. 493. — Velocity diagram for the point A, deduced by the instantaneous centre method. 


also, when the crank is at 90* to LR, Z coincides with N, and CZ 
w'ill be equal to the crank, therefore and ¥„ will be equal. 
Fig. 493 (If) shows a velocity-time curve for A, drawn by setting off 
the values of CZ on a base of equal crank angles. 

Four-bar chain. Fig. 494 shows an example of a double crank and 
connectlngr rod. Two cranks, one AB, revolving about A, and another 
CD, revolving about C, are connected by a link BD ; the frame 
forms the fourth bar of the chain. For the position shown, I is the 
instantaneous centre, obtained by producing BA and CD. As before 

Vo^ID 
V; IB- 

If Vb is given, may be found from this construction, and the 
angular velocity of CD may be calculated from 

Angular velocity of CD = ~^. 

In Fig. 495 is shown another pair of cranks AB revolving about A, 
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and CD revolving about C ; BD is the connecting link, and I is its 
instantaneous centre. As before 

Vd-ID 


Let 

Wi = the angular velocity of AB, 


<*>2 = the angular vekK;ity of CD. 

Then 

VB = aij. AB, 


Vd = <«2.CD. 

Hence, 

(«J . AB Vb IB 


<«2.CD VD~iD’ 


<ui IB CD 


w» IDAB 



four-bar chain. 


Produce DB and CA to meet in Z, and mark the angles a, )8, d 
and </) as shown ; then, in the triangle ZAB, 

AB sin </> ^ 

and, in the triangle ZCD, 

ZC _ sin ( 1 8o - a) _ sin a 
sin 0 


Hence, 


ZD sin 0 
AB ZC _ sin « sm<f> . 
ZD ZA ” sin 0 sin 


. ZC _ sin a si n </> ZD 
ZA sin J3 sin AB ’ 

Now, in the triangle IBD, sin a/sin = IB/ID; and in the triangle 
2:CD, sin </>/sin ^ = C D/ZD. Hence, 


ZC IB CD ZD 
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Therefore, from (2) and (3), 


o}j __ ZC 
~ ^ZA‘ 


•(4) 


The result shows that the angrular TelocltieB of AB and CD are inversely 
proportional to the segments in which CA is divided by DB prodnoeiL 

Wheel and racks. As a further example of the use of the instan- 
taneous centre, Fig. 496 (a) shows a v/heel between two racks. If the 
wheel is moving towards the left with a velocity Vc, and if the rack 
AD is fixed, then A w'ill be the instantaneous centre of the wheel. 
Hence, = 

Vc CA ^ 

Vb=2Vc, 

showing that the velocity of the top rack is twice that of the centre 
of the wheel. 

If the racks are moving as shown in Fig. 496 (^), then I may be 
found from the given values of and Vg ; thus 

Vb 1B“ 

Having found the position of I, the velocity Vc of the centre of 
the wheel may be calculated from 

Vc__rc 

Va ia- 



Parallel motions. By the term parallel motion is meant an 
arrangement for constraining a point to move in a straight line. In 
the Scott-RnsseU parallel motion (Fig. 497), a link AP has one end A 
guided so as to move in the straight line AB. Another link BC is 
pivoted at B, and is connected by a pin to the centre C of AP. 
AC = CP = BC, hence P, B and A will always lie on a semicircle 
which has AP for diameter. The angle ABP will always be 90*, and 
hence P will move in a straight vertical line passing through B. 
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It will be noted that the instantaneous centre for AP is at the 
intersection of BC produced and AI drawn perpendicular to AB. 
Further, from the geometry of the figure, P will lie always on a 
horizontal line drawn from I, and will, therefore, be moving vertically 
in any position of the mechanism. This iionfirms the result already 
noted. 

In practice it is often convenient to guide A as shown in Fig. 498, 
The short arc in which A now moves interferes with the straight line 
motion of P to a small extent only. 

This modification of the Scott- jr 

Russell parallel motion is used • | 

sometimes in indicators for guiding j I 

the pencil in a straight line. The j ! 

arrangement permits of P having \ P 1 

a magnified copy of the motion of “t I 

the piston G. The instantaneous / \ ! 

centre I for AP is the point / | fe' • 

intersection of DA and BC when j j Jg 

produced, and IP, drawm hori- 

zontally through I, gives the position 

of P on the link AP, Joining AB, 

it will be seen that the triangles 

ABC and ICP are nearly similar. Also AC and IC are nearly equal 
for all practicable positions of the mechanism. Hence, 

IC ^BC 
CP AC’ 

AC BC 
CP^ AC’ 


Fio. 498.— Parallel motion for an 
indicator. 


a result which enables CP to be calculated when AC and BC are 


given. 

In the Watt parallel motion (Fig. 499), tw^o equal links AB and 
DC are pivoted at A and D respectively, and connected by a 
third link BC. It is evident that movement of the mechanism 
will cause B and C to deviate to the left and right respectively ; 
hence P, the centre of BC, will move in a straight vertical line 
for a considerable distance. If the movement of the mechanism 
continues, P will describe a curve resembling a rough figure eight 
(the lemniscate). 
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In Fig. 500 is shown a Watt parallel motion in which AB and DC 
are not equal. I will be the point of intersectibn of AB and DC, 



Fiq. 499. — Watt parallel motion ; equal arms. Fig. 500. — Watt parallel motion ; 

unequal arms. 



Fig. 501. — Watt p.nral1el motion 
applied to a beam engine. 


and P may be found by drawing IP horizontally from I. From 
the geometry of the figure, it may be shown that 
BP:PC = CD: AB. 

In Fig. 501 is shown the arrangement of Watt’s parallel motion 
used in beam engines. AB and DC are 
equal, and P, the centre of BC, moves in a 
straight vertical line. DC is extended to E, 
CE being equal to DC, and bars EF and 
FB are added so as to form a parallelogram 
CEFB. EF will then be double of CP, and 
F, P and I) will lie in a straight line always. 
FD will be double of PD, consequently, if 
P is moving in a straight vertical line, so also 
will F. In the engine, F and P .serve to guide the ends of the low 
pressure and high pressure piston rods respectively. 

Inertia eifects in a mechanism. In investigating problems re- 
garding the forces or turning moments which may be delivered by a 
machine, it is often necessary to consider the effects of the inertia 
of the parts of the machine. The following case of a slotted bar 
mechanlsin (Fig. 502) giving simple harmonic motion to a piston A 
should be studied. Frictional effects have been considered already 
partly (p. 371), and are disregarded here. 

Fig. 502 (a) is a diagram show^ing the effective pressure on the 
piston throughout the stroke; any ordinate such as gives the 
difference in pressure on the two sides of the piston at the moment 
considered. Hence, the net force P urging the piston towards the 

left is Trd^ 

P ==/i -y lb. weight, 
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wnere d is the diameter of the cylinder in inches and is the 
pressure in pounds per square inch. 

But for the inertia of the piston, piston rod, and slotted bar, the 
whole of this force would be transmitted to the crank pin. These 
parts will all have equal accelerations in this mechanism. 

Let M = mass of reciprocating parts, pounds. 

a = their acceleration, feet per sec. per sec. 

Then the force required to overcome inertia will be 

F = lb. weight. 

The force Q actually reaching the crank pin in the position 
considered will be given by 

Q = P-F 



Fro. 502.— Diagrams ."or a slotted bar mechanis,m, taking account of inertia. 


explained on p. 398. Fig. 5 ^^ ^ diagram in which the 

ordinates ^2 > have been calculated from 

Ma , Trd^ 
i’' ' 4 ' 

I'hese ordinates will then represent the forces required to over- 
come inertia per square inch of piston area. The scales used in 
Fi^. 502 (^) are the same as for Fig. 502(a), hence a combined 
diagram (Fig. 502 (c)) may be drawn by simply adding the ordinates 



464 


MACHINES AND HYDRAULICS 


algebraically, the result showing the force per square inch of 
piston area which is transmitted to the crank pin. 

The tnmlnff moment on the crank pin will be 

T = QxOM, 

where OM is perpendicular to the line of Q. A polar tuming-momeat 
dlairram may be drawn by producing the crank OB and making BC 
equal to T to a convenient scale. This being done for a number 
of crank angles, a fair curve drawn through the ends will give the 
required diagram. Or a turning-moment diagram may be drawn as 
in Fig. 502 {d) by using a base of equal crank angles and setting off 
the values of T at the chosen angles. 

Locomotive side rod. In Fig. 503, A and C are the centres of 
two driving wheels of a locomotive ; the equal cranks AB and CD 



Fig. 503. — Motion of a locomotive side rod. 


are connected by the side rod BD. The velocities Vp and Vq for 
the given position may be found by taking and lo as the instan- 
taneous centres of the wheels, assuming that there is no slipping 
between the wheels and the rails. Va and Vc will be equal to the 
velocity of the locomotive. Hence, 


or 

Va I, A’ 


Vb- v-X ^a- 


I, A 


Also, 


Vd = ^‘^Vc = V„. 
I2C 


The velocities of B and D being equal in all respects, it follows 
that the velocity of any point in the side rod will be equal to that 
of B or D ; thus Vq is equal to Vp or Vt,. 

Assuming that the speed of the locomotive is constant, and that 
the consequent angular velocity of each wheel is w radians per 
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second, the accelerations of B and D will be unaltered if we 
imagine that the wheels rotate with an angular velocity <0, and that 
their centres remain fixed in position. B and D will therefore have 
accelerations directed towards A and C respectively, and of amount 
o) 2 R feet per second per second, R being the crank radius in feet 
These accelerations are equal in all respects ; hence the acceleration 
of any point in the rod will have an equal value and will have the 
same direction. 

Since the side rod is always moving parallel to the rail and has no 
angular motion, the resultant force required to give it its motion 
must act through its centre of mass, and must be in the same line as 
the acceleration of the mass centre. If the rod is uniform, the 
centre of mass G will bisect BD ; let M be the mass of the rod in 
pounds, then the resultant force required to overcome the inertia 
of the rod will be 

^ Mci|2R . 

Rj =• — — - lb. weight. 

Obviously is the resultant of two equal and parallel forces, one 
acting at each crank pin. 

The force Rj, reversed in sense, gives the effect of the inertia 
resistance of the rod on the wheel bearings at A and C. It is 
evident that there will be a lifting 
effort when the side rod is in its 
highest position (Fig. 504 (<^)), and 
an additional pressure on the rails 
when the rod is in its lowest position 
(Fig. 504 (<7)). Ri acts towards the 
right (Fig. 504 (r)), or towards the 
left (Fig. 504 (if)), when the cranks 
are horizontal. 

Fig. 504 also indicates the effect 

of Rj in producing a transverse load 

on the rod. For a uniform rod, Rj 

is the resultant of an inertia load 

which has a uniform distribution per 

unit length of the rod, and in this 

respect resembles the weight W of 

the rod. As will be seen by inspec- Fig. 504.— inertia effects in a locomotive 

/ ^ side rod. 

tion of Figs. 504 (a) and (/^), Ri and 

W conspire when the rod is in the lowest position, and are opposed 
when the rod is in its highest position. The maximum bending 

D.M. Q 
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effect on the rod will, therefore, occur in the position shown in 
5^4 (®)* If W is the weight of the rod in lb., the total uniformly 
distribut;^ load producing bending moment will be 


Total distributed loa4 — Rj + W 

“ ^ M6>2R 


+ W lb. weight. 


The calculation of the maximum bending moment and stresses 
produced by this may be performed by the methods explained in 
Chapter VIL 

Crank and connecting rod. The inertia of the moving parts in 
the crank and connecting rod mechanism produces effects similar to 
those in the slotted bar mechanism (p. 462), but the problem is 
somewhat more complicated owing to the oblique action of the 
connecting rod. In the slotted bar mechanism, the piston has 
simple harmonic vibrations, and hence has equal accelerations when 
at equal distances from the centre of the stroke ; the connecting rod 
causes the accelerations to be unequal to an extent which is more 
marked if the connecting rod is short. A very long rod produces 
nearly equal accelerations, a rod of infinite length would give simple 
harmonic motion ; hence the name tnftnite oonnecting rod meohaniBin 
sometimes given to the slotted bar arrangement. F'urther, the piston, 
piston rod and crosshead have straight-line motion, and hence are 
dealt with easily, while the connecting rod has one end moving in 
a straight line and the other end in a circle. For simplicity, it is 
customary to treat the rod in two parts, a fraction, say one-half, of its 
mass being assumed to be concentrated at the centre of the crank pin 
and rotating with it, while the remainder of the mass is assumed to 
move in a straight line with the crosshead. The mass of the recipro- 
cating parts will then include the piston, j)iston rod, crosshead and 
the assigned part of the connecting rod, and this mass will require 
forces in order to overcome its inertia 

The acceleration diagrram may be drawn by the method described 
for another mechanism on p. 386, The work may he made more 
accurate by first drawing a velocity-time diagram for the piston by 
the instantaneous centre method (p. 458) ; then the average accelera- 
tions over equal intervals may be calculated, and the results set off at 
the centres of the intervals. Or Klein's construction may be used as 
follows to obtain an acceleration diagram direct on a base repre- 
senting the stroke. 

ELlein’s construction. In Fig. 505 is shown a crank CB of radius 
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R feet and a connecting rod AB in a given position. On AB as 
diameter describe a circle ; produce AB, if necessary, to cut NS 
in Z; describe another circle with centre B and radius BZ, cutting 



Fig. 505. — Klein’s construction for the acceleration of the piston. 


the first circle in I) and E. Join DE, cutting AB in F and AC 
in K, producing DE if necessary. Then, as will be proved later, 
KC represents the acceleration of the piston to a scale in which the 

central acceleration of B, viz. is represented by BC. It is assumed 
usually that B is moving with uniform velocity v feet per second. 



Fig. 506. — Klein’s construction, crank in second quadrant. 


The construction should be repeated for crank angles differing by 
3o‘' ; KC should be measured for each position, and the results set 
off as at AL on a base GH, which represents the stroke of the 
piston. The acceleration diagram is obtained by drawing a fair 
curve through the ordinates, and is shown at GMLPH. Fig. 506 
shows the construction when the crank is in the second quadrant, 
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and in Fig. 507 is given the construction when the crank is on the 
dead points B and B'. 



Fig. 507.— Klein’s construction, crank at dead points. 


Accelerations at ends of the stroke. The accelerations of the 
piston when the crank is at the dead points may be found also by the 
following method. In Fig. 508 the crank is shown at a very small 
angle from the dead point ; imagine that the connecting rod is so 
guided that it is moving parallel to the line of the stroke, i,e, BA' 
is parallel to AC. Every part of the connecting rod will have the 

same acceleration as B, viz. ^ tow^ards the left. Now, the connect- 
ing rod is actually moving in such a manner that one end, B, has a 
velocity v at right angles to the rod ; to bring A' into the centre line 
AC, give A' a velocity v as shown. Owing to this, A will have 

an acceleration towards the left ; hence total acceleration of A 
will be ^ ^,2 yif R\ 

^ 

when ~ the velocity of the crank pin, feet ])er sec. ; 

R=^the radius of the crank, in feet; 

L = the length of the connecting rod, in feet. 



At the outer dead centre (Fig. 509) a similar method may be used, 

'o~ . 2 ^^ 

but now g is towards the right and -j- is towards the left. Hence 
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the resultant acceleration of A will be towards the right, and will be 
given by v'^ »V ^ . / \ 

^ R ~ I R \ ~ L/ 


These results, (i) and (2), are of service in making preliminary 
calculations of the accelerations of the piston when at the ends of 
the stroke. 

The effective force Q acting on the crosshead in the line of the 
stroke may be estimated now. 

Let d = the diameter of the cylinder, in inches. 

= the effective pressure on the piston at a given position, 
lb. per square inch. 

M = the mass of the reciprocating parts, including the 
assigned part of the connecting rod, pounds. 

= their acceleration in the given position. 

Then Q = /j— - lb. weight (3) 


Turning moment. The turning moment produced by Q may be 
calculated as follows, reference being made to Fig. 510 and friction 



I 

Fig. 510.— Turning moment on the crank. 


being neglected. I is the instantaneous centre for the given position, 
from which it appears that rotation of the rod round I is produced 
by Q and resisted by the crank pin with a force S. Hence, 

QxIA = SxIB, 

^ ^lA 


Produce AB to cut CN in Z; then the triangles ABI and BZC 
are similar. Hence, IA_rZ_CZ 
IB^BC“X- 
Substitution in (4) gives 
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S is the reaction of the crank pin, and, if reversed, will be the 
orank efltort given by the connecting rod to the crank pin. Hence, 


Turning moment = T = S x R 



.R 


= Q.CZ (6) 

This result will be in lb. -feet if Q is in Ib.-weight units and CZ is 
measured in feet to the same scale as that used in drawing the 
mechanism. 

With the alterations and additions noted above, the method of 
obtaining a turning moment diagram used on p. 463 may be employed. 



360* fsb* 0 

Fici. 51T.— Diagrams for a slider-cranlc'chain, taking account of inertia. 


The various diagrams required are sliown in Fig. 511, and will be 
followed readily. 

General effects of inertia. The student will observe that the 
general effect of the inertia of the moving parts is to produce a 
more uniform turning moment on the crank. During the early 
part of the stroke, the gaseous pressure on the piston is high, but is 
absorbed partly in accelerating the moving parts, hence the turning 
moment is smaller ; later in the stroke, the gaseous pressure is low, 
but the moving parts are losing velocity now, and their inertia assists 
the gaseous pressure in making the turning moment larger. 

Greater uniformity in the turning moment may be obtained by 
having two or more cylinders with pistons operating on separate 
cranks. If there are two cylinders, the cranks are placed generally 
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at 90® to each other ; in the case of three cylinders, the cranks are 
generally at 120“; with a larger number of cranks, the precise crank 
angles cannot be stated, as other considerations are involved. Usually 
an attempt is made in such cases to 
produce a self-balanced machine, 

Le. one in which the inertia effects 
balance one another without pro- 
ducing disturbances in the frame or 
foundation. 

Turning moment diagrams are 
given in Fig. 512 for two cylinders 
similar to the case illustrated in 
Fig. 511. The cranks are at 90*, 
and the turning moment diagrams 
for each crank separately are shown 
by ABCDA and EFGHE ; these 
are displaced relatively to each other 
by 90''. Summing the corresponding ordinates, the combined 
turning moment diagram is HKBLFMDNH. Greater uniformity 
has been obtained, and there is no point where the turning point 
is zero. 

Further points regarding the motion of the connecting rod. It 

has been explained that, for positions near the dead points, the 
motion of the connecting rod may be assumed to be compounded of 



Fig. 513. — Analysis of the motion of a connecting rod. 


a motion of translation together with another motion of rotation 
round the crank pin (p. 468). The same assumptions may be made 
when the rod is in any other position (Fig. 513). The first of these 
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motions would cause the rod always to move parallel to the centre 
line AC, and it would occupy the position A'B when the crank is at 
CB ; the latter motion produces the effect of rotating the rod into its 
proper position AB. Owing to the first of these component motions, 
au points In the rod will possess the same velocity and acceleration as the 
oranh pin B ; in this respect, the motion is precisely the same as that 
of the side rod of a locomotive (p. 464). The acceleration thus pro- 

duced at A will be and may be represented by the length of the 
R 

crank BC. Hence, 



or V?, = BCxR = BC2 (i) 

The point A will possess other accelerations owing to the com- 
ponent motion of rotation of the rod about B ; in consequence of 
this angular motion, A will have a variable velocity z/ in a direction 
at right angles to the rod. 'I'he value of v will depend on the posi- 
tion of the crank, and hence will be undergoing change in most 
positions of the mechanism. Owing to this, there will be an acceler- 
ation of A in the line of z/, i.e. at right angles to the connecting rod. 
Further, A will possess the ordinary central acceleration towards B, of 

7/2 

magnitude given by y . Hence in all A possesses three component 

accelerations, and the resultant of these must have a direction coinciding 
with that of AC. 


To find an expression for v, reference is made to Fig. 513, show* 
ing I, the instantaneous centre of the rod. The angular velocity of 
V 

the rod will be jg, and will be given also by Hence, 


V 


IB’ 


IB 


Also, 


vi 


Central acceleration of A towards ® ^ 

— — V® 

■“IB^' 


(2) 


(3) 


Referring to Fig. 514, showing Klein’s construction together with 
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the position of I, join BD and DA. The triangles BFD and BDA 
are similar. Hence, 

BD" AB’ 

BD2 


or 


BF = 


AB* 


Also, by the construction, BD is equal to BZ, and AB is equal to 
L. Hence. 

BF = ^ (4) 


.1 



Again, the triangles BCZ and lAB are similar. 

BZ^^_ L 
BC IB " IB ’ 


Hence, 


BZ - BC 

-“Tb ' 


From (4), 


BF = 


U . BC® 
18® 


“IBiVa. 


BC^xL 

IB® 


(5) 


Comparison of (3) and (5) will show that FB represents the 
central acceleration of A towards B to the same scale in which BC 

represents — 


The resTiltaiit acceleration of A along AC may be found now by 
means of a polygon of accelerations. In Fig. 514, FB is the central 

Vo 

acceleration of A towards B ; BC is the component ; the com- 


ponent acceleration at 90'' to the rod owing to variation in v is 
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represented by KF, and the oloaUig line KO glvee the resultant aeedlmir 
tion of A along AO. It will be noted that this result proves the truth 
of Klein’s construction. 

Since KF gives the linear acceleration of A in the direction at 90** 
to that of the rod, it follows that the angular acceleration of the rod 
will be given by 

Angular acceleration of the connecting rod = (6) 

Acceleration image of the connecting rod. In Fig. 515 KF and 
FB have been copied from Fig. 514. The resultant of these 



FKj. 515.— Acceleration image of a connecting rod. 


accelerations will be KB, the closing line of the triangle of accelera- 
tions FB K. I'he acceleration of A along AC may be taken to be the 
resultant of the accelerations KB and BC, and is represented by the 
closing line of the triangle of accelerations KBC. Consider any 
other point in the connecting rod, such as G. Its velocity at 90* 
to the rod, and hence its accelerations, owing to the rod rotating 
about B, will be simply proportional to BG, that is, 

acceleration of G : acceleration of A — BG : BA. 

Draw GH parallel to AC, and cutting K H in H ; then 
Acceleration of G : acceleration of A = BH : BK. 

Now KB represents the resultant of the two component accelera- 
tions of A which are respectively along and at 90° to AB ; hence HB 
will represent the resultant of the similar components of G. The 
component acceleration of G, owing to B rotating about C, remains 

of unaltered value and is represented by BC. Hence the re- 
K. 

resultant acceleration of G will be the closing line HC of the triangle 
of accelerations HBC. The resultant acceleration of any other point In 
the rod may be found in a similar manner by drawing a line Arom the point 
parallel to AO to out KB, and Joining the point so found on KB to C. On 
account of this property of KB it is called usually the aoo^eratUm 
image of the connecting rod. 
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Besultant force required to give acceleration to tbe connecting 
rod. In Fig. 516, let G be the mass centre of the connecting rod. 



Fig. 516. — Resultant force required to overcome the inertia of the connecting rod. 

The acceleration of G is HC, and might be produced by a force R 
acting at G in a line parallel to HC. The magnitude of R, if the 
rod has a mass M pounds, will be 

R = lb. weight (i) 

This force would not produce any angular acceleration in the 
connecting rod on account of its line of action passing through the 
mass centre of the rod. In order to obtain the actual motion of 
the rod, which includes angular acceleration in most positions, R will 
require to be shifted from G, thereby giving a couple which will 
produce the reciuired angular acceleration. A convenient way is to 
use an equivalent dynamic system by substituting two masses, 
and pounds (Fig. 517), for the actual mass of the rod. One of 








Fig. 517. — A dynamical system equivalent to the connecting rod. 

these, , may be situated at the centre of the crosshead pin A, at a 
distance a from G; the other mass, will be at a distance ^ on 
the other side of G. For this arrangement to be equivalent to the 
actual rod, the following conditions must be complied with (p. 444) : 


Wi4 -W2=M (2) 

m^a = tn^> (3) 

>w,o® + »»2^* = M- 4 g- (4) 
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kc is the radius of gyration of the connecting rod about an axis 
passing through G and parallel to the crank shaft. The solution of 
these equations gives (5) 

or bM. .(6) 

From this result b may be calculated when a and are known ; 
the masses and may be determined then from equations (2) 
and (3). 

Reference may be made now to Fig. 516, which shows the crank 
and connecting rod, the latter being represented by the equivalent 
masses and To accelerate requires a force Rj acting in 
the line of the acceleration of A, viz. AC. To accelerate requires 
a force Rg acting in the line of the acceleration of I) ; this line may be 
found by drawing I)E parallel to AC and cutting BK in E ; the 
acceleration of D will be represented then by EC. Rg will be 
parallel to EC, and cuts the line of Rj produced in F. Hence the 
resultant of R^ and Ro, which will be the resultant force R required 
to accelerate the rod, must pass through F. The line of R will be 
parallel to the acceleration of the mass centre G, viz. HC, and the 
magnitude of R will be given by equation (i) (p. 475). The couple 
giving angular acceleration to the connecting rod will be R x GM, 
GM being the perpendicular from G to the line of R. 

Reactions on the engine frame produced by the inertia of the 
connecting rod. In Fig. 518, R is the resultant force required to 



Fic. 518. — Components of R at the crank and crosshead pins. 

overcome the inertia of the connecting rod in the given position. 
R is actually the resultant of two forces, one of which, P, is applied 
by the guide bar to the pin at A ; the other force, Q, is applied to 
the rod at B by the crank pin. If the friction of the slipper be 
neglected, P will act at right angles to AC, and its line will intersect 
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the line of R at D ; hence Q also acts through D. The magnitudes 
of P and Q may be determined by drawing the parallelogram of 
forces DGEF, in which DE is made equal to R, and P and Q will 
be represented by DG and DF respectively. The reaction on the 
guide bar at A will be obtained by reversing the sense of P (Fig. 519) ; 
in the same diagram, the reaction on the crank pin is shown by 
reversing the sense of Q. 

The force Q in Fig. 519 is equivalent to an equal and parallel 
force Q, of the same sense, acting at C together with a couple ot 
moment Q x CH, CH being perpendicular to the line of Q. Q 



Fig. 519. — Reactions of the engine frame due to the inertia of the connecting rod- 

acting at C produces a pressure on the main bearing and hence on 
the engine frame ; the couple Q x CH modifies the turning moment 
on the crank. 

Bending moment on the connecting rod produced by its inertia. 

Assuming that the inertia effects on the connecting rod will be 



Fig. 530. — Transverse inertia load on the connecting rod. 

greatest when the crank and connecting rod are at 90® to each other, 
the bending-moment diagram may be drawn as follows : In Fig. 520 
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ABC is 90'’, and RD is the acceleration image of the rod. The 
acceleration of R will be towards C and will be feet per second 
per second, where <0 is the angular velocity of the crank in radians 
per second and R is the radius of the crank in feet. The acceleration 
of A will be represented by DC, and its component perpendicular 
to AB will be found by drawing DE perpendicular to CB. CE 
will be the required component. Neglecting the very small acceler- 
ation represented by CE, the acceleration of any point on the 
connecting rod may be found by making BF perpendicular to AB 
and equal to w^R and by joining FA. The acceleration normal to 
AB of any point H in the rod will be represented by HK, perpen- 
dicular to AB. 

Let m be the mass of the rod in pounds per inch length at H ; 
then the transverse inertia load on the rod at H will be 

Inertia load per inch length = lb. weight, 

S 

HK being measured to the acceleration scale in feet per second per 
second. A similar calculation should be made for a number of 



Fig. 52T.-^Bendinf; moment diagram produced by the inerti.*! load on the connecting rod. 

points on the rod ; the calculations are somewhat simpler in the case 
of a rod of uniform cross section, and in other cases may sometimes 
be simplified by taking m to be the average mass per inch length. 
A load curve is constructed then by drawing AB (Fig. 521 (a)) to 
represent the length of the rod and setting off the calculated loads 
per inch at the various points chosen, as at PQ. Considering the 
portion BP, the average load per inch will be KEN-f-PQ) and the 
load on BP will be ^ ^ PQ) BP. 
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Wj will act through the centre of area of BNQP. Carrying out 
the same process for the other portions of the rod, we obtain the 
equivalent system of concentrated loads W^, Wg, Wg, etc. The 
bending-moment diagram may be drawn now by the link polygon 
method (p. 140) ,the construction being shown in Fig. 521 (/^) and (r). 

Simple slide-valve gear. In ordinary reciprocating engines, the 
valve employed to distribute the steam to each end of the cylinder 
consists of an inverted rectangular box V (Fig. 522), which slides on 



a flat face formed on the cylinder. Two steam passages, or ports Sj 
and S2, lead to each end of the cylinder, and another E leads to the 
atmosphere or to the condenser. Movement of the valve to the 
right will permit steam to flow through Sj into the left-hand side of 
the cylinder, and at the same time permits the steam in the right-hand 
side to flow out through Sg and E. Movement of the valve to the 
left will admit steam to the right-hand side through Sg, and will 
permit exhaust from the left-hand side through and E, 

CD is the centre line of the valve and AB is the centre line of the 
cylinder ports ; the valve is in its mid-position when these lines are 
coincident vertically. In this position, the valve generally laps over 
the edge of the ports ; / is called the outside lap, and gives an earlier 
cut-off than if there were no outside lap ; is called positive inside 
lap ; if the inside lap is made as shown at called negative 5 

the inside lap determines the point at which the exhaust steam is 
stopped from flow'ing out of the cylinder. Cut-off of the steam supply 
is effected when some fraction of the piston stroke has been com- 
pleted ; the remainder of the stroke is then completed under the 
expansive action of the steam. Closing of the exhaust is effected 
before the end of the return stroke in order to entrap some of the 
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exhaust steam in the cylinder ; this is compressed by the returning 
piston, and acts as a cushion in bringing it to rest To understand 
the complete distribution of the steam, it is necessary that the 
displacement of the valve from its mid-position should be known 
for any given crank position, and hence for any piston position. 

The slide valve is driven generally by means of an eccentric, con- 
sisting of a disc A secured to the crank shaft B and revolving with it 
(Fig. 523). The hole in the disc is bored at a small distance from 



the centre of the disc. A strap C surrounds the disc*and is connected 
by an eccentric rod DE to the valve rod EF. The eccentric is 
equivalent to a crank having a radius equal to the distance from the 
centre of the shaft to the centre of the disc. This radius is generally 
very small compared with the length of the connecting rod ; hence it 
may be assumed that the motion of the valve is simply harmonic. 

Let the circle ABCD (Fig. 524) represent the path described by 
the centre of the eccentric, which is rotating in the direction of the 



arrow. AC may be taken to represent 
the travel of the valve, which will be 
in its mid-position O when the eccentric 
is at OB or at Ol). Assuming simple 
harmonic motion, when the eccentric 
is in any position, such as OE, if EM 
and EN are perpendicular to AC and 
to BD respectively, OM or NE will be 



the displacement of the valve. If the 
angle separating the eccentric and 


the crank be EOK, then OK wHl be 
the corresponding crank position 


Since the valve displacement towards the right must be equal to / at 


admission, if OL, equal to /, be measured and LE^ drawn perpen- 


dicular to AC, OEj will be the position of the eccentric at admission. 
By setting off the angle E^OK^ equal to EOK, the position of the 
crank at aamission OKj may be found. Producing EjL to Eg will 
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determine the eccentric position OE2 at cut-off. Release and 
cushioning are controlled by the inner edge of the valve. Make 
OQ equal to measuring it to the left of O if positive and to the 
right if negative, and draw E3QE4 perpendicular to AC \ OE3 and 
OE4 will be the eccentric positions at release and cushioning 
respectively. In each case, the corresponding crank position may 
be obtained by setting back angles equal to EOK, 

Valve diagrams are based on the idea of obtaining direct the 
displacement of the valve by merely drawing the crank in any given 
position In the Reuleaux valve diagram (Fig. 525), OS^ and OSg 
are the crank positions at admission and 
cut-off ; it is evident that the angle S^OSg 
in this figure is equal to E^OEg in Fig. 524. ^ 

Hence parallel to S^Sa, will cor- 

respond to BD in Fig. 524, and the valve 
displacement for any crank position OK 

will be KN, which is drawn perpendicular ' 

to DjDa, and hence corresponds to EN 

in Fig. 524. Draw and E^Eg parallel Fio. 525.— Reuleaux valve dia^am 
to DjD., and at distances from it equal 

to I and' respectively. Then, of the total displacement KN, SN is 
equal to the outside lap, and hence KS will be the amount by which 
the valve edge has opened the port to steam. Similarly, at OK , 
K'N' will be the displacement on the left of the mid position and EK 
will be the amount by which the inner edp of the valve h^ 
uncovered the port to exhaust. At admission and cut-off, the 
crank will be at OSj and OS, respectively, as has been used in the 
construction ; in these positions the port opening is zero. At release 
and cushioning the crank will be at OE, and OE, respectively, because 
in these positions the exhaust opening will be zero. 

There are many other types of valve diagrams; any standard text 
book may be consulted for the principles on which they are ha^d. 

Component eccentrics for a valve gear. In Fig. 526 (a), OC is 
the crank on the dead centre and OE is the corresponding eccentric 
position ; the angle EOV is called the angle of advance and is denoted 
by <1. Suppose that, instead of using OE, oomponmt ^ntrloe OV 
and OH are employed, these being found by drawing EV and EH 
respectively parallel and at right angles to CO. It is to be under- 
stood that the actual motion of the valve is to be obtained by adding 

•A complete discussion is given in Valves and Valve Gear Merkanisnts, 
by Prof. W. E. Dalby ; (Arnold). 
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together the displacement produced by the component eccentric OH 
and that produced by OV. OV and OH are called the 90* and the 
180“ components respectively, and are given by 

OV = OE cos a. 

OH = OEsina. 

In Fig* 526 (/ 5 ), the crank has moved through an angle 6 from the 
dead point. We have 

Displacement produced by OE == OM = OE sin (a + 6) 

— OE sin a cos 6 + OE cos a sin ft 

Displacement produced by OV = ON = OV sin 0 = OE cos a sin ft 

Displacement produced by OH — ON' — OH cos ^ = OE sin a cos ft 

Sum of displacements produced by OH and OV = OE sin a cos 
+ OE cos a sin ft 

Hence the resultant displacement produced by the component 
eccentrics is equal to that produced by the actual eccentric. 

Let OH and OV be written a and respectively ; then 

Displacement of the valve = a cos 6^ + ^ sin ^ (i) 



FlC. 526. — Component eccentrics. 


a and b are both constant in a simple valve motion having a single 
eccentric. In many cases of more complicated valve gears the 
motion of the valve may be represented approximately by an 
equation of form similar to (i), showing that the valve may be 
imagined to derive its motion from a single eccentric acting direct on 
the valve. 

Hackworth valve gear. An example is shown in Fig. 527 of a 
Hackworth valve gear; BC is the crank and AB is the connecting 
rod The eccentric CE is at iSo** to the crank and is connected 
to a rod EF, the end F of which may slide on a guide GH. 
GH is pivoted at K, and the angle /3 which it makes with CK may 
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be adjusted by hand. Alterations in the cut-off and reversal of the 
direction of motion of the engine are effected by altering )S. The 
valve rod LN is connected to EF at L. 



The displacements of the valve will be very nearly equal to the 
displacement of L vertically. 

Let r= the radius of the eccentric. 

^-EF. 

^/=LF. Then 

Displacement of E vertically from CK = rcos^. 

If F were to move in the straight line CK, the displacement of L 
vertically owing to the above displacement of E would be 

Vertical displacement of L = ^rcos 6 (i) 

Again, Displacement of E horizontally from AC = r sin B. 

In Fig. 528 CP represents this displacement, and F is supposed to 
be connected direct to P. KQ will be very nearly equal to CBj^, 


484 


MACHINES AND HYDRAULICS 


Hence, jtq 

KQ- 

FQ = KQ tan /?=: CP tan p 
= r sin 6 tan 

Hence, Vertical displacement of L = r sin B tan 



Fig. 528. — Approximations in the motions in the Hack worth valve gear. 


To obtain the total displacement of L, take the sum of (i) and (2), 
noting that the result of (2) may be either positive or negative, de- 
pending on the setting of the guide bar HG. "J'lms 

Displacement of L = 0 ^^cos B ± r tan ^ sin B (3) 

The result shows that the radii of the component eccentrics are 

Radius of the 180” component eccentric = <2 = ^r. (4) 

Radius of the 90° component eccentric ~ = ±^-^rtan/?. ...(5) 


The first of these, «, is evidently constant. The other, /^, depends 
on the value cf To obtain the maximum value of h take the 

maximum values of /?, positive and 



^ackworth valve i 


negative, and hence of tan/:^, and 
obtain the numerical value of (4) 
and {5). In Fig. 529 CY is made 
equal to the 180° component eccentric 
<2, and CX and CX' are respectively 
equal to the maximum positive and 
negative values of the 90^* component 
eccentric b. The centre of the re- 
sultant eccentric will lie on E'YE, 


drawn parallel to XX', for all settings of the guide bar GH. Its 
limiting positions will be CE and CE' respectively. The resultant 
eccentric for any other setting of the guide bar may be obtained by 
calculating CX" from (5) ; the resultant eccentric will then be CE", 
The motion of the valve may be obtained thus for any setting of 
the guide bar GH by connecting it direct to the resultant eccentric 
found in this manner. E'YE in Fig. 529 is called the oliaracterlstk 


line of tbe geax. 
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Oscillating engine mechanism. This mechanism is illustrated in 
Fig' 53o(«); a crank BC revolves about B, and the cylinder is 
capable of oscillating about an axis or trunnion at A. There is no 
connecting rod ; the piston rod is connected direct to the crank pin 
as shown. In Fig. 530 {li) is shown a slider crank chain, in which the 


F 



Fig, 530.— Ohcillating engine mechanism. 


crank BC revolves about C and A moves in the straight line AC. 
Comparison of (a) and {d) will show that {a) has been produced 
from {d) by an inversion of the mechanism. In AB is capable of 
swinging about AC, while in {a) AB is fixed and AC is capable of 
swinging about AB. 


In Fig. 530 (<r), let the lengths of AB and BC be denoted by L and 
R respectively in feet, and let the velocity of the crank pin be uni- 
formly equal to v feet per second. Ther angular velocity of the 
orank pin will be given by 


radians per second .....(i; 


To obtain the angular velocity of the cylinder, resolve v into 
velocities respectively along and perpendicular to AC by means of 
the parallelogram CEFB. CD = V will be the component per- 
pendicular to AC. It is evident that the angular velocities of the 
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cylinder and of the piston rod AC about A will be equal. Hence the 
angular velocity of the cylinder is 

V ^ 

= radians. per second (2) 

Draw BG perpendicular to AC and GH parallel to BC ; the 
triangles BCA and HGA will be similar. Hence, 

CA BA L 
CG BH BH ^ 

• CA 

•• BH 

Substitution in (2) gives 

V.BH 

'*'2 l.cg 

Again, the triangles BGC and FDC are similar. Henc3, 

CG CD V 

CB CF~ V* 

V V 
CG= R = ~. 


Substitute this value in (3), giving 

V.BH 

^^ 2 ” L V 
, 0)2 BH 


This result shows that the angular velocity of the cylinder is repre- 
sented by BH to a scale in which the angular velocity of the crank 
_ pin is represented by the constant length L, 



The cylinder has zero angular velocity in the 
two positions in which the crank and piston rod 
are at right angles. For positions of the crank 
below these, the cylinder is swinging tow^ards 
the right, and its angular velocity may be called 
positive} for crank positions above the zero 
positions, the angular velocity will be of op- 
posite sense, and may be described as negative. 
A polar diagram of angular velocity (Fig. 531) 
may be drawn by carrying out the construction 
for crank angles differing by 30®. BH (Fig. 
530 (^r)) is measured for each position and set 


Fig, 531.— Angular velocity 
dia||rram for un oscillating 
cylinder. 


off from C along the radius BC, towards B for 
negative and away from B for positive values. 
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The points D and E may be found by describing a circle on AB as 
diameter ; the angles BEA and BDA will then be each 90”, At G 
and F the angular velocities of the cylinder will be viAG and vjAF 
respectively. 

Examining Fig. 531, it will be noted that the crank, rotating 
uniformly, takes a longer time to traverse the arc DGE than it does 
to traverse the arc EFD. Hence the average angular velocity of the 
cylinder towards the left will be less than that towards the right. In- 
spection of the angular-velocity diagram will illustrate the same point. 

Quick-retum motions. Advantage is taken of these facts in the 
quick- return motion fitted sometimes to shaping machines (Fig, 532). 



The tool G cuts the work H on the stroke towards the right only, 
and K is advantageous that this cutting stroke should be executed 
at a slower speed than that of the idle return stroke. The tool is 
fixed to a sliding ram F, guided so as to move horizontally. F is 
connected by a short link ED to the top of a slotted bar AD, which 
may oscillate about A. AD is driven by means of a uniformly^ 
rotating crank BC, the crank pin of which engages a block at C 
which may slide in the slot of AD. The tool will be at the ends of 
its travel when BC is in the positions BK and BL, both of which are 
at 90” to AD (Fig. 533). 

Neglecting the effect of the obliquity of DE (Fig. 532), the travel 
of the tool may be found thus 

Half travel of tool = DO (t ig. 533)- 
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DO AD 
BK AB’ 

. BK.ADAD 

.. DO= AB’®^ 


and Travel of tool = d— 2 -pfr . R, 

AB 

where R is the radius of the crank BC. 


^ 

'' oi- 




\ // i 

V' ' 
‘-"v ! 


Fig. 533. — Quick -return motion; mechanism at the ends of the travel. 

The average speed on the cutting and return strokes may be 
calculated by first finding the times taken by the crank to traverse 
the arcs LMK and KNL respectively. 

Let T = time of i revolution of crank, in seconds, 

/c = time to traverse arc LMK, in seconds. 

/r = t'ime to traverse arc KNL, in seconds. 
Then tc : tr '• T = arc LMK : arc KNL : 27 rR. 

arc LMK 

27rR 

arc KNL 

Also, Average cutting speed = ~ . 

Average return speed - 

tr 

The maximum cutting and return speeds may be obtained easily 
from Figs. 534 {a) and (b) respectively. 
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(O') (b) 

534- — Quick -return motion i maximum cutting and return sp>eeds. 


The Whitworth quioh-retum motion (Fig. 535) is produced by 
another inversion of the slider-crank-chain. A slotted link CD 
revolves on an axis at C, and is connected to the ram of the shaping 
machine by the rod DK. Motion is given to CD by means of a 
crank AB revolving round an axis at B ; its crank pin A has a block 



bearing which slides in the slot of CD, Inspection of the outline 
diagram (Fig. 536) will show that BC is the crank in the slider-crank- 
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chain, and now is fixed ; AB was formerly the connecting rod, and 
ACD was the line of stroke. 

The travel of the tool will be twice CD, and the tool will be at the 
ends of the stroke when CD is passing through its horizontal positions 
CE and CF. The arc through which BA turns during the cutting 
stroke i$ FHE, and the arc during the return stroke is EGF. The 
average speeds may be calculated in the same manner as for the 
quick-return motion discussed above. The maximum speed during 
the cutting stroke will occur when A is at H, and that during the 
return stroke will occur when A is at G. 


Let 

= velocity of A, assumed uniform. 

Vc = maximum cutting velocity. 

Vr = maximum return velocity. 


Then 

Yc_cr) _(2D 

» “ CH ’ ’ CH 

(0 

Also, 

Vr CD CD 

ir=CG’ ^‘^=CG-^' 

(2) 

Comparison 

of (i) and (2) shows that 



Vc:Vr = CG:CH. 


Cams. Cams are employed when the reciprocating motion to be 
given to the end of a rod or lever is of an irregular character. In 
Fig. 537 (^2) the rod OA reciprocates vertically in the line OA, and is 



Fig. 537. — Two examploi of cams. 


driven by a disc B fixed to a revolving shaft C. The rim of B is 
shaped so as to give the required motion to the rod. In Fig. 537 (^) 
is shown another example, in which the direction of motion of OA 
does not pass through the axis of the shaft C 
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The outline of the cam in Fig. 537 (a) is drawn by setting off equal 
angles oCi, 1C2, 2C3, etc., and marking off the distances along OA, 
through which the rod is to travel while the cam is describing these 
equal angles. The points of division on OA are then brought to the 
corresponding radii by means of arcs described with C as centre. 
The outline in Fig. 537 (/^) is obtained by first drawing a circle with 
centre C and touching the line AO produced. Tangents are then 
drawn to this circle at equal angular intervals, and the distances 
along OA to be described during each of these intervals are brought 
to the corresponding tangent by means of arcs drawn with centre C, 


EXERCISES ON CHAPTER XIX.' 

1 . A link AB, 2 feet long, is horizontal at a given instant and is 
moving in a vertical plane. The velocity of the left-hand end A is 10 feet 
per second upwards to the right at 45 degrees to AB. The velocity of B 
relative to A is 4 feet per second downwards. Find the actual velocity 
of B. 

2 . In Question i, find the instantaneous centre of the rod and the 
velocity of the centre of the link. 

3 . In a crank and connecting-rod mechanism, the crank CB is i foot 
long and the connecting rod AB is 4 feet long. The velocity of the 
crank pin B is uniform and equal to 10 feet per second. Divide the 
crank circle into intervals of 30 degrees, and find the velocity of the cross- 
head A for each of the crank positions so determined. Draw diagrams 
of velocity for a complete revolution (a) on a time base, (^) on a space 
base, of length to represent twice the stroke of the c: osshead. 

4 . In a double crank and connecting rod (four-bar chain) the cranks 
are AB, 1*5 feet long, and CD, 2-5 feet long ; the connecting link BC 
is 2 feet long ; the bar AD is fixed and is 2-25 feet long. B has a linear 
velocity of 2 feet per second. For the position in which AB makes 
60 degrees with AD, find (a) the angular velocity of AB, {l>) the velocity 
of C, {c) the angular velocity of DC. Use the instantaneous centre 
method, and check the result for (c) by the ratio given on p. 460. 

6. A four-bar chain has cranks AB and DC 2 and 175 feet long 
respectively ; the connecting link BC is 1-5 feet long and the bar AD is 
fixed horizontally and is 1-5 feet long. The cranks are crossed. Draw 
the mechanism when AB makes 45 degrees with A.D, and find a point E 
in the link BC (produced if necessary) which is moving in a vertical 
direction in this position of the mechanism. 

6. In the parallel motion shown in Fig. 498, AC is 1 J inch and BC 
is J inch long. The line joining AB is horizontal and inch long. AD 
is 1*5 inch long and is vertical when AC is horizontal. Find the length 
of CP, and confirm the result by drawing for the positions when AC 
makes 15 degrees with AB. 

7 . In the mechanism shown in Fig. 502, the crank is 3 inches long 
and has a uniform speed of 60 revolutions per minute. The mass of the 
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reciprocating parts is 8o pounds. Find the forces in lb. weight required to 
overcome inertia for crank positions differing by 30 degrees throughout the 
revolution. IMot these forces on a base line representing twice the stroke. 

8. In Question 7 the steam cylinder driving the mechanism is 

5 inches in diameter ; the net pressure of the steam urging the piston 
IS 50 lb. per square inch up to half stroke, and is 35, 24 and 20 lb. per 
square inch at o-6, o-8 and the end of the stroke respectively. Draw the 
pressure diagram, and find the turning moment on the crank for each 
position given in Question 7, making allowance for inertia. Draw the 
turning-moment diagram. 

9 . Two parallel shafts, 30 inches axis to axis, have each a crank 

6 inches long connected by a uniform steel rod 30 inches long, 2 inches 
deep and i inch wide. The shafts are driven at equal speeds. Take the 
density of steel to be 0-28 pound per cubic inch, and find the maximum 
upward and downward forces due to the inertia and weight of the rod 
when the speed is 150 revolutions per minute. 

10 . In Question 9, the stress due to bending of the rod is limited to 
10,000 lb. per square inch. What is the maximum permissible speed of 
the shafts in revolutions per minute ? 

11 . Take the data of Question 3 and find the acceleration of the 
crosshead in the line of the stroke when the crank has travelled 
60 degrees from the inner dead point. Do this by use of Klein’s con- 
struction. Calculate also the accelerations when the crosshead is at 
each end of the stroke. The mass of the reciprocating parts is 
500 pounds ; calculate the forces required to overcome their inertia in 
these positions. 

12 . In Question ii, the total effective steam pressure on the piston 
when the crank is 60 degrees from the inner dead point is 9000 lb. 
What will be the turning moment on the crank, (a) neglecting inertia, 
(i^) taking account of inertia ? 

13 . With the data of Question 3, find the acceleration image of the 
connecting rod when the crank is at 90 degrees to the connecting rod, 
and hence find the acceleration of the centre of the rod. 

14 . In Question 13, take the connecting rod to be of uniform section 
and of mass 3 pounds per inch length. Find the resultant force which 
must act on the rod in order to overcome its inertia. 

15 . Draw the bending-moment diagram for the connecting rod as given 
in Question 14, and state the value of the maximum bending moment. 

16 . In an oscillating- engine mechanism, the crank is 2 feet long and 
makes 50 revolutions per minute. The distance between the centre of 
the crank shaft and the cylinder trunnion is 5 feet. Find the angular 
velocity of the cylinder when the crank is passing each dead point. 
Answer the same when the crank is at 45 degrees from the outer dead 
point. 

17 . In Question 16, if the crank rotates clockwise, find the time of 
swing of the cylinder (a) from left to right, (d) from right to left. Cal- 
culate the angle through which the cylinder oscillates. 

18 . The axis of a vertical rod passes through the axis of a horizontal 
shaft when produced downwards. The rod has a roller i inch diameter 
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at its lower end and is driven vertically by a cam fixed to the shaft. The 
minimum radius of the cam is 2 inches, and it gives simple harmonic 
motion to the rod during the upward travel of 2 inches, followed by a 
period of rest while the shaft rotates through 45 degrees. The downward 
travel is simple harmonic. Draw the outline of the cam. 

19 . Answer Question 18, supposing that the axis of the rod passes 
0*5 inch from the shaft axis when produced. 

20 . Describe the character of the straining actions to which the 

coupling-rod of a locomotive engine is subject, and sketch an appropriate 
form of transverse section. In a locomotive having driving wheels of 
6 feet 6 inches diameter, the coupling- rod is 8 feet long between its 
centres, and is attached to cranks of i foot radius. Suppose the locomo- 
tive to travel at 60 miles an hour, and the weight W of the coupling-rod 
to be uniformly distributed along the 8 feet of its length, estimate the 
maximum bending moment to which it will be subjected.- (I.C.E.) 

21 . Describe, without proof, a construction for determining the 

acceleration of the slider in the slider-crank mechanism. Apply the 
construction to find the acceleration of the piston of an ordinary direct- 
acting engine when the crank is 30° from the inner dead centre. Length 
of crank, 8 inches. Length of connecting rod, 36 inches. Speed of 
crank shaft, 200 revolutions per minute. State the answer in feet per 
second per second. (L.U.) 

22 . In a slider-crank chain AB is the connecting rod, 30 inches long, 

BC the crank and AC the horizontal line of stroke. In AH produced 
beyond B a point P is taken, BP being 18 inches. If the locus of P 
is an approximately vertical straight line, while AB travels through angles 
from to 30* with the line of stroke, find a suitable length for BC. A 
load of 2000 pounds at P acts at right angles to the line of stroke ; find 
the pressure on the crosshcad required to equilibrate, and find also the 
thrusts on the guides and crank when BAC = 3o^ (L.U.) 

23 . In a four-bar chain ABCD, AB is the driving, CD the driven 

crank, and BC the coupler, DA being fixed. BC, produced if necessary, 
cuts AD in P. Show that the ratio of the angular velocity of CD to that 
of AB is PA/PD. Draw the velocity diagram for this chain when AB, 
BC, CD and DA are i, 6, 3 and 7 feet lespectively, the angle BAD being 
90° and AB and CD being on the same side of AD. If the velocity of B 
is i foot per second, find the velocity of C, and check by using the ratio 
given above. (L.U.) 

24. A simple slide valve driven by an eccentric has a travel of 5 inches. 
The cut-off is at § of the stroke of the piston, and the release takes place 
at I of the stroke. The lead is J inch. Assuming that the valve and 
piston have simple harmonic motions, find the outside and inside laps 
of the valve and the position of the piston when compression begins. ^ 

25 . A connecting rod is 5 feet long and 5 inches in diameter, assumed 
uniform throughout its length. Stroke of piston, 2 feet 6 inches. 
Revolutions per minute, i8c. Weight of material, 480 lb. per cubic fool. 
When the crank angle is 60° measured from the inner dead centre, dra-w 
the load and bending-moment curves on the connecting rod due to its 
inertia, and state the value of the maximum bending moment. (L.U.) 
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FLYWHEELS. GOVERNORS. 

Pluctuations in angular velocity. It frequently is the case that 
it is inip)ortant to secure uniformity of angular velocity in some shaft 
belonging to a machine. This condition is usually very desirable in 
engines supplying motive power. In such cases there may be two 
kinds of disturbance owing to lack of equality in the rates of supply 
of energy to the engine and of abstraction of energy for driving 
purposes. In any machine we have the following equation (p. 328) 
for the balance of energies during a stated time : 

Energy supplied = energy abstracted + energy wasted in the machine. 

Suppose the energy sui)plied exceeds that required in order to 
satisfy the above equation, then the niachine must be increasing 
its speed, as the excess energy must be disposed of, and the only 
method available is by the storage of additional kinetic energy in the 
parts of the machine. The converse will be the case if the energy 
supplied falls below that required in order to satisfy the equation. 

For simplicity, suppose the moment of resistance to rotation of 
the engine shaft, supplied by the machinery to be driven, to be 
uniform. There will be a demand then for a constant amount of 
energy during each revolution of the shaft. But the rate of supply 
of energy to the shaft is never uniform, depending as it does on the 
turning-moment diagram (p. 470), which may show great lack of 
uniformity. The result would be evidenced in rapid alterations in 
the angular velocity of the shaft, a jerky action which it is the 
function of the flywheel to remedy. This the flywheel does by storing 
the excess energy in the kinetic form, and its large moment of inertia 
enables it to do so with comparatively small changes in its speed. 
It is evident that, if the energy supplied duiing the revolution is 
exactly sufficient to satisfy the equation, the angular velocity of the 
flywheel at the end of the revolution will be equal to that at the 
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beginning, there is no net gain or loss of speed despite inter* 
mediate small fluctuations. 

A second kind of variation in the angular velocity may occur 
during a period extending over several revolutions of the shaft* 
This would be owing to the supply of working fluid to the engine 
being too large or not enough, and would be evidenced by a steady 
rise or fall in the speed of rotation. The flywheel alone is incom- 
petent to deal with this matter, which must be remedied by a 
contrivance called a governor. The governor is driven by the 
engine, and is constructed so that the relative positions of its parts 
alter with change of speed. These movements may be made to 
operate valves which control the supply of working, fluid, and thus 
the shaft is kept rotating at a speed which may vary only slightly 
above and below the mean speed. Absolute steadiness of speed 
cannot be attained, for change of speed must occur before the 
governor will move into another position, and so operate the control 
valve. 

Elinetic energy of a flywheel. Some calculations regarding the 
capacity for energy of a given wheel and of its change of angular 
velocity in giving up a stated amount of energy will be found on 
p. 420. 

Let I = the moment of inertia of the wheel, pound and foot units. 
a* = its angular velocity, in radians per second. 

Then Kinetic energy of wheels - - I foot -lb (1) 


Let the wheel change its speed from Nj to Ng revolutions per 
minute. Then 




Also, 


Change in kinetic energy - ’ I - ^ ^ 

N, 

(I), =r --i . 27r = ^ 

'60 30 ' 


TrNg 

30 


Hence, 


Change in kinetic energy 


2 J ^\ 900 900 / 


1800^ 

= o-oo548^(Ni 2“ N2^) foot-lb.... (2) 

Again, the kinetic energy at any speed N revolutions per minute 
varies as ; hence, if M be the kinetic energy at one revolution per 



490 


MACHINES AND HYDRAULICS 


minute, the kinetic energy at N revolutions per minute will be 
MN^. Hence, the change in kinetic energy in passing from Nj to Ng 
revolutions per minute may be written : 

Change in kinetic energy = M(Ni 2 - Ng^) (3) 

The fluotoatloii In speed of the wheel may be defined as (Nj - Ng), 
and the coefficient of fluctuation of speed is taken as the ratio which the 
fluctuation in speed bears to the mean speed. It is sufficiently 
accurate to write 


Hence, 


Mean speed — i(Ni + Ng). 
Coefficient of fluctuation of speed = 


i(Ni + N,) 


In practice, values of the coefficient of fluctuation of speed are 
found varying from 0*05 to 0*008 depending on the type of 
machinery. 

Dimensions of an engine flywheel. In estimating the dimensions 
of a flywheel for an engine, sufficient information must be given or 
assumed to enable the fluctuation of energy during a complete cycle 
to be ascertained. The process consists in reducing the driving 
effort on the piston to a tangential force acting on the crank pin, 
making proper allowance for the inertia of the reciprocating parts of 
the engine. A crank-effort diagram showing the values of this force 
throughout a cycle is drawn. Another diagram is drawn on the same 
base, showing the driving resistances to be overcome reduced to 
another tangential force acting at the crank pin. Comparison of 
these diagrams will enable the fluctuation of energy to be obtained. 

The turning-moment diagram may be used in order to calculate R, 
the tangential force acting on the crank [)in. 'Fhus, 


T = RxBC, 



where BC is the length of the crank in feet and T is the turning 
moment in lb. -feet. 

Values of R for a steam engine having a single cylinder are set off 
in Fig. 538 on a base having a length equal to the circumference 
of the crank-pin circle. The resulting crank-effort diagram OCBDA 
shows the work done on the crank pin per revolution, neglecting 
friction. 

The whole of the w^ork done on the crank pin is utilised in 
overcoming (a) frictional resistances in the engine, (d) the external 
xesistances which are opposed by the machinery being driven. 
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Assuming both of these to be uniform when reduced to a tangential 
force at the crank pin, it is evident that both will be taken account 
of by constructing a rectangular diagram OEFA of height equal to 
the average height of the crank-effort diagram. This rectangle will 
express graphically the equality of energy supplied and energy 
abstracted during the revolution. The driving effort and the resist- 
ance to be overcome are equal at G, H, K and L. 



Consider the portions of the diagram showing the energies while 
the crank pin travels through the arc represented by GH. Work is 
done on the crank t<j an amount represented by the area GMCNH, 
and the work abstracted is represented by the area GMNH. Hence, 
surplus work, represented by the area MCN, has been done, with 
the result that the flywheel will have its angular velocity increased 
while the crank is passing from G to H. 

In the same way, while the crank is passing from H to K, energy 
represented by the sum of the areas HNB and BPK has been given 
to the crank and energy represented by the rectangle HNPK has 
been abstracted. Insufficient energy, represented by the area NBP. 
has been supplied during this interval and the flywheel will be 
decreasing its angular velocity. Hence, niQ-ximum speed will occur 
when the crank is at H and minimum speed when the crank is at K. 
Assuming that the speeds of the flywheel at G and K are equal, it 
follows that the excess energy represented by MCN will be equal to 
the deficient energy NBP, and it may be said that the energy repre- 
sented by the area MCN has been given to the flywheel and taken 
away again w'hile the crank is passing from G to K. Ihe fluctuation 
of energy is therefore given by either of the equal areas MCN or 
NBP. In the same way, the area PDQ is equal to the sum of the 
areas QAF and EMO, and represents the fluctuation of energy 
during the remainder of the revolution. 

The ooeffleient of fluctuation of energy may be defined as the ratio of 
the maximum fluctuation in energy to the total work done in one 
cycle, the cycle occupying one revolution in a steam engine and 
two revolutions in an internal combustion engine working on the 
four-stroke cycle. 

D.M. 


R 
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Let E = the area MCN, expressed in foot-lb., representing 

the maximum fluct^uation. 

<i>j and (t>2 = the angular velocities of the flywheel at H and K 
respectively, in radians per sec. 

I = the moment of inertia of the wheel, in pound and 


Then 


Let 


foot 

units. 




E, 




1 


E. 


<02 = 

mo 


(0 


where « is a fraction expressing the minimum permissible ratio of Wg 


to Wj. Then 


or 


— (“i* - = E, 


2 ^ 


T-- 




( 2 ) 


The moment of inertia which the flywheel must possess may be 
calculated from this equation. 

Centrifugal tension in flywheels. In Fig. 539 is shown the rim 
of a revolving flywheel, the other parts of the wheel being disregarded 
in what follows. The centrifugal forces produce radial loads on the 



rim of a kind similar to those produced by internal pressure on a 
cylindrical shell (p. 94). 

Let z^ = the velocity of the rim, in feet per second. 
r=the mean radius of the rim, in feet. 
m = the mass of the rim, in pounds per foot circumference. 

Then Centrifugal force per foot circumference lb. 



GOVERNORS 


499 


The resultant centrifugal force for half the wheel, corresponding to 
(/ X d) in the cylindrical shell, will be 

mv^ 


Let 


2in7J^ 

R == _ X 2 r= lb. 

A*- 


a = sectional area of the rim, in sq. incheSo 
g = tensile stress on a, lb. per sq. inch. 
Then, assuming q to be distributed uniformly, 
R=2 j'o (Fig. S4 o), 


or 

2mv^ 

= 2qaf 


Let 

q = lb. per sq. inch. 

^ ga AH 

p = the density of the material, in pounds per cubic foot. 

Then 

m = px I — - pounds per foot circumference, 

144 


and 



or 

— per sq jnch 

I 44 A- 

....(I) 


This result shows that the stress due to centrifugal force is inde- 
pendent of the sectional area of the rim and of the radius of the 
wheel. Equation (i) may be written 


-(a) 

We may deduce from this result that, for a given material having 
a density /j, there is a maximum speed of rim corresponding to a safe 
stress q for the material in question, and that this speed is independent 
of the dimensions of the wheel. 

Governors. In Fig 541 is shown a simple type of governor such 
as was used by James Watt for controlling the speed of steam engines. 
Two heavy revolving masses Aj and are suspended by links A^B 
and AgB to the upper end of a shaft BF ; the joints at B permit of 
Aj and Ag moving outwards or inwards in circular arcs. Another 
pair of links A^Ci and AgCg connect A^ and Ag to a sleeve D, which 
will move upwards if A^ and Ag move to a larger radius. The sleeve 
IS connected by means of a bent lever, pivoted at G, and a rod H 
to a throttle valve K, which is situated in the pipe supplying steam 
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to the engine and controls the supply of steam. The shaft BF is 
driven by the engine by means of bevel wheels at F, and hence the 

masses Aj and Ag will revolve 
about the axis of BF. The 
action of the centrifugal force, 
the weight, and the pull of the 
links on each revolving mass, 
will cause the mass to take up 
a definite radius depending on 
the engine speed. The working 
positions of the revolving masses 
are settled by the considera- 
tions that when they are at the 
extreme outer or inner w'orking 
radius, the throttle valve should 
be closed completely or opened 
fully respectively. Each of these 
radii will correspond to a definite 
speed of rotation, and the engine 
controlled by the governor will 
be capable of a range of speed 
between these limits. In order 
that the range of speed should not be too great, the difference 
between the extreme working radii of the revolving masses should 
not be too large. 

In Fig. 542, three forms of simple governor are shown in outline ; 
these differ merely in the position of the point of suspension of the 




Fjg. 54a. — Forms of simple governors. 


upper links. In (a), the joint B is on the axis of rotation ; in (<5), the 
joints Bi and are outside the axis, and are situated at the ends of 
a short cross piece B|B., which is fixed to the shaft ; the same 
arrangement is used in (r), but the links are open in (d) and are 
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crossed in (c). The following argument applies equally to each of 
these cases : 

Let o> = the angular velocity of the governor shaft, in radians 
per sec. 

/« = the mass of either Aj or A^, in pounds. 

r~the radius in feet of the revolving masses, corresponding 
to w. 

h = the height in feet of the cone of revolution described by 
the links and shown by YB in (a) and by YO in (^) 
and {c). 

T — the pull in each link. 

Considering one revolving mass, it will be in equilibrium under 
the action of three forces, viz. its weight 7 ng poundals, the centrifugal 
force (o 2 wr poundals, and the pull T. It is evident that A^YB in (a) 
and AjYO in {J>) and {c) will be the triangle of forces for these 


forces in equilibrium. 

Hence, 



11 

0 

II 



"■-1 

(I) 

and 

^ = 

(0 


This result neglects the effects of the mass of the link and also 
friction, and shows that the height is independent of the weight of 
the revolving masses. 

Such governors can be used for low speeds only. For example, 
if oi = 47r radians per second, corresponding to 120 revolutions per 
minute, h would be 0-2 foot nearly, a height which is not practicable. 
Running at low speeds, comparatively small forces will be available 
for operating the throttle valve unless the revolving masses are made 
heavy. Accordingly, simple governors usually have revolving masses 
of large dimensions, and are run at speeds rarely exceeding 60 
revolutions per minute. 

Loaded governor. The speed may be increased and the revolving 
masses kept small by the addition of a load on the sleeve (Fig. 
543(a)). If M be the mass of this load, half its w^cight M^will be 
carried by each pin C, and Cg. is in equilibrium under the 
action of the three forces the pull P in CjA^ and a horizontal 
force Q supplied by the sleeve (Fig. 543 f<^)). The pull P is trans- 
mitted to Ai by the link, and applies a force P to the revolving 
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mass which may be resolved into a vertical force and a 

horizontal force Q. If all four links be equal, the triangle of forces 
AiDiCi wll give 

where A and rare equal respectively to BY and A^Y in Fig. 543 (a). 



Fig. 543.— Lo.nded Poj ter governor. 


The revolving mass is now subjected to three forces, viz. T, the 
resultant (F-Q) of the centrifugal force F and Q, and the resultant 
IMg) of the weights (Fig. 543 (^)). AiBY will be the triangle 
of forces. Hence, 

F Q r 


or 


2 

o}^mr r- 

2/1 




2 ^ 

O)^ = / . 

m h 



..(2) 

•(2") 


Comparison of these results wdth equations (1) and (i) for the 
simple governor will show that, for the same value of t»>, h in the loaded 
governor will be greater than that for the simple governor in the 

. p /M -\-m\ 
ratio of ( 


tn 
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Equation (2") for the loaded governor shows that h will be made 
larger or smaller by an increase or diminution of M without alteration 
in the values of m and co. The arrangement therefore admits of 
adjustment of the working radii of the revolving masses by means of 
varying the load. 

Frlotlonal effects in the firov^mor mechanism may be taken into account 
by the artifice of eliminating the frictional forces and applying instead 
a force to the sleeve, which will have the same effect. T'his force 
must be applied always of sense opposite to that of the direction of 
motion of the sleeve. The effect might be produced by imagining 
a mass Mp pounds to be added to the load M if the sleeve is rising, 
and to be abstracted if the sleeve is falling. Equation (2) then 
becomes : ^ / M±M,- + w \ g ^ /M±Mf 

\ m ) h \ m 


■ + i 




or. 


, /M ± Mp \ g 
/ 4 =(— —-'^+1)5, 

fn / o)- 


(3) 


the positive sign being used if the sleeve is rising or attempting to 
rise, and the negative sign if the sleeve is falling or attempting to fall. 

Two extreme values of h may thus be calculated from (3), indi- 
cating that, owing to friction, the governor niay remain at any height 
intermediate between these extreme values while running at a given 
steady speed <*>. The effect on the engine is to permit some variation 
in speed to occur before the governor will begin to respond by 
altering its height. 


Effect of the governor arms. In Fig. 544, AB is a rod hinged at 
A and rotating about the vertical axis AK. Centrifugal force and 
gravity will compel the rod to assume an angle a to the vertical, the 
value of tt depending on the speed of rotation. Steady conditions 
will be obtained when the total moment of gravity about A is equal 
to the total moment of the centrifugal force. Consider a small 
portion of the mass of the rod at P, and let the rod be uniform. 

m = the mass of the small portion, in pounds. 

r = the radius of the small portion, in feet. 

y = its distance from A, in feet. 

M = the total mass of the rod, in pounds. 

Y = the distance of the centre of mass G from A in feet. 

L = the length of the rod, in feet. 

R = the radius of B, in feet. 

H = the vertical height of A over B, in feet 
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Then, taking moments about A of the forces acting on the small 
portion, we have ^ ^ 

or xy sin a = sin a xy cos «, .( i ) 

g . my — cu2 cos a . my^. 

The total moments for the whole rod will be obtained by 

integrating both sides of this equation, 
giving 

I my = 0)2 cos a 1 my^^, 

Jo Jo 

— = W^COS alA, 

2 

where I a is the moment of inertia of 
the rod with respect to A, viz. 

<p. 415;. Hence, 



cos a — 


u-'L 


•(2) 


Fig. 544. —A revolving uniform load. 


This result determines the required 
relation of a and w for a given uniform 
rod. 

In the actual governor the arm is constrained by the action of the 
revolving mass to rotate at an angle to the vertical, differing from 
that given for a free arm in (2) above. In this 
case, the moment of the weight of the arm may be 
calculated still as above by imagining that the whole 
arm is concentrated at the centre of gravity. The 
moment of the centrifugal force may be calculated 
by first imagining that the whole arm is concentrated 
at the centre of mass and calculating the centrifugal 
force y produced thereby. Then find the position 
of /(Fig. 545) in order that its moment may agree with the integrated 
result of the right-hand side of (i). Thus, 

.R 



/=Mo 


R 


Moment of /= /r = x~ oj^sin a cos 




~ <i>^ Sin « cos a 

.R 


my^ 
ML2 


= <0- • — 


L 


H 

I. 


MJ^. 
3 ' 


(see Fig. 544) 


«MR „RHM 
— > 
2 3 

X = ^ H 


•(3) 
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Effect of the arms in a loaded governor. This result may be 
applied to a loaded Porter govemor having equal arms (Fig. 546(a)). 
mg is the weight of each arm, and in the case of AB is eejui valent to 
a force at A and an equal force at B (Fig. 546 (/ 5 )). f for each 
arm is equivalent to a force |/ acting at B, together with a force |/ 
acting at the vertical spindle AC. 'I'he mass of the revolving mass 
bevig M, its weight will be and the centrifugal force will be 



Fig. 546. — Forces in a loaded Porter governor, including effects due to the arms. 


Mw2R, The mass of the load is L, and half its weight, viz. 
will be borne by the riglu-hand arms as shown. I he forces at A are 
balanced direct by the reactions of the pin securing AB to the 
spindle at A. 7 ’he force J/at C i.s balanced by the reaction on the 
sleeve produced by the spindle. Draw CD perpendicular to AC, 
and produce AB to cut CD at D (Fig. 546 (/^)). 

Take moments about D of the remaining forces, remembering 

that f— mix)- • 

'' 2 


(M<« 2 R + *J) H = (M^+ Jw^') R + mgl R + ■ 2R, 

(m<o 3R + < W H = Mi’R + + :]«j!,’-R + I.^R, 

o)2(M -f fjw) H = 2mg+ LCi 

""V /or 


(4) 


Stability of a governor. Considering one revolving mass of a 
governor, the centrifugal force is given by 

Y — (i) 
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Suppose w to be increased by a small amount Sw, and that, in con- 
sequence, r increases by hr and F by 8F. For the new position 
we have F + SF = ot(«u + + 8r) 

= 2a>r. ^0) -h 5 ^), (2) 

by neglecting the square of Sai, and also the term involving the pro 
duct of the small (juantities hm and hr. Subtraction of (2) and (i) 
gives 

5F — m(2<ji>r. 5a>4- ti>^. hr) (3) 

Dividing (3) by (i), we have 

6F _ 2<i>r . 8 aj + ( 1 ) 2 . 5o) Sr 

F u)‘V o) r ’ 


Sto SF Sr 


If Siii is an increase in angular velocity, the left-hand side is posi- 
tive : hence ^ must be greater than — , t.e. the rate of increase of 

the centrifugal force must be greater than the rate of increase of the 
Q radius. The result e.xpresses 

the condition of stability in a 
\h // governor, t.c. tlie moving to a 

f. j definile new radius and remain- 

^ i^^g there when the revolving 

^ I masses suffer a change in speed. 

> - !• - interesting example of a 

^>yT7^\irr?r^ governor which exhibits neutral 

Fig. 547.-ParaboUc governor. equilibrium i.S produccd by 

arranging that the revolving masses move about B in parabolic 
instead of circular arcs (Fig. 547). Here the pull of the link on 
A is supplied by a normal pressure T given by the guide. Hence 
we have, as before, 

Y_ _ A V _ r 

i\S[~ 




Now h ~ BY is the subnormal to the dotted parabola, and it is 
known from geometry that the subnormal to a given parabola is 
constant ; hence h is constant, and therefoie oj must also be constant. 
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A governor of this type is isochronous, i.e. it will run at one speed 
only if friction be absent, and any change from this speed will send 
the revolving masses immediately to one or other extreme end of the 
range. 

The question of sensitiveness of a governor is allied closely to its 
stability. The change of radius for a given fractional change in 
speed is large in a sensitive governor, but if too large, as in the para- 
bolic governor, the stability may disappear. 

Hartnell governor. In the spring loaded HartneU governor (Fig. 
548), the revolving masses and Ag are supported by bent 
levers, which are pivoted at and Bq on 
pins supported by a bracket (not shown in 
the illustration) which is fixed to and driven 
by the shaft. A spring E bearing on a sleeve 
1) presses downwards the ends of the 

bent levers. The revolving masses travel a 
small distance only from the verticals passing 
through Bj and B2 ; hence the effect of their 
weights in exercising control may be neglected. 

Supposing, for simplicity, tliat AjBi and BiC, 
are equal, then, by taking moments about B|, we see that the 
centrifugal force F acting on w'ill be equal to onc half of the 
total force 2Q exerted by the spring. Provided that the adjustment 
of the spring is correct, this governor will possess great sensitiveness, 
but easily may be made unstable. 

Sui^pose that the revolving masses are displaced from to a 
slightly greater radius without changing the angular velocity w, the 
centrifugal force will be increased to F + 8F, and Q will be increased 
to Q + SQ, owing to the additional compression of the spring. 
Assuming that these forces are equal, we have 

f + ;^f = q + 6Q, 

= Q + 

mw-r^ = Q ; 

^102(^2 -ri)=<SQ. 

^0)2 (jTg - r^) ^ gQ 
wtu‘Vj Q’ 

Sr SQ 

7 Q' 

The condition, therefore, that the governor may remain in the 
new position with the speed unaltered is that the rate o increase o 


Also, initially, 
Hence, 



Fi(,. 548.— HartneU governor. 
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the force in the spring is equal to the rate of increase of the radius 
of the revolving masses. This condition may be secured by adjusting 
the spring; but as the stability of the governor then would be 
neutral, the practical adjustment is made so as to disagree with the 
condition above expressed. 

Effort of a governor. Suppose that the speed of a governor is 
increased from to (o^, and that the sleeve is held so as to prevent 
outward movement of the revolving masses. There will be additional 
centrifugal force, and consequently an effort will be exerted on the 
sleeve which may be utilised in overcoming the resistance offered by 
the control valve mechanism. It is evident that the effort will 
diminish if outward movement of the revolving masses be permitted, 
and will attain zero value when they reach the position corresponding 
with the new speed of rotation. The effort of the governor may be 
defined as the average effort exerted on the sleeve during a given 
change of speed executed in the manner described above, and may 
be taken as 0-5 of the maximum effort. 

Taking a simple governor (p. 501) for which 



if P is the maximum effort in lb , it may be imagined that P is 
produced by the weight of a load M, arranged as in the loaded 
governor (p. 502). Hence, ^ 



tuj- 


Hence, from (i) and (2), 








M^=| 

1 2 

Let 

P = weight of M, in 


7 e/ = weight of w, in 1 

Then 




\ / 

Let 



so that « expresses the fractional change in speed. Then 




2 £/ 


\ effort of a simple governor = ^ - i)7«; lb. 


(2) 


( 4 ) 
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In the case of a loaded governor (p. 502), P may be taken as being 
equivalent to the weight of an additional mass Mj applied to M. 
Similar reasoning to that employed for the simple governor will give 

Effort of a loaded governor = («2 _ j 15 ^ 

where w and W are the weights of one revolving mass and of the 
load respectively in lb. 

Balancing. The complete treatment of the principles of balancing 
the moving parts of an engine or other machine is beyond the scope 
of this book * Reference will be made to some 
of the easier principles. 

Two rotating bodies may be made to balance 
each other if both have their centres of mass 
in the same plane which is perpendicular to the 
axis of rotation, and if the centre of mass of 
tne combined bodies is in the axis of rotation 
(p. 426). 

Thus, in Fig. 549, and will balance, 
provided the forces F, F aie equal and are in 
the same straight line. This will be the case 
if and if the line joining G3 and Gg 

passes through the axis at right angles. 

Three revolving bodies may balance, provided the resultant centri- 
fugal force of two of them, and Fg in Fig, 550, is equal and 
opposite to the centrifugal force, Fg, of the other. It is thus evident 



that all three centres of mass must be contained by the same plane 

* For a complete discussion on this subject, the student is referred to The 
of KngifieSi by Prof. W. E. Dalby ; (Arnold). 



Fig. 549. — Balance of two 
revolving bodies. 




510 


MACHINES AND HYDRAULICS 


which also contains the axis of rotation, and that the bodies must be 


disposed as shown in Fig. 550. 

Taking dimensions as indicated in Fig. 550, 

Fi + F3 = F, (.) 

and Fjrtj = (2 ) 


These equations indicate the conditions of equilibrium to be 
fulfilled, and may be reduced thus : 

From (i), + = 

or rj + (3) 

This result shows that the centre of mass of the combined bodies 
falls on the axis of rotation. 

From (2), 

or = (4) 

This equation secures that there shall be no rocking couple set up. 
In this case, there are two equations, (3) and (4), and eight quantities 
involved ; hence six of these must be given or assumed. 

The balancing of four or mere revolving masses is capable of 
many solutions, and graphical or semi graphical methods are best. 


Locomotive balancing. As an illustration of the method by 
means of which the balancing of lour revolving masses may be 
carried out, the following example of a locomotive should be studied. 

Equal masses and are given (Fig. 551), rotating at equal 
radii r, r, and symmetrically disposed in relation to the wheels A 
and B in the planes of which balance weie^hts are to be placed. 
The term “ balance weights ” is used to denote bodies which must be 
attached to the mechanism for the purpose of obtaining balance. 
a is the distance of from A and of m,, from B ; ^ is the distance 
of from H and of m,^ from A. 

Balance the centrifugal force of Wj separately by attaching balance 
weights to A and B at the same radius r \ if these balance weights 
be represented by A, and B^ respectively, their masses will be 


given by 

Aj + Bj 

(i) 

and 

Aja Bj^ 

(2) 

From which, 

a + b 

(3) 

and 



^ a-\- d 

(4) 


In the same way, balance Fg by attaching balance weights to A 
and B at the same radius r. Let these be Ag and Bg respectively. 
Then it is evident from symmetry that Aj and Bg are equal ; also A^ 
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is equal to These balance weights are shown in the elevations 
of the wheels in F'ig. 551 ; the views are taken in the directions of 
the arrows c and d shown in the plan. Find the centres of gravity 
of AjAg and also of B^Bg by joining their centres and dividing the 
distances in and Gb so tha; 

Aj : Ao = AgGA : A^Ga 
and Bj : B2 = B/ln : B^Gb- 



Fig. 551.— balancing in an inside cylindei locomotive. 


Now, since + = and it follows that A^ + Ag^Wj, 

and for a similar reason Bj-H Bg — Wo. Hence, if instead of Aj, Ag, 
Hi, Bg, a mass equal to be placed at G^, and if another equal to 
Wg be placed at Gb, the four ntasses will be in balance. Or the 
ordinary practical solution may be obtained by applying balance 
weights having their centres of mass in OGa and OGb produced. 
Let M V and Mu be their masses respectively. Then balance will be 
secured if x KaO = x GaO 

and X LbO — Wg x GjjO. 

M;v and Mu will be equal, provided their radii KaO and KbO are 
equal. 

Graphical solution of balancing problems. This solution depends 
on the principles that the centrifugal forces must not produce {a) a 
resultant force; {b) a resultant couple. Reference is made to 
Fig- 552- 
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Since the angular velocities of all the bodies are equal, the centri- 
fugal forces F, , F^, etc., may be represented by the products 

etc. Each force, such as Fj, lies in a plane which also con- 
tains the axis of rotation, and may be moved along this plane until 
it comes into a reference plane OZ which is perpendicular to the 
axis of rotation. To leave matters unaltered, with F'j acting in OZ, 
a couple must be applied in the plane containing F;^ and the axis of 
rotation ; the moment of this couple will be Li = Fiaj, where is 
the distance of the plane of rotation of F^ from the reference plane. 



Fk.. 552. — Ciraphic,al solution of balancing four revolving bodies. 


The couple can be represented by an axis, or vector similar to that 
used in representing angular velocities (p. 400), and this may be 
drawn as I..^ from O in the reference plane. Treating similarly the 
other forces, we have four forces F^, F,, Fg and F^ acting in the 
reference plane at O, together with four couples represented by 
the axes L^, Lg and also in the reference plane. 

The first condition of equilibrium will be satisfied if the polygon 
of forces ABCD closes. T"he .second condition of equilibrium will 
be satisfied if the polygon of axes of couples EFGH closes. 

It will be clear that, in order to satisfy these conditions, some 
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attention must be paid to the data. The polygon of forces will be 
impossible or insoluble if there be less or more than two unknown 
quantities. These may be the magnitudes of two of the forces, or 
the direction of two forces, or one magnitude and on^? direction. 

Similarly, the polygon of couples requires two unknowns, viz. the 
magnitudes of two couples, or the directions of two axes, or one 
magnitude and one direction. 

Apparatus for testing balance. The above solution may be 
applied to any number of revolving masses exceeding three in 
number. A convenient apparatus for testing its truth is illustrated 
in Fig. 553. A wooden frame is 
slung from a support by three 
chains and carries a shaft having 
four discs. Various weights may 
be attached to the discs, which 
may be placed at any angle rela- 
tive to one another and may be 
fixed at any place on the length 
of the shaft. The shaft is driven 
by means of a small electro-motor 
also carried by the frame. If the 
1 evolving masses are in balance, 
no vibration of the frame will 
occur when the machine is 
running. A problem worked out 
on paper therefore can be tested 
easily. Another interesting point Fig. 553.— Apparatus for experiments on the 

^ . balancing of revolving bodies. 

illustrated by this apparatus may 

be noticed as the speed rises \ if there be want of balance, violent 
vibrations will occur at a certain speed, viz. that speed at yhich 
the natural period of oscillation of the whole apparatus is equal to 
the speed of rotation of the shaft. 

Kxpt. 49. The following data will serve to illustrate one of the 
many problems which may arise. I-et there be four revolving 
masses, Wj, pio, all known and of values selected from the 

weights supplied with the apparatus. Let the radii^ be equal. Then 
w.j and may be taken to represent bj, F2, kg and p4 
respecitively. Assume the directions of F| and F2, and find, by the 
polygon of forces, the remaining two directions. This will also 
Settle the directions of all the axes of couples, and, as there must be 
still two unknowns, assume values for and <2.2 in Fig. 55 and 
find the remaining axes by use of the polygon of couples. 

D.M. 
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The values taken to represent the couples maybe etc,, 

as the radii are equal. The polygon gives the values of and 
and <2:3 and may be found by dividing these by and 
respectively. Having worked out the solution on paper, arrange the 
apparatus in accordance with your solution, and then test by actually 
running it. 

Balance of reciprocating masses. Referring to Fig. 554, in which 
is shown a set of four balanced rotating masses, and 



Fig. S54' — Components of the centrifugal forces in a. set of four balanced revolving bodies. 


the balance will not be affected if we imagine P\, Fg, F3 and P'4 to 
be resolved horizontally and vertically. It will be evident now that 

the horizontal components must 
balance independently, and so 
also must the vertical com- 
ponents. 

Let the masses be removed 
and arranged so that they may 
be driven in vertical lines by 
means of cranks taking the places 
of the discs, and connected by 
rods of length sufficient to give 
the masses practically simple 
harmonic motion (Fig. 555). It 
is evident that we have got rid 

Fig, 555.— The ^ies in Fig. 554 arranged as simply of the horizontal COm- 
rectprocating masses. 

ponents of the forces F, , Fg, etc., 
and retained the vertical components. Hence, if the masses were 
in balance in their original positions on the discs, the forces 
due to their inertia will also be in balance when the same masses 
vibrate in the manner illustrated in Fig. 555 with simple harmonic 
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motion. This leads to the rule that priaxuLry balaoee {t\e, balance 
neglecting the oblique action of the connecting rods) may be secured 
by imagining the reciprocating masses to be attached to discs, and 
treating the problem as one in revolving masses. 

Approximate equations for the velocity and acceleration of the 
reciprocating parts. In Fig. 556, let the crank and connecting rod 
be R and L feet long respectively, and let the crank make an angle 



Fig. 556.-— Motion of the reciprocating masses. 


a with the centre line, the angle which the connecting rod makes 
with the same line being / 3 . BD is perpendicular to AC and x is 
the distance between A and C. 

Let the angular velocity tu of CB be uniform. Then 

:r = CD + DA 


Also> 


= R cos a + L cos j8. 

BD = R sin a = L sin 

. . R . 
sin p — ^ sin a ; 




and cos /3 — \/~i~ sin^/S 

Substituting this value in (i) gives 
jr = Rcosa + 1.^1 - 


•(2) 


R 2 . , 

LsSin-a ) . 


On expanding the factor in brackets by the binomial theorem, 
two terms only need be taken, as, for ordinary ratios of R to L, 
tlie remaining terms are negligible. Hence, 


x = R cos a + 



1 R‘-^ . o 
-^;Sin-a 

2 




= R cos o + L - 


zL 


sin*a. 


••; 3 ) 
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To obtain the velocity of A in the direction of AC, differentiate x 
with respect tpUhe time, giving 

- R sin a . — ^ . 2 sin u . cos a . 37, 

dt 2L dt 


Hence, 


2 sm a cos a = sin 2a. 


^ . U/lX 

A = “rr = - «»>R Sin a rr- sin 2tt. 


, . A 2L 

From this equation, the velocity of A may be calculated for any 
crank position. To obtain the acceleration of A in the line of AC, 
differentiate (4) with respect to the time, giving 

dY ^ da ojR2 da 

^ dt dt 2L'^ ' dt 

~ - (U^R cos a — cos 2a (5) 

The acceleration of A may be calculated from this equation for 
any crank angle. Let M be the mass of the reciprocating parts. 
Then the force required in order to overcome their inertia when the 
crank is at an angle a is 

P = - Mw^R cos a - cos 2a : (6) 

Suppose that the mass M is concentrated at the crank-pin centre B 

(Fig. 557). Then the central force 
i/fAuj^R required will be Moj-^R, and the 

component of this force parallel to 
' " " w* R cosx centre line AC will be Mw^R cos a. 

/ \ Evidently this is equal to the first 

^ Ad term of (6). The factor cos 2 a in 

[■ Q — the second term, having reference to 

an angle 2a, which will be double of 
the crank angle in all crank positions, 
may be interpreted by reference to 
Fig. 557 — Equivalent imajrinary primary an imaginary Crank rotating at twice 

the angular velocity of the real crank, 
t.e, for the imaginary crank would be equal to 2(0. Hence, 


/•/ 




Fig. 5S7. — Equivalent imay^inary primary 
mass. 


Therefore the second te^-m in (6) becomes 

Mo)2R2 M(i)2R2 

i cos 2 a* y C( 

L 4L 
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M, 


Let a mass equal to M be concentrated at a crank radius r 
(Fig. 558), set at an angle 2a and rotating 
with angular velocity Then 
Central force = M%V. 

Component of this force parallel to the 
line of stroke = Mto^jVcos 2a. 

If this be made equal to (7), we have 


Moifr 


2ct \ 

% \ 

c > 

/ 


cos 2a = f — cos 2a, 

4L 


Fig. 558. ' Equivalent imaginary 
secondary mass. 


or 


'-4U 


.(8) 


Hence the second term in equation (6) would be produced by a 
mass M equal to that of the reciprocating i>arts, concentrated at 
2 

a crank radius — , its crank rotating at an angular velocity double 
4h' 

that of the engine crank and making an angle with CA in Fig. 556 
double of that made by the engine crank. The complete equivalent 
system is shown in Fig. 559, where CB is the real crank and CD is 
the imaginary crank. The balancing of the effects of M at B is 



Fig. 559. — Effects of the reciprocating masses produced by an imaginary revolving systeu^. 

called primary balancincr, and balancing the effects of M at D is called 
secondajy balancinir* The disturbances produced in the direction of 
the line of the stroke, if no attempt at balancing is made, may be 
calculated easily from the first term of equation (6) for primary 
disturbances and from the second term of the same equation for 
secondary disturbances. It will be understood, of course, that, if 
the disturbances on the engine fran^e are being calculated, the senses 
of the forces shown in Fig. 559 must be reversed. 

Example. A horizontal engine, stroke 2 feet, mass of reciprocating 
parts 300 pounds, has a speed of 240 revolutions per minute. Find the 
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primary and secondary disturbances on the frame when the crank is at 
45% 90% 135'’ and rSo® from the inner dead point. The connecting rod is 
4 feet long. 


Primaxy distmt^aBee : 


Pi 


A" 


cos a Ib. weight. 


240 

(0 = -^ 

60 


. 27 r = Stt radians per sec. 


_ 300 64Tr^ X I 

p cosa 

32*2 

= 5880 cos a lb. weight. 


a - - - 

0 

45' 

90" 

135 * 

180" 

COS a - 

+ i 


0 

I 

N^2 1 

- I 

Pi, lb. weight 

+5880 

4-4160 

1 

i 

0 

1 -4160 

0 

00 

00 

1 


Pi is denoted positive when the disturbance on the frame is in the sense 
from B towards A (Fig. 556), and negative when of the opposite sense. 

Secondary distorbanoes : 


^ Ma»2R2 
P2=— cos 2a 


300 X 647r‘^ X I 

^ cos 2a 

32.2x4 

= 1470 cos 2a lb. weight. 


The same convention regarding signs being adopted, the disturbances 
will have values as given below : 


a - - - 

o'" 

45" 

90“ 

las'* 

180" 

2a - - - 

0” 

90“ 

180" 

270“ 

360” 

COS 2 a - 

4-1 

1 

0 ! 


0 

4-1 

P2, lb. weight - j 

+ 1470 

0 

-1470 

0 

+1470 


The combined primary and secondary disturbances will be obtained by 
taking the algebraic sum of the corresponding values of P, and Pg : 


a - - - 

0" 

45 ' 

90" 

135" 

180“ 

(Pi + Pa), lb. weight 

+ 7350 

4-4160 

-1470 

-4160 

-4410 
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Whirling of shafts. In Fig. 560 is snown a vertical shaft AB 
running in swivel bearings at A and B ; these bearings do not in any 
way restrain the directions of the shaft axis 
at A and B; hence, bending of the shaft 
will correspond to the case erf a beam simply 
supported at the ends. A heavy wheel is 
mounted on the shaft midway betw^cen the 
bearings, and it is assumed that its centre 
of mass C does not fall quite in the shaft 
axis. The effects of centrifugal force mav 
be examined as follows ; 

Let M == the mass of the wheel, in pounas. 

Kq = the distance in feet of the centre 
of mass of the wheel from the 
shaft axis. 

A = the deflection produced by cen- 
trifugal force, in feet. 

oj ~ the angular velocity, in radians 
per sec. 

L~the length of the shaft, in inches, 

I “ the moment of inertia, or second 
moment of area, of the shaft 
section about a diameter, inch 
units. 

E = Young’s modulus, lb. per sq. inch. 

Centrifugal force = P = ]h. weight (i) 

PL^ 

I2A=:— inches (p 169), 



Fig. 560. — Whirling of a loaded 
shall. 


Also. 


48EI 
1)1 .3 

^ = 556Elf-^. 


and 


P = 


576EIA 
L* • 


d2) 


Equating (i) and (2), we have 

Mu>2(Ro + A) _576EIA 

~ L* 

( R„ + A) = s 76EIi-A, 

or M(u2L*R„ = 576EI^A - w^ML’A ; 


A = - 




(3) 


S76EI^- 

It is evident that a critical speed will occur when the denominator 
of this fraction becomes zero ; the deflection will become very large 
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then, and the shaft is said to whlrL To obtain this speed, we have 
576 EIi--=(u 2 ML», 

576^ (4) 

MU 

If the shaft is of steel, this equation will reduce to the following 
form by using the usual values of the coefficients : 


(0 = 746000 




•( 5 ) 


If the wheel in Fig. 560 be removed, the plain shaft will whirl, but 
at a much higher speed of revolution. The effect is owing to some- 
what similar conditions to those which produce clastic instability in a 
long strut (p. 228), viz. want of perfect straightness and of perfect 
uniformity in clastic properties. Any slight deflection will be in- 
creased indefinitely when the whirling speed is attained. 



Fig. 561. — Whirling of a uniform shaft having swivel lic.-irings. 


Fig. 561 (a) shows a uniform shaft in swivel bearings at A and B 
:',nd deflected to the curve ACB by whirling. 

Let m = the mass in pounds per inch length. 

L = tne length of the shaft, in inches, 
j = the radius in inches at P, distant .r inches from O. 
A^the maximum radius OC, in inches. 

<i>~the angular velocity, in radians per second. 

P’--=the centrifugal force at any point, in lb. weight per inch 
length. 

M = the bending moment at any section, in Ib.-inches. 

1 = the moment of inertia of the shaft section, in inch units. 
E = Young’s modulus, in lb. weight per square inch. 

acceleration due to gravitation, incaeB per second per 
second. 
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Then, at P,' 


~F~ 


lb. weight per inch length; 


•Ai)' 


F Ccy, 


This result indicates that the curve in Fig. 561 (a) not only repre- 
sents the deflection, but also the load per unit length to another 
scale. Hence, we may write 

F = o', 

where ^ is a numerical coefficient rectifying the scale. 

Now, if the coordinates y and x refer to a given deflection curve, 
the second differential coefficients, when plotted, will represent a 
curve of bending moments, and the fourth differential coefficients 
will represent a curve of loads which would produce the given deflec- 
tion curve. Hence, in the present case, 


i/x* 


■(2) 


From this expression, the shape of the deflection curve has to be 
obtained, and may be inferred to be a curve of cosines. Thus, take 
the equation y = cos 6 and obtain the fourth differential coefficient : 


y = cos 0 ; ^ = - sin ^ 


- 

dx^ 


cos 0 ; 


d^y . ^ d*y ^ 


dx^ 


Therefore, in the curve representing the equation = cos 


dy ^ 


In Fig. 561 (a), there is zero deflection at A and E and maximum 
deflection at C. Hence the corresponding cosine curve (Fig. 561 {fi)) 

will have the origin at O, OE and OD will represent -I- ^ and - ™ 

respectively (for which the cosines are zero), and OG will represent 
cos 0=1. HK, corresponding to in Fig. 561(a), will represent 
cos 6 , where 0 is the angle represented by OH, corresponding to x in 
Fig- 561 (a). From the diagrams, we have 


Also, 



TT 



y _ cos 0 
A cos o 


TT 

- cos 

iv 


. A ^ 

, , y = ^ COS JC 

Obtaining the fourth differential coefficient of this, 

d^y A ** 


(3) 


/ V 
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Now 

dx^ El’ 

. x_ ^ 

• • dx> El • dx^ ■ 

fli „ 

Also, doi^~^‘> 

do^ El ^ 5 ' 

Hence, from (i) and (5), 

d^y __ mid^y ^ - v 

dx^~ El} ' ' 

Equating (4) and (6), 

mtO^y .TT* TT . V 

■E^“‘^L'‘^°®L^' 

This equation is true for any corresponding values of y and x. 
Take the value jc == o, when 

TT 

cos j = cos o ~ I 
and j = A. 

T X A /nv 

-eJ^ = ^D 

The deflection cancels from both sides of this equation, indicating 
that a critical speed w has been attained, and giving the result 

“’-S'!? 

” "-uV'L" <’) 

This result expresses the whirling speed. If the bearings restrain 
axially the directions of the shaft at A and B (Fig- 561 (a)), then it 
may be shown that the whirling speed is given by 

^,_4*74" [kQ . V 

iryj-^ 


EXERCISES ON CHAPTER XX. 

1 . Find the M of a flywheel which, when running at 200 revolutions 
per minute, will increase its speed by i per cent, while storing 5000 
foot-lb. of energy. 

2 . A solid disc of cast iron, density 450 pounds per cubic foot, is 
8 inches in diameter by 2 inches thick and runs at 2500 revolutions per 
minute. What percentage increase in speed will occur if it is called upon 
to store an additional 200 foot-lb. of energy ? 
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3 . A cast-iron flywheel is 30 feet in mean diameter. The safe tensile 
stress is 2000 lb. per square inch. Find the maximum permissible speed 
of revolution of the wheel. Take the density as 450 pounds per cubic foot. 

4 . A mild steel hoop is 18 inches in mean diameter and the elastic 
limit of the material is 18 tons per square inch. At what speed of revolu- 
tion would permanent damage begin to occur ? Take the density as 480 
pounds per cubic foot. 

6. What is the limit to the velocity of the rim of an ordinary flywheel? 
Does it depend on the diameter? Prove your statements (B.E.) 

6. In the manufacture of a large drum for a steam turbine a hollow, 

red-hot steel billet is, at a high speed, rolled between internal and 
external rollers, which effect a gradual increase of diameter and diminu- 
tion of thickness. Show that the intensity of the tangential stress of 
the material of the drum remains constant during the rolling operation, 
assuming a constant speed of the rollers. Determine the limiting speed 
of the rollers to keep the tensile stress within i ton per square inch. 
(Weight of steel, 485 Ib. per cubic foot.) (LC.E.) 

7. The indicated horse -power of a steam engine is 100 ; the mean 

crank shaft speed is 200 revolutions per minute. The energy to be 
taken up by the flywheel of the engine between its minimum and maxi- 
mum speeds is 10 per cent, of the work done in the cylinders per revolu- 
tion of the crank shaft. If the radius of gyration of the flywheel is 2 feet 
6 inches, determine its weight in order that the total fluctuation of speed 
may not exceed 2 per cent, of the mean speed. (L.U.) 

8 . Show from first principles that two flywheels of the same dimensions 

but of materials of different densities will have equal kinetic energies 
when run at the speeds which give equal hoop stresses. Calculate the 
kinetic energy stored per pound of rim in a cast-iron flywheel, when the 
hoop stress is 800 pounds per square inch. Cast iron weighs 450 pounds 
per cubic foot. (L.U.) 

. 9 . In a simple Watt governor, the height of the cone of revolution is 

4 inches. What is the speed in revolutions per minute? 

10 . A Porter governor has revolving masses of 2 pounds each. The 
arms are all equal and 8 inches long. If the height of the cone of revolution 
is to be 5 inches at 180 revolutions per minute, find the dead load 
required. 

11 . In Question 10, the throttle valve is full open when the height is 
5’S inches and closed entirely when the height is 4-5 inches, fjnd the 
limits of speed of revolution controlled by the governor. State the 
total variation in speed as a percentage of the mean speed of 180 revolu- 
tions per minute. 

12 . A uniform rod 8 inches long, mass 4 pounds, is hinged at its upper 
end to a vertical axis of revolution. Find the speed at which the arm 
will describe a cone of semi -vertical angle 45 degrees. Supposing this 
speed to be doubled without alteration m the position of the rod, what 
controlling couple must be applied to the rod ? 

13 . The mass of each of the balls of a spring-loaded governor 
arranged as in Fig. 548 is 5 pounds. When the radius of the balls is 
0 inches the governor makes 250 revolutions per minute. Find the total 
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compressive force in the spring, and, neglecting friction, find the stififness, 
i.e. the force per inch compression, of the spring that the governor may 
be isochronous- Show that the effect of friction would be to make the 
governor stable. (L.U.) 

14 . A Porter governor has equal links lo inches long, each ball weighs 

5 pounds and the load is 25 pounds. When the ball radius is 6 inches 
the valve is full open, and when the radius is 7-5 inches the valve is 
closed- Find the maximum speed and the range of speed. If the 
maximum speed is to be increased 20 per cent, by an addition to the 
load, find what addition is required. (L.U.) 

15 . Three bodies of 2, 3 and 5 pounds mass respectively revolve at 
equal radii round a horizontal axis. The axial distance between the 
outer pair of bodies is 18 inches. Arrange the bodies so that they shall be 
in balance. 

16 . The four weights plane 

about an axis, their magnitudes and the radii at which they act being 

given in the table : 



Find graphically the equivalent single mass in magnitude and direction, 
acting at a radius of i foot ; and calculate the total displacing force on 
the shaft when the revolutions are 200 per minute. (I.C.E.) 

17 . A shaft runs in bearings A, B, 15 feet apart, and carries three 

pulleys C, D and E, which weigh 360, 400 and 200 pounds respectively, 
and are placed at 4, 9 and 12 feet from A. Their centres of gravity are 
distant from the shaft centre line by amounts : C inch, D ^ inch and 
E } inch. Arrange the angular positions of the pulleys on the shaft so 
that there should be no dynamic force on B, and find for thjit arrange- 
ment the dynamic force on A when the shaft runs at 100 revolutions per 
minute. (L.U.) 

18 . Find the positions and magnitudes of the balance weights required 

to balance all the revolving and of the reciprocating masses in a simple 
inside cylinder locomotive specified as follows : masses per cylinder at 12 
inch radius, revolving 720 pounds, reciprocating 630 pounds ; centre to 
centre of cylinders, 26 inches ; planes of balance weights, 5^ inches 
apart ; radius of balance weights, 32 inches. (L.U.) 

19 . The reciprocating masses for the first, second and third cylinders 

of a four-cylinder engine are 4, 6 and 8 tons, and the centre lines of these 
cylinders are 13, 9 and 4 feet respectively from that of the fourth cylinder. 
Find the fourth reciprocating mass, and the angles between the various 
cranks, in order that these may be balanced. (B.E.) 

20 . Show that the disturbing effect of a reciprocating mass connected 
to a crank by the equivalent of an infinite connecting rod is the same as 
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that produced in the line of stroke by an equal mass placed at the crank 
pin. An engine has three cylinders A, B and C whose axes are parallel. 
The axis of B is at a distance a from the axis of A and a distance c from 
the axis of C. The mass of the reciprocating parts of B is M. Assuming 
that all the pistons have harmonic motion and the same length of stroke, 
show how the cranks on th'' crank shaft must be placed, and find the 
masses of the reciprocating parts of A and C in order that all the 
reciprocating parts may be completely balanced. (LU.) 


21 . A four-cylinder vertical engine, cranks at right angles, has its 
cranks equally spaced between the bearings, the pitch being 
Taken from the left, the order is A, B, C, D. The 
revolving mass for each cylinder is and the reciprocating 

mass M2, and the speed is w radians per second. The 

crank radius is r and the connecting-rod length L Examine D 1 6 

the primary and secondary balance, forces and couples 
when (^i:) the cranks are as shown in Fig. 563, {b) the cranks ‘ C 
are at 45 degrees to the line of stroke. (LU.) Fjg. 563. 


22 . A vertical steel shaft i inch in diameter runs in swivel bearings 36 
inches centre to centre. A wheel of mass 20 pounds is mounted at the 
centre of the shaft, and its centre of mass is at a smcall distance from the 
shaft axis. At what speed of revolution will whirling occur.? Take 
E 30,000,000 lb. per square inch. 


23 . A steel shaft 2 inches in diameter nins in swivel bearings 9 feet 
centre to centre. At what speed will whirling occur ? Take E =30,000,000 
lb. per square inch and the density 0-28 pound per cubic inch. 

24 . Answer Question 24 if the hearings constrain the directions of the 
shaft at its ends. 


25 . In Question 23, the speed of the shaft is 600 revolutions per 
minute. Find the limiting distance centre to centre of the bearings. 



CHAPTER XXL 

TRANSMISSION OF MOTION BY BELTS, ROPES, CHAINS 
AND TOOTHED WHEELS. 

Diiving by belt. Motion may be transmitted from one shaft to 
another by means of a belt running on the rims of pulleys which are 
fixed to the shafts. The driving effort is transmitted from the belt 
to the pulley by the agency of the frictional resistance to slipping of 
the belt on the pulley. A will drive B in the same direction of 
rotation if the belt is open (Fig. 564), and in the opposite direction 
if the belt is crossed (Fig. 565). In the latter case, each portion of 



Fig. <564.— Open belt. Fig. 565.--Crossed belt. 


the belt is given a half turn in order that the same side of the 
material may bear against the rims of both A and B. In these 
diagrams the shafts are parallel, and both pulleys are arranged so that 
their planes of revolution coincide ; if this condition be not attended 



Fig. 566 


The belt, in 



Fk:, 567. 


to, the belt will not remain on the 
pulleys. It is customary also to 
round slightly the rims of the pulleys 
(Fig. 566), with a view to enable 
the belt to ride on the centre of the 
rim ; the action v, ill be understood 
by reference to Fig. 567, which 
shows the exaggerated case of two 
frusta of cones placed base to base. 


bedding down on the conical surface, bends as shown ; 


consequently the points a and a will be higher up the cone than ^ 



DRIVING BY BELTS 


527 


and d\ which came into contact a little before a and a\ Hence 
the belt will climb to the highest part and remain there. 

It will be evident that the part of the belt which is advancing 
towards the pulley must be moving in the same plane as that in 
which the pulley is rotating. The part receding from the pulley may 
do so in a plane which does not coincide with the plane of rotation. 
Advantage is taken of these conditions in the case of two shafts 
having directions at right angles (Fig. 568). A is so arranged on 
the lower shaft that the part C of the belt leaving it is moving in the 
plane in which B rotates ; similarly B is so arranged that the portion 
D of the belt leaves B in the same plane as that in which A is 
rotating. The belt will ride safely on both pulleys, provided that 
the directions of rotation are not reversed at any time. Reversal of 




Fig. 569.— Use of jockey pulleys. 


direction must be preceded by a rearrangement of the pulleys. The 
distance between the shafts should not be small enough to render 
excessive the angle at which the belt leaves the pulleys. 

In Fig. 569 is shown an arrangement in which A drives B by 
means of a belt which is guided into the proper planes by Jookey 
pulleys running freely at C and D. 

Velocity ratio of belt pulleys. A certain amount of slipping is 
always present in belt driving ; in the best cases there may be i to 2 
per cent, of the motion of the driven pulley lost in slipping. The 
belt usually comes off the pulleys if the slip exceeds 10 per cent. 
Neglecting slipping, it will be evident that the speed of the belt will 
be equal to the speeds of the rims of both pulleys. Referring to 
Fig. 57a 
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Let D4 *== the diameter of A, in feet. 

Db = the diameter of B, in feet 
V = the velocity of the belt, in feet per minute. 

Na — revolutions per minute of A. 

Nb = revolutions per minute of B. 

Then, Distance travelled by rim of each pulley = V feet per minute# 



Hence the speeds of revolution are inversely proportional to tbe 
diameters of the pulleys. 

Strictly speaking, the diameters should be measured to the mean 
thickness of the belt, the thickness of the belt should be added 
to Da and Du- The presence of slip usually renders this correction 
an unnecessary refinement. 

In Fig. 571, A is an engine pulley driving a line shaft pulley B; 
a countershaft hac a pulley D driven from a pulley C on the line 



shaft ; a machine pulley F is driven from the countershaft pulley E# 
Assuming that there is no slip, 


Nb^Da. 

Na 

Nn_Dc. 
Nc bo’ 


.. Nc. 


Also, 
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But Nc = Nb; No = 5£.g^.Nx. 

A ' • VT -VT 

Ne“ 5^’ ■■ 

And Nk = Nd; 

Now A, C and E are drivers and B, D and F are driven pulleys ; 
hence we have the rule : To obtain the speed of revolution of the last 
wheal, multiply the speed of the first wheel by the product of the diameters 
of all the drivers and divide by the product of the diameters of all the 
driven puUeys. 

Supposing that each pair of pulleys connected by a belt experiences 
a percentage slip /, t,e. the driven pulley loses by slip p revolutions 
in every 100 ; then 


“ I)b V 100 ) 

No=^^Nc(‘°°-A 
Dd V 100 / 

Up lOO / 


Since Nb = Nc and Nj) = Nh, these reduce to 
Da Dr /loo-A^ 


N,. - N, 

DbXDdXDf \ TOO / 


Friction of a belt on a pulley. The greatest possible difference 
which can exist between the pulls on the tight and slack sides of a 
belt will depend on the maximum frictional resistance to slipping of 
the belt on the pulley. In Fig. 572(a) is shown a pulley having a 
belt embracing it over an arc of contact AB. Let and Tg be the 
pulls at the ends when the belt is on the point of slipping, and let Tj 
be the larger pull. Let the angle subtended by AB at the centre of 
the pulley be 0 radians, and consider a small arc CD subtending a 
small angle 5a radian. The portion CD of the belt will be in 
equilibrium under the action of forces T and T + 5T, these being the 
pulls at D and C respectively (Fig. 572 (/y)), together with a normal 
reaction p from the pulley rim and also the frictional resistance to 
slipping. 

D.M. S 
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Resolve T into components along and at right angles to p\ these 
will be T sin |Sa and T cos iSa respectively. In the same manner, 
T + ST will have components (T + ST) sin JSa and (T + ST) cos JSa 



Fig. 572.— Friction of a belt on a pulley. 


respectively along the same lines. The sum of the components 
along p must be equal to /, hence 

/ = T sin ^Sa + (T + ST) sin |Sa 
= (2T + ST) sin ^Sa. 

Neglecting the products of small quantities, this reduces to 
/ = 2T sin ^Sa. 

Again, the difference between the sine of a very small angle and 


its radian measure is infinitesimal. Hence, 
p= 2T . ^ 5 a 

= T.Sa (i) 

Let the coefficient of friction be /x. Then 

Frictional resistance of arc CD = /x/» 

= fjJY ,8a (2) 


This frictional resistance must be equal to the difference in the 
components of T and T + ST taken at right angles to /, hence 

/iT . 5 a = (T + ST) cos iSa - T cos JSa 
-STcosiSa. 

The angle JSa being very small, its cosine may be taken as unity 
and the equation reduces to 
fiT 8a “ ST, 
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In the limit, writing and dT, and integrating both sides, we 
have ^ 


or 


log, /aft 


(s') 


(4) 


This equation may be written 

Il = 

T. 

where € is the base of the hyperbolic logarithms (p. it). 

The physical meaning of this equation may be understood by 
dividing the total arc of contact into a number of equal arcs AB, BC, 
CD, etc. (Fig. 573). Let each arc sub- 
tend an angle a at the centre, and let the 
tensions in the belt at B, C, D, etc., be 
denoted by Tr, Tc, Tj^, etc. Equation 
(4) above applies to each arc. Hence, 

Tb“" ’ Tc‘ 

As the right-hand side is constant in 
each of these e?<pressions, the ratios of 
the tensions will be constant, z.e. 




Tr 

= etc. 
^ n 



Ti Tc 

I ^ .p - =a constant. 
^ B t c Id 


573.— 'tensions in the belt at 
difiereiit pari'^ the arc ol contact. 


Hence, if the value of the constant for a given angle is known, the 
ratio of the tensions for any angle when slipping is about to occur 
may be calculated easily. 


Example i. A rope is coiled round a fixed drum over an arc of 

contact of 90“. It is found that slipping occurs when the ratio of the 

pulls is f. Find the ratio of the pulls for an arc of contact of 270®. 

To _ Tfto _T,ro _3 . 

T 90 l"i8o I 270 4 

' -1j> X X — 2 X 5 X 
r«; 180 ^ *J70 4 4 4 

To ^27 

’ T270 ^ 

Example 2, A leather belt laps 180“ round a cast-iron pulley. 

Taking /x=o*5, calculate the pull on the slack side when slipping is about 

to occur, if the pull on the tight side is 300 lb. 
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Here 6 -- 1 8 o ° = ir radians. Hence, 

T 

1-5708 ; 

9 


or lb. 

Horso'power transmitted by a belt. It will be observed that the 
diameter of the pulley does not enter into the expression for the 
ratios of the pulls of a belt or rope. For example, in the last result, 
the pulls would be 300 lb. and 62-4 lb. when the belt is embracing 
a pulley 3 feet in diameter or 6 feet in diameter, provided the arc of 
contact is x8o° in each case. Some other cause must be looked for 
to explain the known fact that a belt which constantly slips on a 
certain drive may be remedied by substituting pulleys of larger 
diameter on both shafts, keeping the ratio of the diameters as at first 
so as not to alter the speeds of the shafts. I'he explanation lies 

j in the fact that the belt is now running at a higher 

< — speed, and will therefore do the same work per 

^ \ minute, or will transmit the same horse-power, with 

I Q j a smaller difference in pulls. Thus, 

V J Let Ti = pull on tight side, lb. 

< Tg^pull on slack side, lb. 

T 

• V = velocity of belt in feet per minute. 

*G. 574. Considering the driven pulley (Fig. 574), is 

urging it to turn and Tg is tending to prevent rotation ; hence the 
net driving force is (T^ - Tg). 

Work done per minute = (Tj ~T2)V foot-lb. 

(T - T ) V 

Horse-power transmitted — — — 

33,000 

Now let V be increased to Vg feet per minute by the substitution 
of larger pulleys running at the same revolutions per minute. The 
horse-power transmitted being the same as at first, we have 


(T^^T2)V ^ (iv-t; )Vo 
33^000 33»ooo 

where and denoted the altered pulls in the belt. This gives 

(Ti-T2)V = (Tj'-1V)V.2 (2) 

As Vg is greater than V, it follows that (T/ - T^) must be less 
than (T^ - Tg). Hence there is now less frictional resistance to 
slipping called for, and consequently the risk of slipping is reduced 
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Equation (i) above for the horse-power may be written in terms of 
the maximum pull Tj in the belt. Thus, 


Tj = . 

rp « > 

^2 


= Ii. 


Substituting in (i) gives 

Horse-power transmitted = 


, 110 ' 


( 3 ) 


33.000 
V «'**/ 33.000 


••( 4 ) 

From this equation the dimensions of a belt suitable for trans- 
mitting a given horse-power may be obtained. The strength of a 
belt is stated in pounds per inch of width generally. 

Let b = width of belt in inches. 

p — safe pull per inch width of belt. 

Then Tj == pb 

_ V A ZT r 

•(S) 


and Horse-power = (^ i - . 

\ 33»ooo 


The width b may be calculated from this result when the other 
quantities involved are given. 

Driving by rope. Ropes of cotton, hemp, manila or steel wire 
may be used for transmitting motion. In such cases the rims of the 
pulleys are grooved to receive the ropes. The section of a pulley 



Fig. 575- — Section of the rim of a rope 
pulley. 



rim suitable for ropes of cotton or similar material is given in 
575* ropes bear on the sides of the wedge shaped grooves, 

thus increasing the frictional resistance to slipping. In Fig. 576, 

Let a = half the angle of the wedge. 

p = the normal force on a small arc of the rim, in lb. 
/4 the coefficient of friction. 
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Then p will be equal to the sum of the vertical components ot 
the normal pressures q on the sides of the groove. Hence, 


/= 2^ sin rt, 

q-\P cosec a. (i) 

Now the frictional resistance to sliding on the small arc considered is 
/“= 2/x^ = 2/ii p cosec a 

. H cosec a (2) 


Had the case been that of a flat belt on an ordinary pulley, the 
frictional resistance would be /u/. Hence, the results already 
obtained for flat belts may be used for ropes which bear on the sides 
of the groove by writing /x cosec a instead of fi. Thus, from equation 
( 4 )» P- 53 and equation (4), p. 533, we have 


To 


1 = cosec 


H.K 




T,V 


33.000 


(3) 

(4) 


In the case of wire ropes, the rope should not bear on the sides of 
the groove, as it would suffer injury thereby. Fig. 577 shows a 
suitable form of rim, in which the rope beds on the bottom of the 
groove ; it is found advantageous to line the bottom of the groove 



with leather, with a view of increasing the frictional resistance. 
Where the ropes are very long, idle bearer pulleys may be used at 
intervals to support the ropes. These run loose on their bearings, 
and may have rims of a section shown in Fig. 578. 

The equations for a flat belt apply without alteration to the case of 
a wire rope bedding on the bottom of the groove. 

Centrifugal tension in belts and ropes. The portion of a belt or 
rope w'hich laps on the pulley is subject to centrifugal forces when 
the belt is running (Fig. 579). 
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^ 

Let m the mass of the belt per foot run, in pounds. 
V ^ the velocity of the belt, in feet per sec. 
r= radius, in feet, to the centre of the belt. 


Then the centrifugal force per foot length of arc will be given by 
/=^ lb. weight. 


These radial forces will have a 
re.'^ultant R directed towards the 
left in Fig. 579, and will be balanced 
by tensions T, T in the belt, which 
are in addition to those required 
for driving purposes. The case is 
analogous to a boiler shell sub- 
jected to internal pressure, and may be solved by the method given 
on pp. 95 and 96. r=/x2/- 



Fig, 57Q. — Centrifugal tension in a belt. 


Also, 




2T = R; 


2mv^ 

2r = 

g 


lb. weight 


T = lb. weight. 

For leather belts, m may be taken as 

m - 0-4A pounds per foot run, 

where A is the cross-sectional area of the belt in square inches. 

The general effects of centrifugal force are to increase the pulls in 
the belt, and also to reduce partially the radial pressures on the rim 
of the pulley. As the latter are relied on for the production of the 
frictional driving effort, it follows that excessive slipping will occur at 
speeds wdiich are too high, and the power transmitted will be reduced 
thereby. 

Belt striking gears. The intermittent motion required for driving 
many classes of machines may be obtained by means of two pulleys 
on the countershaft driving the machine. In Fig. 580 a pulley A on 
the main or line shaft drives a countershaft having two pulleys, one 
running loosely on the countershaft and the other Bg fixed to the 
shaft. The belt may be moved from one pulley to the other by 
means of forks C, C", w^hich loosely embrace the belt. The forks are 
operated by a sliding bar D and a handle E, carried to a suitable 
position for the operator. The pulley A is made specially wide, so 
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as to permit the belt to ride on either Bj or Bg ; in the former casej 
the countershaft and machine will be at rest 



Another arrangement is shown in Fig. 581, The countershaft B 
has two loose pulleys Lj and L2. and also a pulley F fisted to the 
shaft. There are two belts, one D open and one E crossed ; these 
are operated by the belt-striking forks and bar shown at C. No 
motion will be transmitted to the countershaft if both belts are on 
the loose pulleys, and motion in either one or the other direction will 




Fic. 582. — Stepi>ed cones. 


occur, depending on which belt is made to ride on F. The arrange- 
ment forms a convenient reversing gear. 

Variation in the velocity of rotation of the driven shaft may be 
accomplished by means of stepped cones or speed pulleys (Fig. 582). 
These consist of a number of pulleys of different diameters mounted 
on the shafts so as to oppose the smallest and the greatest. The belt 
may ride on any corresponding pair. 
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The length of belt required enters into the question of stepped 
cones, as the belt has to fit any corresponding pair without alteration 
being made in its length. For a crossed belt it may be shown that 
the sum of the diameters of any corresponding pulleys should be 
constant for the whole set. With an open belt there is a small 
divergence from this rule, which becomes negligible if the distance 
between the shafts is large compared with the pulley diameters ; such 
is usually the case. 

Transmission of motion by chains. In cases where the driving 
effort is too large to be transmitted by a belt or rope, or where 
slipping is inadmissible, chains may be used in combination with 
toothed or sprocket wheels. A few patterns of suitable chains are 
given in Fig. 583. {a) is a block chain in which a number of small 
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Fig. 583.— Types of driving- chains. 



blocks are connected by pairs of links and riveted pins. Chains of 
this pattern are used for conveyors, as the carriers are attached 
readily to the blocks. (/;) is a similar fmtlern, but made entirely of 
links, (r) is a better form, and works more easily. The inner links 
are connected by a tube riveted over at its ends, and a roller runs 
on the tube ; the outer links are connected by a pin passing through 
the tube and riveted over at its ends. 

A sprocket wheel is shown in 1 ^'ig. 584. The centres of the chain 
pins lie at the corners of a polygon having sides equal to the pitch p 
of the chain. The driving force P may act at radii which will vary 
from to R^, and thus cause variations in the turning moment and 
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in the velocity ratio. These variations will be small, provided the 
number of teeth on the sprocket wheel be sufficiently large. 

The form of the teeth may be constructed by first drawing semi- 
circles of radius r equal to that of the chain pin, or roller. Using 
radii slightly smaller than (/-r) and centres nearly coinciding with 
the adjacent pin centres, the sides of the teeth may be drawn. These 
will be such as to enable the chain to leave the wheel at the top 
without the pin or roller touching the face of the tooth. 

In general there is practically no pull on the slack side of a chain ; 
hence, the work done per minute is given by the product of P and 
the velocity of the chain in feet per minute. The chain is liable to 
stretching of the links and to wear at the pins, both of which tend to 
increase the pitch. The effect of this will be ultimately that the top 
pin, or roller alone, as is shown in Fig. 5S4, will be bearing against 
its tooth, and this tooth accordingly will carry the whole load. The 



Fig. 585. — Renold's silent chain. 


effect is manifest in the chain grinding on the teeth, thus introducing 
additional frictional resistance and also wearing the teeth. These 
effects may be obviated somewhat by using a roller chain, and by 
making the spaces between the teeth wider than the diameter of the 
chain pin or roller. Increase in the pitch is provided for perfectly 
in the Renold^s silent chain. The links are of the form shown in 
Fig. 585 ; any increase in the pitch, caused by wear or stretching, 
has simply the effect of causing the links to ride on the teeth at a 
larger radius from the centre of the wheel. Speeds of 1250 feet per 
minute and horse-powers up to 500 have been attained with these 
chains. 

Friction gearing. In ca.ses where the shafts are close enough 
together, motion may be communicated from one to the other by 
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means of friction gearing. In Fig. 586 two parallel shafts have wheels 
A and B fixed on them ; A is pressed against B by application of 
forces P, P, and the frictional resistance between the rims enables a 
driving effort F to be communicated from A to B. B may be made 
of cast iron and A of compressed millboard or leather ; the coefficient 
of friction is thus increased somewhat. There will always be a certain 
amount of slipping, but such gear is advantageous where heavy parts 
connected to B have to be brought from rest to a high speed. The 
slipping which occurs enables the desired speed to be attained without, 
giving impulses or shocks to the mechanism. Further, owing to the 
small movement required to bring A out of gear with B, the driving 
effort can be got rid of quickly. As in belt pulleys, * the angular 
velocities are inversely proportional to the diameters of the wheels. 



Fic.. 586. — Friction wheels for parallel shafts. Fig. 587. — Bevel friction wheels. 


If the shafts are not parallel but have their axes intersecting, the 
friction wheels must lorm part of conical surfaces in order that 
perfect rolling may be possible at all parts of contact (Fig. 587). 
The vertex of each cone coincides with O, the point in which the 
axes of the shafts intersect. Let Rj and be the largest radii of A 
and B respectively. These radii, GF and HF, come into contact at 
F ; hence the revolutions per minute of the wheels, neglecting slipping, 
will be given by N* _ HF _ Rj 

Nb^gf^'r;;- 

Further, for any other point of contact C, the geometry of the 
figure shows that 

Gf Ef RV 

Hence the relative angular velocities communicated at C will be 
the same at C as at F, showing that, if there be no slip at F, there 
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will be no slip anywhere, the rolling will be perfect. Wheels of 
this kind are called bevel wheels. 

Driving toothed wheels. Motion lost by reason of slipping may . 
be eliminated entirely by the addition of teeth to the rims of friction 
wheels. Fig. 588 shows two toothed wheels in gear; the original 

friction wheels are shown dotted, 



and come into contact at a point 
on the line joining the centres 
of the wheels. This point is 
called the pltoh point, and the 
circles are called plWb circles. 
The length of the arc on the 
pitch circle between the centres 
of an adjacent pair of teeth is 


Fig. 588.— Toothed wheels in gear. 


called the circular pitch of the 
teeth. It is evident that the 


pitch must be the same for both wheels. For practical purposes, 
the diametral pitch is used often, and is the result of dividing the 


diameter of the wheel by the number of teeth. 


Let D = the diameter of the wheel. 
n = the number of teeth. 
p = the circular pitch. 
pa, = the diametral pitch. 

Then — or p = irDln. 

Also, pa = T>ln-=plir. 1 

Unless otherwise specified, the term " pitch " 
will be taken to mean the circular pitch. 

Referring to Fig. 589, other definitions are 
as follows : The portion EFGC of the tooth 
which lies outside the pitch circle is called 
the addendum; the dotted circle FGL is the 
addendum circle ; the working sides of the 
tooth at EF and CG are called faces. The portion EHKC which 
lies within the pitch circle is called the root of the tooth ; the dotted 
circle HKM is the root circle ; the working sides EH and CK are 
called flanks. EC is the tbickness of the tooth and CD is the width 
of the space between the teeth. 

* In Machine Design the diametral pitch is generally taken as the reciprocal 
of this, viz. tz/D=ir/^, and then means the number of teeth per inch of 
pitch circle diameter. 
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Ordinary proportions of teeth may be stated. Reference is made 
to Fig. 589, and / is the circular pitch. 

Thickness of tooth «= 0-48/. 

Space between teeth = 0*52/. 

Total length of tooth =i (a + » o* 7 />. 

Length of addendum == a = 0*3/. 

Length of root = ^ = 0*4/. 

Width of tooth = 2/ to 3J/. 

These proportions allow of a clearance equal to 0*04/ between 
the thickness of the tooth and the space into which it enters on the 
other wheel ; also a clearance of o*i/ between the point* of the tooth 
and the bottom of the space. With accurate machine-cut teeth, these 
clearances are often made smaller. 

Power transmitted by. toothed wheels. Let P lb. be the driving 
effort applied to a toothed wheel tangential to the pitch circle, and 
let R feet be the radius of the pitch circle. In one revolution, work 
will be done equal to 27rRP foot-lb. If the wheel makes N revolu- 
tions per minute, we have 

Work done per minute = 2 ttRPN. 

Horse-power transmitted = , 

33000 


or 


p _ 33000 X horse-power 


If the horse-power be given, P may be calculated, and hence the 
dimensions of the tooth may be estimated in order that sufficient 
strength may be secured. It is best to use the rules of proportional 
strength. Suppose it is known that a certain wheel made of a 
given material has transmitted a force Pj successfully, and that 
the width, length and thickness of its teeth are and respec- 
tively. The connection of these dimensions with those of the teeth 
of another wheel of the same material which has to transmit a 
force Pg will be given by (p. 152) 

p . p — . ^2^ 

A * 4 ‘ 

It nas been assumed here that P^ and P2 are applied at tne extreme 
point of the tooth, as in practice might be the case by accident. 
Also that the whole of the driving effort may act possibly on one 
tooth. 


542 


MACHINES AND HYDRAULICS 


Angular velocity ratio of toothed wheels. It is evident from 
Fig* 59® two toothed wheels in gear revolve in opposite 
directions ; also that the speeds of the circumferences of the pitch 
circles will be equal. Hence, 

J^A l-'n 



Fig, 5g!o. -Angular velocity ratio of 
toothed wheels. 


Also, 

Number of teeth on A = «a 


’tDa 


9 


Number of teeth on B = 
. Dn _ ^In 


^tDb 

a ■■ 


and 


Na 

Nb 


«a’ ’ 


(I) 


Hence, the revolutions per minute are inversely proportional to the 
numbers of teeth. It will be obvious, from what has been said on 
p. 539 regarding friction bevel wheels, that the same rule applies also 
to such wheels. 

If the wheels A and B are required to revolve in the same direction, 
an idle wheel C may be interposed (Fig. 591). Since the velocities 




of all three pitch circle circumferences must be equal, it follows that 
there will be no change in the angular-velocity ratio of A and B. 
Hence, 

Nb «a’ 

Any number of idle wheels (Fig. 592) may be inserted without 
affecting the angular-velocity ratio of A and B. 

Trains of wheels. Fig, 593 shows a train of toothed wheels, In 
this case we have : 

s- ^ ~ ^ ^ 

Ne Nc Na”«b' 

NE = Npi Nc-Nb. 


Abo, 
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Hence, 


or 


Ne 


X 


Nl> 

Nc 


X 


Na PTr, 


Na 


(2) 


If F, I) and B be called drivers, and E, C and A followers, the 
above result gives us the rule that the aiiifinilax’'*v0looity ratio of the 
first and last wheels In the train is equal 
to the product of the numbers of teeth on 
the followers divided by the product of 
the numbers of teeth on the drivers. 

Fig. 594 shows the gearing wheels 
used in the Wolseley motor cars for 
enabling the car to run at different 
speeds. The shaft AB is driven by 
the engine, and has a wheel C fixed 
to it and gearing always with a wheel 
G on the secondary shaft EF. When 
the clutch between the engine and 
AB is “in,” the secondary shaft EF 
will be revolving. H, K and L are wheels of different sizes mounted 
on, and revolving with, EF. The shaft RS is connected at S to the 

road wheel axle by means of gearing 
not shown in Fig. 594 ; this shaft 
runs freely in the hollow shaft AB, 
and is made square between R and 
S. M, N, P and Q are wheels which 
may slide on the square shaft RS, 
and are under the control of the 
driver by means of an arrangement 
of interlocking bars (not shown in 
the figure). The wheel C is hollow, 
and is furnished w’ith internal teeth 
at D, M may be slid into C, and, 
when so situated, AB will drive RS 
direct, the secondary shaft EF then 
running idle. Other speeds rttay be 'f 
obtained by withdrawing M .from 
and gearing N with H, or jp 
K, or Q with L. The lever systeu^j" , 
for sliding the wheels is so devised 




HfllifliBiimnTnnn'. 

PLAN 

Fig. 593.— Train of wheels. 


^TlC. 594.— Gear wheels for a motor car. 
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as to prevent two pairs of wheels being in gear simultaneously. 
Reversal of the car is obtained by sliding idle wheels (not shown in 
the figure) on another secondary shaft. 

Bevel wheels. If the directions of the shaft axes intersect, it has 
been shown (p. 539) that cones may be used for driving; hence 

conical pitch surfaces are em- 
ployed for toothed wheels on 
intersecting shafts. In Fig. 
595, the axes of the shafts 
intersect at O, and OAB and 
OBC are the conical pitch 
surfaces. The dimensions 
are settled from the relation 
Nod^BC 
Noe AB' 

To obtain the shape of 
the teeth, ADB and BEC 
are other conical surfaces 
obtained by drawing Bl) and BE perpendicular to OB. These 
conical surfaces are developed by describing arcs BF and BG, using 
D and E respectively as centres. The teeth may then be drawn on 
these arcs as pitch circles by ordinary methods. The teeth are 
tapered along the conical surfaces AOB and BOC, and finally vanish 
at O ; hence portions only of the conical surfaces are used, shown 
in the figure at BKHC and BKLA. 

Mitre wheels are bevel wheels of equal size on shafts meeting at 
90®, and are used in cases where the shafts are to have equal speeds 
of rotation. 

In Fig, 596 is shown an example of the use of mitre wheels. A 
is a continuously revolving shaft having a mitre wheel B fixed to it, 
and driving other two mitre wheels C and D which run loose on the 
shaft EF. Each of the mitre wheels C and I) has projecting claws on 
its inner face, which may engage with the claws of a clutch G. G 
may slide on the shaft, and has a long feather key which compels it 
to rotate with the shaft ; a pivoted lever H enables the clutch to be 
operated. In the position shown no motion will be communicated 
to the shaft EF ; motion of either sense of rotation may be obtained 
by causing G to engage with either C or D ; the arrows indicate the 
directions of rotation. The arrangement thus provides for inter- 
mittent motion and for leversal. 

Fig. 597 illustrates a common type of differential gearing used for the 


O 
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driving axle of a motor car. A toothed wheel A, shown in section, 
rui}$ loose on the axle EF, and has two bevel wheels B, B mounted on 
radial spindles. EF is the axle to which the road wheels are attached, 



Fig. 596.— Arrangement for intermitteni motion and for reversal. 


and is made in two pieces. A bevel wheel C is fixed to the poition 
E, and another bevel wheel D is fixed to F ; C and D gear with the 
bevel wheels B, B. The wheel A is driven by the engine, and, if 
both road wheels are rotating at the same speed, the wheels B, B 



will not rotate on their spindles. In rounding a curve, the inner 
road wheel must rotate at a lower speed than the outer wheel, and 
this difference in speed is permitted by the bevel wheels B 
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rotating on their spindles. It will be evident that, if C were held 
fixed, D would rotate at twice its former speed. 

Fig. 598 shows the application of the same arrangement in the 
Milne's-Daimler differential gear.* AB is a shaft driven by the 
engine and carries mitre wheels D, D, running loose on cross* 
spindles C, C. These wheels gear into mitre wheels E and K at 
the inner ends of sleeves which run loose on AB, thus permitting 
differential motion to the sleeves. F and L are bevel wheels at the 
outer ends of the sleeves, and gear with wheels G and M fixed 
respectively to the halves H and N of the road- wheel axle. 

Epicyclic trains of wheels. In trains of this kind there is usually 
one fixed wheel A (Fig. 599) — A does not rotate — together with 

one or more wheels mounted on an 
arm D which may rotate about the 
centre of A. The solution of such 
trains may be obtained by the 
following method. Imagine the 
whole set of wheels to be locked 
and that the bracket carrying A 
is free to rotate. Give the whole 
arrangement one rotation in the 
clockwise direction, then, keeping 
the arm fixed in position, apply 
a correction by giving A one revolution in the anticlockwise 
direction. Calling clockwise rotation positive, the process may be 
tabulated thus : 


Part - 

A 

B 

c 

D 

Wheels all locked 

-f-i 

-hi 

■f I 

+ i 

Correction - 

- 1 



0 




«c 


Final result - 

0 

1 +^ 


+ 1 


1 


«C 



The result shows that, if A and B have the same number of teeth, 
B will rotate twice clockwise for one clockwise rotation of the arm. 
If A and C have the same number of teeth, C will not rotate on its 
spindle ; a radial arrow sketched on the upper side of C will point 
always in the same direction as the arm D is rotated. 



Fig. 599. — An epicyclic train of wheels. 


Pr 0 €* Inst. Meek, Eng.^ 1907* 
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EpicycUc reducing gears. In Fig. 600, showing an arrangement 
for reducing the speed of rotation, the wheel D is fixed and has 
internal teeth ; E is an arm fijted 
to the shaft F, and carries two 
wheels B and C fixed together 
so as to revolve as one wheel 
C gears with the internal teeth 
of D, and B is driven by a 
wheel A. It will be noted that, 
if D drives C with the arm E 
fixed, both wheels will have the 
same sense of rotation. The 
solution is as follows : 


Part - 

- 

A 

B 

c 



B 

Wheels all locked 

+ i 

+ I 

+ I 

+ i 

+ i 

-hi 

Correction - 

- 




- I 

0 

0 


’ nc 

nc I 

nc \ 




Final result - 





0 

+ 1 

+ I 


V nxttc/ 

nc 

nc 





In Fig. 601, showing another type of speed reduction gear, the 
shaft AB is driven by a wheel at A, and has an arm C fixed to it 



Fic. 600.— Speed redaction gear. 



Fio. 601.— Another type of speed reduction gear. 


carrying a kxjse bevel wheel D. D gears with two bevel wheels E 
and G running loose on the shaft AB. E may be a fixed wheel, or 
may be rotated in the same or in the opposite sense to that of AB. 
It is evident that D does not rotate on C during the locked operation, 
and that E and G will rotate in opposite directions during the 







MACHINES AND HYDRAULICS 


548 


correction operation with AB and C fixed, D being an idle wheel 
during this Operation. Supposing E to be a fixed wheel, the solution 
will be as follows : 


Part - 

AB 

C 

E 

G 

Wheels all locked 

+ i 

+ i 

-f I 

+ i ( 

Correction - 

0 

0 

- I 

.We 

«G 

Final result - 

+ i 

+ i 

0 



Suppose now that E is not a fixed wheel, but is rotated ± Ne times 
during + i revolution of AB. The solution will be : 


Part - 

AB 

C 

E 

G 

Wheels all locked 

+ i 


+ i 

+ i 

Correction - 

0 

0 

- I ± Nk 

«C «G 

Final result- 

+ i 

+ i 

±Ne 

i+^(itNe) 

Wg 


In the result for G, the - sign is to be taken if A and E are 
driven in the same direction, and the + sign if they are driven in 
opposite directions. 

The Humpage gear is shown diagram matically in Fig. 602. A is 
the driving shaft and has a bevel wheel B fixed to it Two bevel 



wheels C and D, made in one 
piece SO as to rotate together, 
run on an arm E fixed to a sleeve 
F, which runs loose on the shaft 
A. C gears with a fixed bevel 
wheel G, and D gears with a 
bevel wheel H, which is secured 
to the driven shaft K. For the 
sake of obtaining balance and of 
producing practically a driving 
couple, the arm E and the wheels 


C and D are duplicated. The solution may be obtained by giving 


the whole gear + 1 revolution with the wheels locked ; apply a 
correction by keeping the sleeve F and the arm E fixed and giving 
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^ T revolution to G. During this correction, C will act as an idle 
wheel between G and B ; also G will drive H in the anti-clock- 
wise sense through the wheels C and D ; the ratio of the revolutions 
of G and H during this operation will be 

Ng «C 

Tabulating the operations, we have 



Shape of teeth. The shape of the teeth must be such as to fulfil 
the condition of a uniform ratio of angular velocities in the wheels 
which gear together. If this condition be neglected, the teeth will 
work together badly, producing excessive wear and lattling owing to 
back lash. 

Referring to Fig. 603, let P be the point of contact of two teeth, 
one on the wheel which has its centre at A and the other on the 
wheel which revolves about B. At P a point on wheel A is moving 



Fig. 603.— Condition for securing a constant angular velocity ratio in toothed wheds. 
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at right angles to AP, and a point on wheel B is moving at right 
angles to BP. I^t and be these velocities, represented by DP 
and CP respectively. Let PO be the direction of a common normal 
to the tooth surfaces at P ; it is clear that, if contact is to be main- 
tained, and if there is to be no interpenetration of the teeth on A and 
B, the components of Vp^ and along PO must be equal. Resolving 

along and at right angles to PO by means of the triangle CEP, the 
equal normal components of Vk and will be represented by 
EP=»z/n. Produce the line of and draw AM and BN perpen- 
dicular to Then, if and oib are the angular velocities of the 
wheels A and B respectively, 

c*ia _ z'n bn _ BN 

(Ub am Vii AM ’ 

Again, from the similar triangles AMO and BNO, 

BN BO cua 
AM AO wb’ 

If O be selected as the pitch point, the ratio BO/AO will be 
constant, as O is then a fixed point. Hence, 

0 >A BO Rr . . 

= a constant, 

cuq AO Ra 

Thus, the condition to be fulfilled in order to maintain a constant 
angular-velocity ratio is that the common normal at any point of contact 
of two teeth must pass through the pitch point. Theoretically, for a 
given design of tooth on one wheel, the teeth on the other wheel may 
be shaped so as to enable the common normal to comply with this 
condition. In practice, however, cycloidal teeth and involute teeth 
alone are used, and, in modem machine-cut wheels, the teeth are 
generally of the involute form. 

Cycloidal teeth. The cycloid is a curve traced by a point P on 



circumference of a circle which may roll along a straight line 
604). In any given position, the point of contact I is the 
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instantaneous centre for the rolling wheel ; hence the direction of the 
cycloidal curve at P is perpendicular to IP ; therefore the normal at 
P passes through the point of contact L 

If the rolling circle having a centre Cj (Fig. 605) rolls on the 
circumference of another circle having A for centre, an eployd^d OD 
will be traced. If the rolling circle rolls on the inside of the circum- 
ference of the circle, a hypooycloid OE will be traced (Fig. 605). In 



Fig. 605.-- Epicycloid and hypocycloid. 


the epicycloid, if N, is the point of contact of the circles, and P, is the 
corresponding i)Osition of the tracing point, it will be clear that 
the direction of the epicycloidal curve at Pj is at right angles to NjP„ 
as Nj will be the instantaneous centre of the rolling circle in the 
given position. Hence NiPj is the normal to the curve at P,. For 
similar reasons, Ng is the instantaneous centre of the rolling circle 



Fig. 606.— Mechanical construction of an epicycloid. 


when the tracing point is at P3 on the hypocycloidal curve, andlJ^^ 
is the normal to the hypocycloid at Pj. ^ 

In Fig. 606 is shown a useful way of producing an epicycloid. 
wheel A and the rolling circle revolve about fixed centres at A and 
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and drive cme another in the same manner as friction wheels but with- 
out slip- A piece of paper D is fixed to the wheel A and revolves 

with it, and a pencil P on the 
rolling circle bears on the paper. 
The result is the epicycloid PqP, 
It is evident that the normal at 
P passes through the pitch point 
O. In Fig. 607 is shown a 
similar method of drawing a 
hypocycloid by means of another 
wheel having its centre at B, 
and the same rolling circle 
revolving about a fixed centre 
C. A piece of paper attached 
to B will have drawn on it a 
hypocycloid Pq'P* If there has 
been no slip, in each of these 
figures the arcs OPq and OP, 
on the wheels and on the 
rolling circles respectively, will 
be equal. Let the arcs OP^ in each figure be equal, and imagine 
that the two figures are superposed, so that the wheels A and B 
come into contact at the pitch point O (Fig. 608). The arcs OP 
on the rolling circles in Figs. 606 and 607 will also be equal, and 
the points P will coincide in Fig. 608. OP will now be simul- 



Fig 607. — Mechanical construction of a 
hypocycloid. 



taneously the normal to the epicycloid and also to the hypocycloid, 
and these curves will be in contact at P. Therefore the curves comply 
with the condition that the common normal must pass through the 
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pitch pointy and thus may be used for the faces of the teeth on A, and 
for the flanks of the teeth on B. The flanks of the teeth on A and 
the faces of those on B may be produced in the same manner. It is 
evidently essential that the same rolling circle must be used both for 
the faces of A and for the flanks of B ; the rolling circle used for the 
flanks of A and for the faces of B may be of the same or of another 
diameter. It should be noted that the hypocycloid becomes a 
straight line, forming a diameter of the wheel if the rolling circle has 
a diameter equal to the wheel radius ; hence the flanks of the teeth 
would be radial lines. Any larger diameter of rolling circle would 
produce teeth thin and weak at the roots. In designing a set of 
wheels, the rolling circle should not have a diameter larger than the 
radius of the smallest wheel of the set. 

Path of contact. From Figs. 606, 607 and 608, it will be evident 
that Pq and P ^ on the cycloidal curves were initially in contact at O, 
and that the point of contact has travelled along the arc OP of the 
rolling circle. Contact will cease when the circumference of the 
tolling circle passes outside the addendum circle. In Fig. 609, EFG 



Fig. 609. — Path of contact in cycloidal teeth. 


and LMN are parts of the addendum circles of the wheels A and B l 
respectively. These intersect the rolling circles at P and Q reaped* 
lively ; hence the complete path of contact is POQ, and is form^ 
two circular arcs. ' ' 

In Fig. 6ro two teeth are just starting contact at P. The 
will be in contact when it reaches O, and the arc CO on the pxtcfljr 
circle is called the arc of approach. In the same figure, two teeth are“ 
just finishing contact at Q ; E was in contact when passing through 
O, and OE is called the arc of reoess. PO and OQ are called the 
paths of approach and of recess respectively. Let the arc OF be equal 
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to the arc OE. Then COF is the length of arc which passes the 
pitch point while a tooth on A remains in contact with one on B, and 

/ 


Fig. 6 x 0. — Arcs and paths of approach and recess. 

may be called the arc of contact. If the condition is to be fulfilled 
that two pairs of teeth are to be in contact always, the arc of contact 
should be twice the pitch. 

IxiToIate teeth. Fig. 6ti shows an involute P0F4 to a circular 
curve Pq0j 04 ; the* curve may be drawn by wrapping a string round 

the circular curve and having a tracing 
pencil attached at its end Pq. On the 
string being unwrapped, the pencil will 
trace out the involute Pyp4. It is evident 
that the string, in any position such as 
0.2 P.2, is perpendicular to the direction of 
motion of the pencil ; Og is therefore the 
instantaneous centre of the string OgPg 
and 0,2 P.j is normal to the involute at Pg. 
In Fig. 612 is shown a mechanical method of drawing an involute 
to the circle having A for its centre. Let a crossed belt be passed 





Fig, 6i3.-»Mecbanica! construction of an involute to the circle having centre at A. 

round two wheels revolving about A and B respectively, and let a piece 
of paper be fastened to wheel A and revolve with it. A tracing 
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penci{ secured to the belt at P will draw an involute on the paper. 
It is evident that C.P, the normal to the involute at P, passes always 
through a point O on AB, and the two parts of the belt intersect in 
the same point. An involute to the wheel B may be drawn in a 
similar manner (Fig. 613) by securing the paper to wheel B. The 



Fig. 613.— Mechanical construction of an involute to the circle having centre at B. 


normal at P' passes through the same point O. If the diagrams 
(Figs, 612 and 613) be superposed so that P and P' coincide, it is 
evident that the two involute curves fulfil the condition that the 
common normal passes through a fixed point O, which accordingly 
may be taken for the pitch point of a pair of wheels having teeth 
shaped to the involute curves. 

Let V be the velocity of the belt. T'hen, in Fig. 612, 


(Oij 


V T)B DB 

. ~ = a constant. 

A(. V AC 


Also, from the similar triangles AOC and BOD, 

DB BO 
AC AO^ 


Wa bo 

u>jj AO 

Hence the radii AC and DB of the generating circles should be 
inversely proportional to the angular velocities of the wheels. 

It is clear that part of the straight line CD (Fig. 612) will be 
the path of contact. Practical considerations rule that this line 
should make about 15® with the common tangent to the pitch circles 
at O (Fig. 614). The intersections P and Q of CD with the 
addendum circles of the wheels will determine the length PQ of 
the path of contact. 

Using the same pair of generating circles connected by a belt as in 
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Fig. 612, the same involute curves will be produced irrespective of the 
distance AB separating the wheel centres. As the resulting teeth will 
be of the same shape as at first, it follows that the distance apart of a 



pair of involute toothed wheels may be varied to a small extent 
without interfering with their correct working. This may be advan- 
tageous for taking up back lash. 

If one of the two w^heels in gear becomes of infinitely large radius, 
^ the case of a rack is obtained 
^' 5 )- The pitch line CD is 
U oC/ W vlT straight, and the involute is a straight 

F.o.6is.-An involute rack. ^"6 pcriJendicular to the line of 

contrct OA. Hence the sides of 
the teeth in involute racks are straighc lines. 

Helical and screw gearing. Greater smoothness of running may 
be obtained by using wheels possessing several sets of teeth (Fig. 616), 
each set stepped back a little from the adjacent set on one side. If 
the steps are made indefinitely narrow (Fig. 617), we obtain a helical 
wheel. Single helical wheels would produce axial thrusts on the 
shafts, and this objection is obviated, as is indicated in Fig. 617, by 
employing double helical teeth sloping in opposite ways. Such 
wheels, with machine-cut teeth, run with remarkable smoothness, 
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and are equally suitable for low and high speeds of running and for 
heavy loads. When the speed is high, it is best to run the wheels in 
an oil bath. 

A pail of screw wlieeiB is shown diagram matically in Fig. 6i8. The 
cylindrical pitch surfaces of two wheels A and B touch at O. CD 

r^fwni 

mm 

Fig. 6x 6.— Stepped teeth. 

and EF are the axes of A and B respectively. Imagine a sheet of 
paper having a straight line GOH drawn on it to be placed between 
the cylinders. If the paper is wrapped round A, GOH will map 



Fig. 617. — Double helical teeth. 



Fig. 618. — Pair of screw wheels. 


out a helix, and, if wrapped round B, a corresponding helix will be 
described by GOH. Ttiese helices define the shape of screw teeth j 
the other teeth may be produced by having a number of lines parallel 
to GOH and drawn on the sheet of paper. In F'ig. 619 GOH and 
ed show two of these lines. The perpendicular distance O^ separating 
tliese lines is called the divided normal pitch, and is evidently the 
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same for both wheels A and B. Oflf, measured along the circum- 
ference of A, and Oc, measured along the circumference of B, are 
called divided circumferential pitches ; it will be clear that these pitches 
must divide evenly into the circumferences of A and B respectively.^ 



Fio. 619. —Pitches in a screw wheel. Fig. 620. — Pawl and ratchet wheel. 

Batchet wheels. In Fig. 620, a wheel A is to have intermittent 
motion to be derived from an arm B which vibrates about the axis 
of A. A pawl C is pivoted to B, and will 
engage the teeth of A when B is moving 
anti-clockwi.se; the pawl slips over the teeth 
of A when B is moving clockwise. Clockwise 
rotation of A may be prevented by a pawl D 
pivoted to some fixed part of the machine. 
It will be noted that lost motion to the extent 
of one tooth may occur between A and B ; 
this may be reduced by means of a second 
pawl E pivoted to B. The possible lost motion 
will now be half the former amount. In cycle 
free wheels, several pawls are often fitted so as 
to reduce lost motion to a minimum. 

I Couplings for shafts. I'he oidiuun coupling 

^ is illustrated in Fig. 621. A flanged coupling 

A is fixed to a shaft B, and has a groove cut 
in its face. Another similar coupling C is fixed 
to the shaft IX The axes of the shafts B 
and D are parallel. A plate E is interposed 
L between the faces of these couplings, and has 
a projection on each side which is a sliding 
Fig. 621.— Oldham coupling:, fit in the grooves ; the projections are at 90* ** to 

* For a complete discussion on toothed wheels, see Machine Design^ Part /,, 

1 :^ Prof. W. C. Unwin. Longmans, 1909. 
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each other. One shaft can thus drive the other, and as the grooves 
will always make 90'' with each other, the shafts will have equal 
angular velocities in all positions. 

Hooke's oouidi&ff is illustrated in Fig. 622, and is used for con- 
necting shafts in which the axes OA and OB intersect, but are not 
necessarily in the same straight 
line. The end of each shaft is 
formed with a jaw, and the con- 
nection is made by means of a 
cross C, which is free to swivel on 
the set* screws D. The arrange- 
ment is shown in outline in 
Fig, 623, in which the ends of the arms OC and OQ, attached to the 
shaft A (Fig. 623 (^)), rotate in the circle YCXC/ (Fig. 623(a)); 
the ends of the arms OD and OD^, attached to the shaft B (Fig. 
623 (^)), also rotate in a circular path, but this path projects as an 
ellipse YjXYg (Fig. 623 (a)) owing to the inclination of the shaft 
axes OA and OB. 

Suppose OC rotates from OY to OC' through an angle d (Fig. 
623 (a)), and that the shafts OA and OB are in the same straight line. 
Then OI) would rotate through an equal angle 0 from OX and D 
would be situated at D", OD" being at 90** to OC'. If OB makes 
an angle a with OA (Fig. 623 (/^)), then D will occupy a position on 



Fig. 622. — Hooke's coupling. 




Fig. 623. — Diagram of a Hooke's coupling. 


the ellipse, obtained by rotating the cross about C'C/ (Pig. 623 («)) ; 
this operation will cause D" to move at 90° to C'OC_,', and gives the 
position of D as D' on the ellipse, t.e. OC' and OD are still at 90°. 
The angle XOD' is not the true magnitude of the angle through 
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which OD'has rotated from OX ; the true angle may be obtained by 
drawing D^E parallel to OY, cutting the circle at E; XOE^<^ wiU 
then he the angle from OX through which OD rotates while OC 
rotates through an angle 0 from OY. Produce ED' to cut OX in M, 
and let a he the angle between the directions of OD and OCj as 
seen in Fig. 623 {d). Then 

D'M = MEcosa. 


Also, 


tan ^ = 


DM ME 


OM OM 
= tan ^ cos a, 


COSO 


or 


^ , tan ^ 

tan 9 = . 

cos a 


(i) 


This gives the relation of and 6 , The relation of the angular 
velocities of A and B may be obtained by differentiating both sides 
of (i) with respect to time. Thus, 

_ cos a sec^^ dO _ sec^6^ 
dt ~ COS‘^a dt cos a 




dO 

dt 


Now, 


d<f> 


and ct 
sec^^ 


‘dt 


or 


Now. 


oio sec^cfc = ci>A ' 

cos a 

__ sec^^ 

wa ^ sec‘^</> cos a 

sed^(f> ~ I + tan^<^ 

tan‘^^ 


= 1+- 




COS^a 

sec^O 


(from (i)): 


^ tan^^X 
I + — cos a 


cos a 


cos^O cos'^a -f sin^ 


cos a 

cos‘^^(i ' sin‘^a) + sin^d 
_ c os g 

I - sin^acos^^ 

This ratio will have maxima values when cos^S is a maximum ; 
this will occur when cos is + 1 or - 1, i,e, when 0 is 0“ or 180*, 
The minimum value of the ratio will occur when cos ^0 has its 
minimum value ; this occurs when cos 0 is o, i.e. when 0 is 90^ <€ff 
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^70*. Equality in the angular velocities occurs when the numemtor 
ajiid denominator in (2) are equal, giving 

I - sin^a cos^O ^ cos a, 
sin^a cos^^ = i — cos a, 

cos<*d=L^^=i:i£2!“ 

Sin^a I - cos^a 
I 

I + cos a 


cosO = 


V I + cos a 


(3) 


The student will find it a useful exercise to plot values of the ratio 
of a>B to for values of 0 from 0“ to 360". 


EXERCISES ON CHATTER XXI. 

1 . An engine runs at 200 revolutions per minute and^rives a line 
shaft by means of a belt. The engine pulley is 24 inches diameter and 
the line- shaft pulley is 20 inches diameter. A dynamo is driven from 
pulley 36 inches diameter on the line shaft by a belt running on a pulley 
8 inches diameter on the dynarno shaft. Find the speeds of the Tine shaft 
and of the dynamo (a) if there is no slip, (^) if there is 5 per cent, slip at 
each belt. 

2 . A line shaft runs at 1 50 revolutions per minute, A machine has 
to be driven at 1800 revolutions per minute by belts from the line shaft ; 
the pulley on the machine is 6 inches in diameter. In this particular case 
it is not desirable to use pulleys exceeding 36 inches or less than 6 inches 
in diameter, and it may be assumed that there will l^e 4 per cent, slip at 
each belt. Sketch a suitable arrangement giving the diameters of the 
pulleys and the speeds of any counter shafts employed. 

3 . A belt laps 180 degrees round a pulley rim. The larger pull 
applied is 400 lb. and the coefficient of friction is 0 5. Find the smaller 
pull, T2, when slipping just occurs. Find also the pull in the belt at 
intervals of 30 degrees round the half-circumference of the pulley, and 
plot these on a base representing angles. 

4 . A rope is wound three times round a rough post, and one end of 

the rope is pulled with a force of 20 lb. If the coefficient of friction 
between the rope and the post is 0*35, what pull at the other end of the 
rope would cause it to slip found the post? (B.E.) 

6. Find, from the following data, what width of leather belt is needed 
to transmit 25 horse-power to a certain machine ; — (n) Diameter of belt 
pulley, 30 inches. (^) The belt is in contact with of the circumference 
of the pulley, (c) Revolutions of pulley per minute,’ 150. (rtf) Coefficient 
of friction between belt and pulley 0-22, (^) Safe maximum tension per 
incl^' width of belt, 80 lb. (B.E.) 

S; A factory e^igine develops 400 horse-power, which is transmitted 
to the line shafting in the various mill floors by 20 hemp ropes. Find, from 
the following data, the maximum tension in any one of the ropes, if they 
D.M. T ^ 
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all transmit an equal share of the total power : — (a) Diarneter of grooved 
flywheel on which ropes work, 20 feet, {d) Angle of groove, 6 q degrees. 
{c) Angle of contact of ropes with flywheel rim, 240 degrees, {d) 
Coefficient of friction, o-i8. (e) Revolutions of flywheel per minute, 80. 

(B.E.) 

7 . A compressor is driven by a gas engine of 18 indicated horse- 
power, running at 240 revolutions per minute, by means of a belt 0*5 inch 
thick from 'the engine pulley, which is i foot in diameter. The com- 
pressor is double-acting, mean pressure 50 lb. per square inch, cylinder 
diameter 8 inches, stroke 14 inches. If the meclianical efficiency of the 
engine is 82 per cent., of the compressor 86 per cent., and if the slip ot 
the belt is 5 per cent., find the maximum speed at which the compressor 
can be run and the minimum diameter of the pulley fitted to it. (L.U.) 

3. A rope drives a grooved pulley, the speed of the rope being 5000 
feet per minute. Find the horse-power transmitted by the rope from the 
following data : /x==o-2 5 ; angle of groove 45^* ; angle of lap 200" ; weight 
of rope per foot run 0 28 pound ; maximum permissible tension in the 
rope 200 pounds. (You are expected to make allowance for centrifugal 
effects on the rope.) (L.U.) 

9 . A machine demands 6 horse-power, and is driven by means of a 
spur wheel 18 inches in diameter and running at 150 revolutions per 
minute. Find the tangential driving effort on the teeth of the spur wheel. 

10 . In a turning lathe, the slide-rest holding the tool is driven by a 
leading screw having 3 threads per inch. It is desired to cut a screw of 
1 8 threads per inch. Give suitable numbers of teeth for a wheel train 
connecting the lathe mandrel to the leading screw. 

11 . A watch is wound up at the same time each night and tlie main 
spring spindle receives 3*5 turns during the winding. What is the velocity 
ratio of the train of wheels connecting the hour hand with the main spring 
spindle? What is the velocity ratio of the train connecting the minute 
hand with the hour hand ? Give suitable numbers of teeth for the latter 
train, no wheels to have more than 36 nor less than 8 teeth. 

12 . The driving wheels of a motor car are 3 5 feet in diameter, and 
the engine runs at a constant speed of 900 revolutions per minute. Find 
the velocity ratios of wheel trains suit.able for car speeds of 20, 12 and S 
miles per hour respectively. 

13 . Sketch and discuss the use of a differential gear (a) as a suitable 

means of connecting the driving wheels on a motor car, (/^) as a speed- 
reducing gear : show how to calculate the speed ratio. (L.U.) 

14 . In the epicyclic train shown in Fig. 600, the wheels have teeth 
as follows: D, 48 ; B, 10; C, 12 ; A, 30. If F makes one clockwise 
revolution, find the revolutions of A. 

16 . In the gear shown in Fig. 601, the numbers of teeth are : D, 40 ; 
E, 20 ; G, 40. If E is fixed, find the revolutions of G for one clockwise 
revolution of A. Answer the same if E is driven at the rate of 3 anti- 
clockwise revolutions for one clockwise revolution of A. 

16 . In the Humpage gear illustrated in Fig. 602, the wheels have teeth 
as follows : B, 25 ; C, 30 ; G, 45. Calculate the numbers of teeth on D 
and H, so that the ratio of the rotational speed of A to that of K is 56 : 5. 

(L.U.) 
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17 . State and prove the geometrical condition which must be satisfied 

in order that a pair of spur wheels may gear together with a constant 
angular- velocity ratio. (I.C.E.) 

18 . The centres of two spur wheels in gear with one another are 

12 inches apart. One wheel has 40 teeth, and the other has 20 teeth. 
Neglecting friction, the line of pressure between the teeth in gear makes 
a constant angle of 75° with the line of centres. The teeth are designed 
so that the path of contact of a pair of teeth in gear is 2 inches long, and 
is bisected by the line of centres. Draw full size a side elevation of two 
teeth in gear. (L.U.) 

19 . The axes of two shafts intersect at an angle of 1 50“. The shafts 
are connected by a Hooke’s coupling. On a straight base 8 inches long, 
representing 360“, draw a curve whose ordinates represent the angular 
velocity of the driven shaft for one revolution, the angular velocity of the 
driving shaft being constant and represented by an ordinate z inches long. 

(L.U.) 
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HYDRAULIC PRESSURE. HYDRAULIC MACHINES. 

Some properties of fluids, a fluid may be deflned as a substanoe 
which cannot offer permanent resistance to forces which tend to change its 
shape. Fluids are either liquid or gaseous ; gases possess the 
property of indefinite expansion. Liquids alter their bulk but 
slightly under pressure, and such small changes may be disregarded 
usually. Gases exist either as vapours or as so-called perfect gases ; 
the perfect gas was supposed to exist as a gas under all conditions of 
pressure and temperature; but it is now well known that all gases 
can be liquefied by great pressure and cold. A vapour may be 
defined as a gas near its liquefying point, and a perfect gas as the 
same substance far removed from its liquefying point. 

Liquids are said to be mobile when they change their shape very 
easily ; chloroform is an example showing great mobility, a property 
whicli renders it useful for delicate spirit levels. Viscous liquids are 
those which change their shape with difficulty ; examples of such are 
cylinder oil and treacle. 

Change of shape of a body always occurs as a consequence of the 
application of shearing stresses. A rectangular block under the 
action of equal push stresses on all its faces will have its volume 
diminished, but will remain rectangular ; shearing stresses applied 
to the block w^ould alter its shape (p. 107). Hence, if shearing 
stresses be applied to a fluid, change of shape of the fluid will go on 
continuously during the application of the stresses, the fluid wall 
be in motion. Conversely, if the fluid is at rest, there cannot be any 
shearing stresses acting on it; the stresses must be normal at all parts. 
Frictional forces always occur as tangential or shearing forces, and 
hence must be absent from any fluid at rest. 

The principal liquid in use in hydraulics is water, and it will be 
understood that water is being referred to in the following sections 
unless some other liquid is specified. 
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Stress on horizontal immersed surfaces. In Fig. 624 is shown a 
tank containing a liquid at rest. Consider the equilibrium of a 
vertical column of the liquid stand- 
ing on one square foot of the tank 
bottom. The forces acting will be 
(a) the weight of the column, (^) 
an upw^ard reaction from the tank 
bottom, (c) normal forces which the 
surrounding liquid applies to the 
vertical sides of the column. The 
normal forces, being horizontal, can- 
not contribute to the support of the 
weight of the column, which is a 

vertical force j hence (fl) and Fig. 624. — Stress on a horizontal immersed 

equilibrate each other. surface. 

Let H = the height of the column, in feet. 

TV = the weight of a cubic foot of the liquid, in lb. 

A = the total area of the tank bottom, in square feet. 

Then Weight of the column = Hxixix7c^ 

= w/H lb., 

and this will be the reaction of one square foot of the tank bottom 

Hence, 

Stress on the tank bottom = a/H lb. per square foot. 

The tank bottom being horizontal, the stress on any other square 
foot will be wW ; hence the total pressure on the bottom may be 
calculated by multiplying the area of the bottom by wH. Thus, 

Total pressure on the tank bottom = wWA lb. 

It wull be noted that this result is quite independent of the shape 
of the tank, provided the bottom is horizontal. All tanks having 
horizontal bottoms of equal areas and charged with the same liquid 
to equal depths will have e(]ual total pressures on their bottoms 
irrespective of the actual weights of liquid in the tanks. The student 
should guard against the error of supposing that the weight of liquid 
in the tank gives the pressure on the bottom. 

Stress on inclined immersed surfaces. T.et abc (Fig. 625) be the 
end elevation of a triangular prism immersed in a liquid and having 
its axis horizontal. The triangular ends are taken perpendicular to 
the axis and are vertical. Considering the equilibrium of the prism, 
the duid pressures on the ends will evidently equilibrate each other- 
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If the sides of the prism be taken to be very small, then the weight of 
the prism may be disregarded, and the fluid stresses /, q and r, acting on 
ab^ be and ca respectively, may be assumed to be distributed uniformly 



Fig. 6as. — Stress on inclined immersed surfaces. 

over the faces of the prism. Let the length of the prism be unity, 
when the resultant forces on the three faces will be given by 

.ab, 

R = /* . ca. 

For equilibrium of the prism, these forces must balance. It will 
be noted that P, Q and R meet at the centre of the circle passing 
through a, b and r, and hence comply with the condition that the 
three forces must pass tljrough the same point. ABC (Fig. 625) is 
the triangle of forces, in which AB, BC and CA represent P, Q and 
R respectively. As these sides are drawn perpendicular to ab^ be 
and ea respectively, the triangles ABC and abc are similar. Hence, 


y \ Q : K —p . ab : q . be : r , ca (i) 

= AB : BC : CA (2) 

= ab : be : ea (3) 

From (i) and (3), 


p . ab \ q . be \ r . ca — ab \ he \ ca \ 
p = q^r. 

We may say therefore that the fluid stresses on the faces of the 
prism are equal. Considering the limiting case of the end elevation 
of the prism being reduced practically to a point by reason of the 
sides being taken indefinitely small, the law may be stated thus : 

Tlie stress at a point in a fluid is tlie same on aU planes passing through 
that point, or fluids transmit stresses equally in all directions. W e have 
already seen that the stress on a horijuontal plane is ze/H lb. per 
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square foot, and it follows that the stress at a point H feet deep on 
any plane will be given by the same expression. 

It will be noted that the stress at any point is proportional to the 
depth, and hence varies uniformly from zero value at the fire© anrfaoo 
of the liquid, i.e, the surface exposed 
to the atmosphere. Streas dlagrama 
may be employed with advantage ; 
such a diagram is given in Fig. 626 
for the water stresses on each side of 
a lock gate having differing depths of 
water on the two sides. The stress at 
B will be /i = 7fcrH^ and that at E will 
be /g these are represented 

by CB and FE respectively. The 
complete stress diagrams are ABC and 
T)EF, and their breadths will give the stress at any depth. The 
term Btress at a point in a fluid may be defined as tbe presBure wflloli 
would be exerted on unit area embraoing tbat point if the BtreBBes were 



distributed uniformly. 

Total pressure on an immersed surface. In Fig. 627 (a) and (b) 
are shown front and end elevations of immersed surfaces, the former 
being vertical and the latter inclined. The method of finding the 



total pressure applies equally to both surfaces. Consider a small 
area « at a depth y. The stress on a will be 

p=^wy 

and Force on a — wya 

The total force on the surface may be found by integrating this 
expression over the whole area. Thus, 

Total force = 

If the total area is A square feet and the depth of the centre of 
area is Y feet, then = AY (pp. 49 and 145)- Hence, 

Total force == lb. 
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The expression wY is the stress at a depth Y, and may be defined 
as the average stress on the immersed surface. Hence the rule: 
To find the total presfiiire on an Immersed surface multiidy the averaee 
stress (whi<fii wlU t>e found at the centre of area) hy the total area. 

It will be noted that the force acting on the small area o, given 
above as wya, will have the same value in the case of the whole 
surface being curved The rule for the total pressure is therefore not 
confined to flat surfaces, but may be applied to any immersed surface. 

Distinction .should be made between the terms total pressure and 
resultant pressure. The latter term refers to the resultant of all the 
fluid stresses acting on a surface, and is obtained by resolving 
these stresses along chosen axes and then reducing by the methods 
explained in Chapter IV. Usually the operation is simple; for 
example, the resultant pressure on any vessel containing a liquid is 
evidently equal to the weight of the contained liquid. A method of 
dealing with the resultant pressure on floating or immersed bodies 
will be explained below. 


Example i. A cylindrical tank, diameter 7 feet, contjiins water to a 
depth of 4 feet. The bottom is horizontal. Calculate the total pressure 
and the resultant pressure on the wetted surface. Take 62*5 lb. per 
Cubic foot for the weight of water. 

Total pressure on the bottom ==7£/AiYi 


= 62*5 X — X4 


=62 5 x(^fx 
= 9625 lb. 


Total pressure on the curved surface = ?£/ A 

— 62*5 x{7r<'/x4)x2 
= 62-5x(^X7X4)X2 
= 11,000 lb. 

Total pressure on the wetted surface = 9625 + 11,000 

= 20,625 lb* 


The stresses on the curved surface will equilibrate each other ; hence 
the resultant pressure is simply the total pressure on the bottom, or 
Resultant pressure =962 5 lb. 


Example 2. A spherical vessel 3J feet in diameter is sunk in sea 
water, its centre being at a depth of 40 feet. Calculate the total pressure 
on its surface. Sea water weighs 64 lb. per cubic foot. 

Total pressure =7e/ AY 

= 64X47rr2x40 
= 64X4xYxJxJx4o 
= 98,560 lb. 
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Besultant pressure on a floating or immersed body. When a 
body is floating at rest in a fluid which is also at rest, it is subjected 
to two resultant forces — its weight and the resultant fluid pressure 
on its surfaces. The weight is a downward vertical force acting 
through G, the centre of gravity of the body (Fig. 628(0)). The 
resultant fluid pressure balances W, and therefore must be an 
upward vertical force R = AV, and must act in the same straight line 
with W. R is due to the buoyant effect of the fluid, and is called 
the buoyancy. 

Imagine for a moment that the surrounding fluid becomes solid, 
and so can preserve its shape, and let the body be removed, leaving 
a cavity which it fits exactly (Fig. 628 (/^)). Let this cavity be filled 
with the fluid, and let the surrounding fluid return again to its original 
condition. The pressures on the fluid now filling the cavity will be 
identical with those which acted on the body, and the effect will be 
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Fig. 628. — Resultant pressure on a floating body. 


the same — the weight of the fluid will be supported. Hence the 
* weights of the fluid filling the cavity and of the body must be equal, 
as each is equal to R, the resultant pressure of the surrounding fluid. 
Further, R must act through the centre of gravity of the fluid filling 
the cavity ; this centre is called the centre of buoyancy, and from 
what has been said it will be clear that the centre of buoyancy B 
(Fig. 628 (/^)) and G (Fig. 628 (a)) must be in the same vertical line. 
We may state, therefore, that when a body is floating at rest in still fluid, 
the weight of the body is equal to the weight of the fluid displaced, and that 
the centres of gravity of the body and of the displaced fluid are both in the 
same vertical line. 

A ship floating at rest in still water, a submarine boat wholly 
immersed and at rest, and a balloon preserving constant elevation 
are example.s of this principle. In each case it will be noted that 
the resultant pressure of the surrounding fluid is equal to the weight 
of the body, and acts vertically upwards through the centre of 
gravity of the body. 
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A body wholly immersed will experience a resultant upward fluid 
pressure equal to the weight of the fluid displaced ; it follows that, 
to maintain the equilibrium of the body, an upward or a downward 
force will be required, depending on whether the weight of the body 
or the weight of the fluid displaced is the greater. Fig. 629 (a) 
illustrates the former case; W is the weight of the body, B is the 

buoyancy, and, W being greater than B, 
^ : 7*=** an upward force P is required given by 

yfp P 4- B = W. 

Fig. 629 (d) shows the case of B being 
I greater than \V, when a downward force 

® P is required, given by 

% (t» PfW = B. 

Fig. 629.— Equilibrium of immersed The Specific grravity of a substance is 

defined as its weight in air as compared 
wath the weight of an equal volume of pure water, usually taken at a 
temperature of 60° F. 

Let W^ = weight of a given substance in air. 

Wy, — weight of an equal volume of water. 

W 

Then Specific gravity /o = 

VV y! 

W 

and = — 

P 

It therefore follows that we may calculate the buoyancy of a solid 
body wholly immersed in pure water by dividing the weight of the 
body by the specific gravity of its material. This principle may be 
applied to find the specific gravity of a given substance which is 
heavier than water. In Fig. 629 (a), let P be measured by suspending 
the body by means of a fine wire or cord from a balance ; also 
weigh the body in air to find W«. Then 

P + B-W,. 


P + — =w», 


Since (Wg - P) is the apparent loss of weight of the body when 
immersed in water, we may state that the specific gravity of a body Is 
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equal to tbe weight of the body in air divided by Its apparent loss of weight 
when immersed in water. 

Centre of pressure. In Fig. 630 (a) is shown a fiat vertical plate 
immersed in a liquid. R is the resultant pressure acting on one 
side of the plate and passes through a point C, which is defined as 
the centre of pre£«nre. The position vertically of C may be found 


Fig. 630.— Centre of pressure. 

by taking moments about OX, the line in which the plate produced 
cuts the surface of the liquid. Considering a small area a at a depth 
y, we have Pressure on .2 — 7ray, 

Moment of this pressure = 

Integration of this will give the total moment. Thus, 

Total moment = 7 £jl'ay^, 

Now Say^ is the second moment of area or moment of inertia 
(p. T45) of the surface of the plate about OX and may be written 
lox or where A is the areja of the plate and ^ is the radius of 
gyration about OX. Hence, 

Total moment = (i) 

Again, if D be the depth of the centre of pressure, 

R = 7£^AY 

and Moment of R = 7f/AYD (2) 

Hence, from (i) and (2), 

7£/AYI) = 7£/A^^^ 

or = Y (3) 

Both and Y should be taken in foot units, when D will be in the 
same units. 

The case of an inclined surface is shown in Fig. 630 (^). If <f> is 
the angle of inclination to the horizontal, it may be shown that 

D = sin2<^~ , 




(4) 
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where k is the radius of gyration about OX, the line in which the 
plate cuts the surface of the water, and Y is the vertical depth of 
the centre of area. 

In practical examples, usually the position of C horizontally nmy 
be easily determined from the symmetry of the plate. 

Example. A dock gate is 6o feet wide and has water on one side to a 
depth of 24 feet. Find the centre of pressure. 


Let 

^=the breadth of the wetted surface. 


the depth „ 

>» 

Then 

Iox= — — ; .. 



3 3 

3 

Also^ 

Y=f; 

^ d 

Y“y • 2 

== X 24 = 1 6 feet. 



The centre of pressure is therefore at a depth of i6 feet, and Ues isi 
the central vertical of the gate. 

Stability of a floating body. A body floating at rest in a still 
liquid will be in etahle equlUbrium when, if rotated through a small 
vertical angle, it experiences a resultant couple tending to return it to 



the original position ; the equilibrium will be nnstable if the resultant 
couple has a moment tending to increase the angle of rotation. In 
Figs. 631 (a) and (/') are shown floating bodies which have been 
disturbed slightly from their positions of equilibrium ; the weight, in 
each case, is a vertical force W, acting through the centre of gravity G ; 
the buoyancy in each case is a vertical force R = W, acting through 
the centre of buoyancy B. It will be observed that in Fig. 631 (a) a 
couple is formed by R and W tending to restore the body to its 
original position ; the equilibrium in the original position is therefore 
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stable. In Fig. 631 (^) the couple tends to increase the angle through 
which the body has been turned, and the equilibrium in the original 
position is therefore unstable. A floating ball would be in neutral 
equilibrium. 

It will be noticed that the line of R cuts the original vertical 
through G in a point M, which lies above G in Fig 631 (a) and below 
G in Fig. 631 (If), Clearly the sense of rotation of the couple formed 
by R and W is determined by consideration of the position of M above 
or below G ; the couple will be of rightlxig: moment if M is above G, 
and of upsetting moment if M is below G. The point M is called 
the metaoentre. The metacentre is of importance in calculations 
regarding the stability of ships ; generally the naval architect finds 
the metacentre for transverse angles of displacement, which affects 
questions of the ship rolling, and also the metacentre for longitudinal 
angles of displacement, which affects questions of the ship pitching. 

In Fig. 632, G is the centre of gravity and B is the centre of 
buoyancy of a body floating at 

rest in still water, G and B 'r ^ 

must fall in the same vertical, ‘ 

and the conditions of equili- 
brium are satisfied by the re- 
sultant water pressure R being 
equal to W, the weight of the 
body, both forces falling in 
the same straight line BG. 

To test for stability, the body 
"is rotated through a very 
small angle 0, which, in order 
to avoid complication in the 
figure, has been secured by 
rotating the water plane from 
its original position alf into 
the position ab\ G will remain 
unaltered in position, and B 
will move to B' in consequence 
of the body now being immersed 
deeper on the right-hand side. 

I'he weight of the body is now 
VV' = W and acts throTigh G in 
a direction perpendicular to 

db J the resultant pressure of ir,G. 632.— Metacentric height for a floating vessel. 

the water will be R »*-W' = W, 

acting through B' and also perpendicular to ab\ R' produced cuts 
BG produced in the metacentre M. 
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As we assume that W' and W are equal, it follows that the weight 
of the wedge bCb\ which has been added to the volume of water 
displaced, must be equal to that of the wedge aQd^ which has been 
taken away. In the plan of the plane of flotation ab (Fig. 632), 
small areas a and d trace out arcs / and V as seen in the elevation. 


Volume swept by a=^aL 

y'\ 

Now, - — ^ ; 

/ — xd. 

Hence, Volume swept by <2 axO, 

Weight of ih\&==^zvax 6 , (i) 

w being the weight of the water per cubic unit 

The total weight of both wedges must be zero from what has been 
said, and may be obtained by integrating (i) over the whole plane 
of flotation. 

Total weight of wedges = = 0. 

Hence, ^ax = 0. 

This shows that the axis CZ in the plan must pass through the 
centre of area of the plane of flotation. 

The resultant effect of the altered dis^ribution of displacement 
will be found by calculating the total moment of weight of both 
wedges about CZ. 

From (i), Weight of the small volume —zvBax, 

Moment of this about CZ = wBax^. 

Total moment of both wedges = wd^ax^ 

= ZvB\q2^ (^) 

In this result, Icz is the second moment of area of the plane of 
flotation about CZ 

Now, if -R' be brought back to its original position R, we see that 
the effect of the altered distribution of displacement will be the 
couple, of moment R x BB', which must be supplied in consequence 
of the shift. 

Moment of couple = R x BB' — W x BB'. 

XT 

Now, ^^^ 6 ; 


moment oi couple = W x 0 x BM. 
Hence, from {2) and (3), 

Wx6'xBM = a;0Iczj 

wIqz 


BM = 


W 


(3) 

.(4) 
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Let V « volume of water displaced by the body. 
Then W-a/V, 



Substituting in (4), we have 

= ( 5 ) 

Writing AAlz for Icz, wc obtain a well-known equation for BM, 

= ( 6 ) 

From Fig. 632, we have 

BM = BG + GM. 

GM will be positive if M falls above G, in which case we have 
stable equilibrium ; the equilibrium will be unstable if G falls below 
M, leading to a negative value of GM. 

It will be noticed that the completion of the calculation depends 
on a knowledge of the position of the centre of gravity of the body. 
In the case of a body of simple outline and homogeneous in structure, 
this point is determined easily, but, in the case of a ship, is obtained 
only by long and laborious calculation. The calculations for 
Akcz and for V required in equation (6), and also for the j:)osition of 
B, are carried out easily for a ship-shape body, and the result may be 
applied to the finished ship in an experimental determination of the 
centre of gravity. 'Fhis is effected by moving weights on board so as 
to produce a small angle of heel, which is measurt'd carefully by 
means of long plumb lines suspended in the holds. From a 
'knowledge of the positions of M and B, together with the moment of 
the weights which have been moved and the angle of heel produced 
by this movement, the position of G is calculated easily. T hus, 
referring to Fig. 632, let the line of W' cut BB' in N and draw GQ 
perpendicular to B'M. 

Let w = the weight moved, in tons. 

d- the distance through which the weight is moved, in feet. 
^ = the angle of heel produced by moving «/, in radians. 

Then Capsizing moment due to moving w^wd ton-feet. 

Righting moment = R' x B'N 
= WxGQ 
=WxGMxa 
WxGM x^ = rM 
ivd 


Hence, 
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ITie author is indebted to Mr. E. L. Attwood, Member of the 
Royal Corps of Naval Constructors, for the following example of a 
recent inclining experiment on a large ship. 


Example. Draught of ship, forward, 24' 4''. 

Draught of ship, aft, 26' 2^". 

These dimensions correspond to a displacement of 15,357 tons, and a 
position of the transverse metacentre of 676 feet above the load water- 
line of the ship. 100 tons of ballast was used, arranged on the upper 
deck, in four lots of 25 tons each. The following measurements were 
taken by means of pendulums 20 feet in length, one forward, one aft : 


Wwght moved, 
tons. 

Distance 

moved, 

feet. 

Direction of movement. 

Deflections of pendulum.s, 
in inches. 

Forward. 

Aft. 

25 

62 

Port to Starboard 

7-9 

81 

50 

62 


157 

1 5-8 

25 

6? 

Starboard to port 

8-0 

80 

50 

62 


15.6 

15*6 


Taking the mean of these gives a deflection of 15*84" for a shift 
50 tons through 62 feet. Hence, 


GM = 


wd 

We 


oi 


50x62 


15,357 X 
= 3-o 6 foet. 


240 


The centre of gravity of the ship is therefore (6* 76 — 3*06) =37 feet 
above the load water-line. 


Retaining wall for water. Referring to Fig. 633, ABCD is the 
section of a wall subjected to water pressure on its vertical face AB. 
In considering the stability of the wall, a portion one foot in length 
may be taken. For the simple trai)ezoidal section of wall illustrated, 
the weight may be calculated easily. I'hus, 

W = 7V H lb., 

where w is the weight of the material in lb. per cubic foot. H is the 
height of the wall, and AD and BC are the thicknesses at the top and 
bottom respectively, all in foot units. 

The centre of gravity of the wall section may be found by applica- 
tion of the following graphical method. Bisect AD in a and also 
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BC in b ; then G lies in ab. Make Kc and Cd equal to BC and AD 
respectively, and join cd cutting ab in G. 

If the reservoir is empty, the point w, in which the line of W cuts 
the base BC, will be the centre of pressure of the base of the wall, 

o n A r 




Fio. 633,— Stability of a reservoir wall. 

and the pressure on the base will be owing to W only, and hence 
will be entirely normal to the base. To find the pressure on the 
base and the centre of pressure when the reservoir is full, proceed as 
follows : 

Total water pressure on the wall = P = wAY (p. 567) 

2 ’ 

where w is the weight of the water in lb. per cubic foot. P will act 
at feet from B (p. 572), and will meet the line of W at/ Con- 
struct the parallelogram of forces fgkh for P and W acting at / thus 
finding the resultant pressure R on the wall base. R intersects BC 
at /2, thus giving the centre of pressure of the base for the case of the 
reservoir being full. It is taken usually that the wall will be safe if 
both m and n fall within the middle third of the base. 

Every horizontal section of the wail will have a centre of pressure 
lor the reservoir empty and another for reservoir full. If these 
centres be found, curves joining them may be drawn and give the 
lines of pressure for the wall. Fig. 634 shows how the construction 
may be carried out for sections 22', 33' and 44'. Pj is the total 
water pressure on the whole wall, P2, P3 and P^ are the pressures 
respectively for the portions lying above 22', 33' and 44. the 

D.M. 
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total weight, and Wg, Wg and are the weights corresponding to 
Pg, Pg and P4. The centres of gravity Gj, Gg, Gg and G4 are found 



P, C n, b 


FiC. 634. —Lines of pressure for a reservoir wall. 


as before, and the lines of weight passing vertically through them 


give Wj, ^3 pressure for reservoir empty. 


D u a s A 



FlO* 635.— Lines of fn«ssure, reservoir full and empty. 


Ri of Pj and Wj is found by 
means f>f the triangle of 
forces, and a line drawn from 
the point of intersection of 
P, and Wj parallel to R^, and 
cutting BC in gives a point 
on the line of pressure for 
reservoir full. 'Phe triangles 
of forces for the remaining 
forces are shown, and enable 
points «2> ^3 ^4 be 

found similarly. The lines 
of pressure have been drawn 
separately in Fig. 635 for the 
sake of clearness. In Fig. 635 
uv and st inclose the middle 
thirds of all sections, and the 
lines of pressure an-^ and anii 
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fall throughout within the middle thirds. The student will note that 
the upper ends of the lines of pressure bisect AD in a. 

Work done by a fluid under pressure. Work may be done by a 
fluid} either liquid or gaseous, by allowing it to exert pressure on a 
piston which may move in a cylinder. In 
Fig. 636, 

Let D = the diameter of the cylinder, 
in feet. 

L == the length of the stroke, in feet. 

P = the pressure of the fluid, in 

lb. per square foot. 636.— Work done by a fluid. 

Then, if a liquid be employed, owing to the absence of any 
expansive property, the pressure P must be maintained by continuous 
admission of liquid to the cylinder. The work done while the piston 
moves from A to B will be 

Work done — P x — - x L foot-lb 
4 

rD^ 

Now ■ L IS the volume swept by the piston, and also represents 

the volume of liquid admitted in cubic feet ; writing this volume V, 
we have Work done = PV foot-lb. 



This expression also applies to the case of a gas supplied under 
constant pressure throughout the stroke. 

Fig. 637 shows in outline a hydraulic engine using water as the 


working fluid. There are three cylinders, A, B and C, arranged 



at angles of 120“; the water 
pressure acts on one side of 
the pistons only, and all the 
pistons are connected to a 
single crank DE. The arrange- 
ment produces a fairly uniform 
turning moment. In engines 
of this type, as the cylinders 
must be filled completely with 
water during each stroke, the 
efficiency will fall very rapidly 
unless the demand for power 


Fig. 637*— Three cylinder hydiauhc engme. maintained Steadily at itS 


maximum amount. Otherwise, devices may be applied by means 


of which the capacity of the engine may be reduced when a 
diminished demand for power occurs. These devices usually take 
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the form ©f having the crank of variable throw ; the strokes of the 
pistons will then vary to correspond. The crank adjustment may be 
effected either by means of a governor or by means of an automatic 
spring coupling between the engine and the machine to be driven. 

If a gas is used in the cylinder in Fig. 636, advantage may be 
taken of its expansive property by cutting off the supply after the 
piston has moved a short distance and allowing the remainder of the 
stroke to be completed under the continually diminishing pressure of 

the gas. In Fig. 638 is plotted 
^ ^ curve AB, showing the relation 

I x. of pressure (vertical) and volume 

f> (horizontal) while a gas is ex- 

I ^ pan ding and doing work. Usually 

! , T the law of the curve AB takes 

j ! - : ^ the form 

^ I V >lr I r ^ _ t >lr 

* j j P V» = a constant, 

V ---^r^T^Sv where P is the pressure of the gas 

„ ^ in lb. per square foot measured 

Fig. 638.— Work done by an expanding gas. * * i • i • i 

from zero. On this basis the 
pressure of the atmosphere is about 14-7 lb. per square inch or 
2116 lb. per square foot, V is the volume in cubic feet, is an 
index which dep^^nds on the conditions under which the expansion is 
performed. If the temperature is preserved con.stant, then Boyle's 
law is being followed, « is unity, and the expansion law will be 

PV = a constant ; 
n usually lies between i and 1*5. 

The work done may be found from the area of the diagram under 
AB in Fig. 638. Thus, assuming Boyle's law to be followed and 
taking a narrow strip EF, for which the pressure is P, the volume V 
and the increase in volume represented by the breadth of the strip is 
8V, we have 

Area of the strip = P. SV. 

Now, from Boyle's law, PV = PiV^ ; 

. . 1 — y 


Fig. 638.— Work done by an expanding gas. 


Area of the strip = PiV^ 

Total area under AB = PjV^ I -y j 




work done == PiVj logc ^ foot-lb. 


Hence, 
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If the expansion law is PV“=a constant, we have, in the sane 
manner : Area of the strin = P . SV. 

Also, PV« = PjVj« 

P V 
p — ^1^1 
yn 

Hence, Area of the strip = — • 

Total area under AB = P, V," f ^ 

' ' Jv.V- 

.-I * ) 

( V — V i-«\ 

Remembering that PlVl« = P2V2^ the above becomes, by multi- 
plication, P V - P V 

Work done - ii-V- -^2^2 


foot-lb. 


Hydraulic transmission of energy. In Fig. 639 A and C are two 
cylinders charged fully with water, and connected by a pipe E. 
B and 1 ) are plungers or rams fitted to cylinders, 
and carrying loads P and W. Owing to the 
practical incompressibility of water, any descent 
of B will produce an ascent of D, and hence work 
done on P may be transmitted by the medium of ^ 
the moving water under pressure, and be given 
out in the form of work done on W. The con- 
necting pipe E may be of any length. In practice, 

A represents a set of power-driven pumps, which supply water under 
a pressure of 700 to 1000 lb, per square inch. A pipe system distri- 
butes the water over the district to be supplied, and D may be taken 
to represent one of the machines to be operated. The principal 
appliances required in a hydraulic power distribution plant are 
shown diagram matically in Fig. 640. A is one of the power-driven 
pumps supplying water to the pipe line BC, A safety valve is placed 
at D. E is an accumulator consisting of a large cylinder fitted with 
a loaded ram, and connected to the pipe line; its function is to 
absorb energy by raising the weight if the machines are stopped and 
the pumps are still working ; it also assists in preserving a steady 
pressure of water. A stop valve F is under the control of the 
consumer, and another safety valve is placed at G in order to guard 
against damage to his pipes and machines. H, H represent two of 
the machines being driven; each is fitted with a control valve K, 
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K, for the use of the operator. Usually the exhaust water from the 
machines is collected and passed through a meter, where it is 
measured for the purposes of charging for power. 







I; 


Ok 


Fig. 640. — Diagram of a hydraulic installation. 

Referring again to Fig. 639, let and be the diameter of B and 
D respectively in inches, and let / be the water pressure in lb. per 
square inch ; also let W and P be measured in lb. Then, neglecting 

friction : 2 

P = - - 

4 


Hence, 


W = ’L^/. 

4 

P d^' 


This gives the mechanical advantage of the arrangement neglecting 
friction. If P descends one inch, then the volume of water delivered 

“vd ^ 

from A into C will be cubic inches. accommodate this 

4 

volume in C, D will rise a height ^ inches say, and the additional 


volume in D will be 
Hence, 


A cubic inches. 

rrdo^ , 

h = — 

4 4 

d^^ 


Now I -5-^ is the velocity ratio of the arrangement. Hence, 

. . ^ 

Velocity ratio = ^ 






hydraulic machinery 


533 


Coniparison of these results shows that in this hydraulic arrange- 
nient, as in other machines, the mechanical advantage when friction 
is neglected is equal to the velocity ratio 
(p. 32^)* The resistance VV, which may be 
overcome by the ram I) in this arrangement, ff ^ 

may be very large if the ram is made of i fQX J * 

sufficient diameter. For example, a ram 
lo inches in diameter, and supplied with \ 

water at 700 lb. per square inch, will exert a 
total force of about 24} tons. The principle ^ | 

is made use of in hydraulic presses, forging ^ li— 

and other machines, ^ * if ^ 

Some examples of hydraulic machinery. ^ f*" 

The cylinder for a hydrauUo Ufb is shown in ^ ^ 

some detail in Fig. 641. The ram passes $ 5 

through a stuffing box in the lower end of ^ 5 

the cylinder, and carries two pulleys mounted ^ $ 

on its end and both running on the same ^ ^ $ 

spindle. Another pulley is placed on the top ^ ^ $ 

end of the cylinder. The wire rope used for q 1 ^ 5 

hoisting the cage is attached to a fixed point I ^ J 

at A, and is led round the pulleys, as shown, 1 ^ ^ I 

before being taken away at H to the cage. 1 I 

The object is to multiply the comparatively \ m ml 
small movement of the ram into the larger I I 

travel required for the cage. The same type 1 I 

of cylinder is made use of in hydraulic cranes. I L — . j I 

Some types of leather 1 j 

paokliig are shown in | ^ s. 
nQ iIk (a) Fi^^- 642- {a) is a U- \/ \ \ \ 

leather, used for keeping I f j 

water-tight rams of fairly \V JJ 

R ’ ' large diameter ; the 
^ ^ water may enter the Fig. 641.— Cyjinder for 

hollow interior of the U, hydraulic uft. 

and presses the leather outwards against the 
LJ wall of the recess and also against the ram. 

Fig. 64a.— Tj^es of leather In {[f) is shown a hat leather, used for sliding 
pac ing. plungers and rods ; (c) is a cup leather, used 

for pistons in cases where the water actr on one side of the piston 
only. 
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A simple hytlraulic aconmnlator is illustrated in Fig. 643. The ram 
A is fixed to the base plate, and the cylinder B is loaded with a 
number of cast-iron plates and may move vertically. A tail rod C is 
fixed to the cylinder, and serves as a guide. Water enters the 
cylinder by way of an axial hole bored through the ram. When the 
cylinder is nearing the top of its lift, it raises the end D of the lever 
DE ; the movement of this lever is transmitted to the belt-striking 



Fig. 643. — Hydraulic accumulator. 

gear on the pump, or to the throttle of the pump engine, and so stops 
the pump. A spring F pulls the levers back to working position 
when permitted by the descent of the accumulator, and so starts the 
pump again. The following simple calculations may be made 
regarding hydraulic accumulators : 

Let ^=the diameter of the ram, in inches. 

p = the water pressure, in lb. per square inch. 

W ^ the total accumulator load, in lb. 

H = the height of lift, in inches. 

Then W ==/ x — lb., neglecting friction- 

4 
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When the accumulator is ‘‘ up,” the volume of water stored will be 

Volume stored = cubic inches. 

4 

Also, Energy stored =WH inch-lb. 

Occasionally it occurs that a hydraulic machine requires a greater 
pressure of water than that supplied in the mains, and an intensiller 
is used in order to secure this. In Fig. 644 a cylinder A has a 
hollow ram B which passes through its right-hand end. A fixed 



Fig. 644. — Hydraulic intensifier. 

hollow ram C passes into the interior of B as shown. Low-pressure 
water is supplied at D, and water of a higher pressure is discharged 
at E. 

Let /i = the lower pressure, in lb. per square inch> 

== ,, higher „ ,, ,, 

= the external diameter of B, in inches. 

= the external diameter of C, in inches. 

Then, neglecting friction, 

Tzd;- 77 ^ 2 ^ 

^4 4 

or 

Pj ^ 2 ^ 

With a ratio of diameters of 2 to i, the supply pressure of 700 lb, 
per square inch may be intensified to 2800 lb. per squ' re inch, 
neglecting friction. Valve arrangements are provided for enabling 
the lower pressure to be used in the machine, and at the moment 
when the higher-pressure water is required, low-pressure water is 
admitted to A in the intensifier, and at the same time the machine is 
connected to E. 

Pumps. Pig. 64s show's a hydraulic pump suitable for supplying 
water for operating hydraulic machines. A cylinder A is fitted with 
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a piston B operated by a plunger rod C. Water enters the cylinder 
at D, and is prevented from flowing back by the suction valve E. 
G is a discharge valve opening to the discharge branch H, and F is a 
passage connecting the right-hand side of the piston to the discharge. 
The valves E and G are cushioned on lifting against rubber discs, 
separated by metal washers ; the piston packing consists of two cup 
leathers. The action is as follows : Suppose the piston to be moving 



Fig. 645 — Hydraulic pump. 


towards the right as shown ; E is open and G is closed. Water will 
flow into the pump through E, and will fill the space vacated by 
the receding piston ; at the same time, the water on the right-hand 
side of the piston is being forced into the discharge pipe through F. 
If the diameters of the piston and of the plunger rod are and 
respectively, and if the stroke is inches, then the volume discharged 
from the right-hand side of the piston during this stroke will be 

cubic inches. 

Now let the piston be moving towards the left ; E will be closed 
and G will open, and the water on the left-hand side of the piston 
will be discharged through G. I'he volume so discharged will be 
d ^ 

cubic inches, but a portion of this only will be sent into the 


discharge pipe, the remainder finding its way through F to the right- 
hand side of the piston ; the amount so passing through F will be 

L cubic inches ; hence the volume discharged from the 

pump during this stroke will be 


= cubic inches. 

4 \ 4 4 / 4 
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The pump is thus double-acting, t.e. water is discharged durii^ both 
strokes. For equality of discharge, we have 

4 4 / 4 ^ 

or 

d\. ~ d^sfi. 

This result may be expressed also by stating that the sectional area 
of the plunger rod should be half that of the piston. 

Pig. 646 illustrates a type of bucket pump used in raising water from 
a lower to a higher level. The piston or bucket is shown ascending, 
and water is passing into the cylinder A 
through B and the suction valve (". The 
water already on the top of the bucket is 
being discharged through the discharge valve 
F and the passage G, During this stroke, the 
bucket valve is closed. On the downward 
stroke, the suction and discharge valves C and 
F both close, and the bucket valve opens, per- 
mitting water to pass from the lower to the 
upper side of the bucket. It is not absolutely 
necessary to have a discharge valve F in this 
type of pump, but, if fitted, it serves as a 
check on the suction valve during the down- 
ward stroke of the bucket. "J'his pump is 
single-acting. 

In Fig. 647 is shown a single-acting plunger 
pump. On the upward stroke of the jdunger 
B, water enters the pump through the suction 
valve C, and is delivered, during the downward 
stroke, through the discharge valve D. E is an air vessel, the 
function of which is to get rid of shocks. Tlie water coming from 
the pump flows partly into the air vessel, during the early part of the 
discharge stroke, and compresses the air contained therein ; during 
the later part of the discharge stroke, and also possibly during part of 
the suction stroke, the pressure of the compressed air drives some 
of the water out of the air vessel into the discharge pipe. The accele- 
ration required to be given to the column of water in the discharge 
pipe in starting it into motion is lowered by the action of the air 
vessel, and hence the force required is also lowered, and shock is 



Fig. — Bucket pump. 
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avoided entirely. The cushion of compressed air is also beneficial 
in quietly closing the discharge valve at the end of the stroke without 
depending on any backward movement of the mass of water in the 
discharge pipe ; thus hammering of the valve is avoided. The air 

i 



Fig. 647.— Boiler feed pump. Fig. 648 -Combined plunger and 

bucket pump. 

vessel should be situated always as close as possible to the discharge 
valve. The type of pump illustrated is much used for forcing the 
feed water into steam boilers. 

Fig. 648 illustrates a combined plunger and bucket pump. During the 
downward stroke, the suction valve C is closed, and the bucket valve 
D is open ; the plunger E is thus operating in discharging water 
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through F. During the upward stroke, the bucket valve D is closed 
and the suction valve C opens. Fresh water thus flows into the 
cylinder A from B, and the water already on the top of the bucket is 
discharged through F. As is the case in the pump shown in 
Fig. 645, the area of the plunger should be one-half that of the 
bucket for equality of discharge on the two strokes. 

Pumps may be placed at some height above the supply water, and 
in this case depend on the pressure of the atmosphere acting on the 
supply water and forcing it up the suction pipe into the partial 
vacuum created by the action of the pump bucket or plunger. The 
maximum possible height through which the atmospheric pressure 
will raise water thus is about 34 feet ; from 25 to 30 feet is the 
greatest practical height. 


EXERCISES ON CHAPTER XXII. 

1 . A rectangular tank is 4 feet long, 3 feet wide and 2 feet deep. 
Find the total pressuies on the bottom, on one side and on one end when 
the tank is full of oil which weighs 50 lb. per cubic foot. 

2 . A tank 10 feet long has a horizontal bottom 4 feet wide. The ends 
if the tank are vertical, and both the sides are inclined at 45® to the 

orizontal. Water is contained to a depth of 6 feet. Find tlie total 
pressures on the bottom, on one side and on one end. Take w—62 5 lb. 
per cubic foot. 

3 . A dock gate is 80 feet wide and has sea water to a depth of 30 feet 
on one side and 9 feet on the other side. Find the total piessure on each 
side of the gate, and show the lines of action. Find also the resultant 
force on the gate, and show its position. Take re/ = 64 lb. per cubic foot. 

4 . A tank is in the form of an inverted cone, 6 feet diameter at the 
top and 4 feet vertical depth. When full of oil having a specific gravity 
0*8, find the weight of the contained oil and the total pressure on the 
curved surface of the tank. 

5 . A rectangular opening in a reservoir wall is 4 feel high and 3 feet 
wide, and has its top edge 20 feet below the water level. Find the total 
water pressure on the door or gate closing the opening, and find also the 
centre of pressure. 

6. A rectangular pontoon 100 feet long and 30 feet wide has a draught 
in fresh water of 8 feet {i.e. the bottom of the pontoon is 8 feet below the 
surface of the water). Find the weight of the pontoon. Supposing the 
weight to remain unaltered and the piontoon to be floating in sea water, 
what will be the draught.^ For fresh water 7 £/ = 62’5, and for sea water 
w — 64 lb. per cubic foot. 

7 . The weight of a submarine is 200 tons, and it lies damaged and 
full of water at the bottom of the sea. Supposing the specific gravity of 
its material to be 7*8, find what total pull must be exerted by the lifting 
chains in order to raise the vessel from the bottom. Take «/=64 lb. per 
cubic foot. 
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8 . For the pontoon in Question 6, when floating in fresh water, find 
the heights of the transverse and longitudinal metacentres above the 
centre of buoyancy. 

9 . The pontoon in Question 8 carries a crane, and is hoisting a load 
whicli produces a transverse capsizing moment of 200 ton-feet. Calculate 
the angle of heel. It maybe assumed that the centre of gravity of the 
complete pontoon is 0-5 foot below the surface level of the fresh water. 

10 . A retaining wall fijr water is triangular in section and has the 
wetted surface vertical. The height is 30 feet and the breadth of the 
base is 25 feet. Fresh water has its surface level 3 feet below the top of 
the wall. The weight of the material is 140 lb. per cubic foot. Take one 
foot length of wall and find the resultant force acting on the base. 
Answer the same if the reservoir is empty. Do these forces fall within 
the middle third of the base ? 

11 . Answer Question 10 for sections at 3 feet, 10 feet and 20 feet from 
the top of the wall, using graphical methods so far as is possible. Plot 
the lines of pressure for the reservoir full and empty. 

12 . Water is supplied by a hydraulic company at a pressure of 700 lb. 
per square inch, and is charged at the rate of 18 pence per thousand 
gallons. How much water must be used in an hour to obtain one horse- 
power, and what would be the cost? Neglect waste. 

13 . A single-acting hydraulic engine has three ram'>, each 3J inches 
diameter by 6 inches stroke. The eflective mean water pressure on the 
rams is 120 lb. per square inch, and the engine runs at 90 revolutions per 
minute. Neglect all sources of waste and calculate the horse-power. If 
the efficiency is 65 per cent., what is the useful horse-power? 

14 . 2 cubic feet of air at an absolute pressure of 80 lb. per square inch 
are expanded in a cylinder until the volume is 5 cubic feet. Assuming 
that the law PV = a constant is obeyed, calculate what work is done. 

15 . Answer Question 14 if the law of expansion is PV^'‘‘^ = a constant. 

16 . A hydraulic accumulator has a ram 7 inches in diameter and the 
lift is 12 feet. If the water pres.sure is to be 700 lb. per square inch, find 
the weight required. How much water is stored when the accumulator is 
up ? Find also the energy stored. 

17 . In the hydraulic; lift cylinder shown in Fig. 641, find the velocity 
ratio if there are three rope pulleys on the ram end and two pulleys on 
the cylinder top. Suppose the ram to be 4 inches diameter and that the 
water pressure is yoo lb. per square inch, and calculate the pull on tlie 
cage rope, neglecting frictional waste, W’hat is the ]3ull if the total 
efficiency is 65 per cent. ? What stroke of ram is required for a total cage 
lift of 60 feet ? 

18 . A hydraulic pump, similar to that shown in Fig. 645, has a piston 
4-25 inches and a plunger rod of 3 inches in diameter ; the stroke is 
18 inches. If the pump makes 60 double strokes per minute, how much 
water will be delivered, neglecting waste ? If the water pressure is 750 lb. 
per square inch, find the force which must be applied to the rod («) when 
the piston is moving towards the valves, {b) when the piston is moving in 
the contrary direction, assuming the pressure on the suction side to be 
15 lb. per square inch. Neglect friction. 
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19 . A bucket pump (Fig. 646) has to raise 400 gallons of water per 
minute to a height of 30 feet. If the pump makes 30 double strokes (one 
up and one down) per minute, and if the length of the stroke is 1*5 times 
the diameter of the bucket, find the stroke and the bucket diameter, 
neglecting waste. Calculate the useful work done per minute, and, if the 
efficiency is 60 per cent., find the horse-power required. 

20 . A boiler feed pump has a plunger 3 inches in diameter. The 
delivery pipe leading to the boiler is 40 feet in length and 3 inches in 
diameter. The pressure in the boiler is 100 lb. per square inch. There 
is no air vessel. Supposing that the acceleration of the plunger at the 
beginning of the stroke (the water in the delivery pipe being then at rest) 
to be 90 feet per second per second, what total force must be exerted by 
the plunger in order to start the water into motion ? If a perfect-acting 
air vessel were fitted, what total force would be required ? 

21 . In finding the total force in the axial direction which a fluid 

exercises upon a piston or ram, we calculate from the cross section of the 
cylinder or ram ; why is the actual shape of the face of the piston or end 
of the ram of no importance ? (B.E.) 

22 . A vertical flap closes the end of a pipe 2 feet in diameter ; the 

pressure at the centre of the pipe is equal to a head of 10 feet of water. 
Find the total pressure on the valve in pounds. (You may neglect the 
atmospheric pressure.) (B.E.) 

23 . The ram of a vertical accumulator is 4 inches in diameter ; the 

cylinder is 6 inches in internal diameter and 50 feet high. The ram 
carries a total load of 5 tons. Find the water pressure, in lb. per square 
inch, at the top and bottom of the cylinder. (B.E.) 

24 . Determine the depth from the surface of the centre of pressure on 
a rectangular sluice valve, 6 feet long and 3 feet wide. The centre of the 
valve is at a depth of 8 feet below the suiface of the wate», and the valve 
lies in a plane inclined at an angle of 30 degrees to the horizontal, with 
one of the long edges of the valve parallel to the suiface of the water. 

(B.E.) 

25 . A horizontal channel of V section, whose sides are inclined at 43“, 

is closed at the end by a vertical partition. The water-surface has a 
width of 4 feet, and consequently a maximum depth of 2 feet. Calculate 
the total hydrostatic pressure upon the partition and the height of the 
centre of pressure. (I.C.E.) 

26 . Define metacentric height. A vessel has a length of 150 feet 
between perpendiculars and a beam of 38 feet. The mean load draft in 
sea water is ii feet, and the coefficient of fineness, or ratio between the 
product of length, breadth and draft and the displacement volume is 0-47. 
The second moment of the load water-plane about its fore and aft axis is 
63 per cent, of the moment of the circumscribing rectangle about the 
same axis. The centre of buoyancy is situated 3*95 feet below the water- 
line. If the transverse metacentric height is to be limited to 3-62 feet, 
determine the distance from the centre of gravity to the water-line. 

(L.U.) 

27 . A masonry dam with vertical water face is 20 feet high and 13 feet 

wide at the bottom, sloping gradually till it is 6 feet wide at the top. The 
water reaches 2 feet from the top. Draw the line of thrust throughout the 
dam. Specific gravity of masonry, 2*25. (L.U.) 



CHAPTER XXIIL 

HYDRAULICS. FLOW OF FLUIDS. 

Fluid friction. We have seen already that there can be no friction 
in any fluid at rest ; considerable frictional resistances exist, however, 
when the fluid is in motion. For liquids, the laws of fluid friotloii, as 
deduced from experimental evidence, have been mentioned in 
Chap. XV., and are stated again for reference as follows : 

(a) The resistance is proportional to the extent of the surface 
wetted by the liquid. 

(/>) The resistance is indei)endent of the material of which the 
boundary is made, but depends on the roughness of its surface. 

(r) The resistance is independent of the pressure to which the 
licluid is subjected. 

(d) Rise of temperature of the liquid diminishes the resistance. 

(e) At slow speeds the resistance is very small. 

(/) Below a certain critical speed, the resistance is proportional to 
the speed ; at speeds above this, the resistance is proporiional to some 
power, approximately the square, of the speed. 

The critical speed depends on the litjuid used and its temperature. 
Below this speed the motion of the liquid is steady, the particles 
moving in stream lines ; above it, the liquid breaks up into eddies. 
As the flow of water is the most important case in practice, we will 
confine attention to this liquid. 

Kinds of energy of flowing water. Neglecting effects due to 
changes of temperature and of volume, we may state that the total 
energy of a particle of water is made up of (a) potential energy, 
(d) pressure energy, (r) kinetic energy. The potential energy will 
be proportional to the elevation of the particle above some datum 
level ; the kinetic energy will be proportional to the square of the 
velocity of the particle. The pressure energy requires some fuller 
explanation. 
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In Fig. 649 is shown a cylinder fitted with a piston and supplied 
with water from an overhead tank, in which the level is maintained 
constant. If the piston is allowed to move outwards slowly, work 
will be done by the water pressure on the 
piston overcoming the external resistance 
acting on the other side of the piston or on 
the piston rod. 

Let P = fluid stress on piston, in lb. per 
square foot. 

A = area of piston, in square feet. 

L = the distance piston is moved, in 

feet. Fig. 649.— Pressure energy of 

Then Work done = PAL foot-lb. 

In performing this work, a volume AL cubic feet of water has been 
admitted to the cylinder, and the work has been done at the expense 
of the energy of this water. The w'ork done per cubic foot of water 
may be found by dividing the above result by AL, giving 
Work done per cubic foot of water = P foot-lb. 

Let = weight of one cubic foot of water in lb. 

Then = volume of one lb. of water. 

Hence, Work done per lb. of water = ^ foot-lb. 

It has been assumed that there has been no wri.'te of energy ; 
therefore — represents the whole energy available in one pound of 

water due to its pressure. We may say therefore that water at rest 
and under pressure possesses energy due to its pressure to the 

p 

amount of - - foot-lb. per pound of water. 

Transfonnations of energy in flowing water. In Fig. 650 is 

shown tw^o tanks at different levels, and connected by a pipe so 
that water may flow from the upper into the lower tank. OX is 
an arbitrary datum level. Considering a pound of water at A and 
assuming it to be at rest, there will be no kinetic energy ; it will, 
however, possess foot-lb. of potential energy owing to its elevation 
Ha feet above OX The water, being exposed to atmospheric 
pressure P® lb. per square foot, will also possess pressure energy to 

the amount of — foot-lb. per pound. Hence, 
w 

Total energy at A - ft.-lb. per lb. of water. 

V 



X>,M. 
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It is reasonable to suppose that the t>ulk of the water in the upper 
tank is at rest, only a portion near the pipe entrance, mapped out 
by the dotted curve abc (Fig. 650), will possess any considerable 
velocity. Hence, at B, a pound of water will have potential energy 

P 

Hb foot-lb., together with pressure energy foot-lb. owing to its 
absolute pressure Pb lb. per square foot. Therefore, 

Total energy at B = + ft-lb. per lb. of water. 



Consider now' a pound of w'ater at C, having acquired a velocity of 
Vc feet per second, under pressure Pc lb. per square foot and at an 
elevation He above OX. 'Phe total energy will be given by 

( P V 

Hc+ '^ '2^) ft.-lb. per lb. of water. 


In the same way, a pound of whaler at D will have a total energy 
given by 

Total energy at D - ft.-lb. per lb. of water. 


At the surface level E in the lower tank, the w^atcr may be assumed 
to be at rest again, and also exposed to atmospheric pressure. The 
total energy here will be 


Total energy at E = ^H^ + 


•“) 
w ) 


ft.-lb. per lb. of water. 


We may now trace the transformations of energy which have taken 
place during the passage of the water from A to E. It may be 
assumed that a pound of water moves from A to B very slowly, and 
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arrives without any appreciable diminution of energy, since the 
frictional resistances will be very small. Hence, 

Total energy at A = total energy at B, 

or + = + 

7V W 


The water has given up potential energy represented by (H^ - Hb) 
ft. -lb. per pound, and has acquired an equal amount of pressure energy 
/P P \ 

given by f — - ~ J ft. -lb. per pound. 

During the passage from B to C, considerable velocity has been 
acquired, and hence the frictional resistance will produce* correspond- 
ing waste of energy. In passing along the pipe from C to D there 
will be further frictional waste of energy. If these sources of waste 
be disregarded we may apply the principle of the conservation of 
energy in asserting that the total energies at B, C and D are equal. 
Hence, 

Total energy at C = total energy at D, 


or 



2S w 2g 


,.(l) 


This equation is the algebraic expression of Bernoulli's law, which 
asserts that if there he no waste of energy, the total energy of water flowing 
from one place to another remains constant. Calculations may be made 
on this assumption, and then corrections can be applied in order to 
account for known sources of waste. 

Referring again to Fig, 650, the w^ater leaving the pipe and entering 
the lower tank will produce surging of the water in this tank, accom- 
panied by a considerable waste of energy. The total waste of energy 
in the complete passage from A to E may be estimated by taking the 
difference in total energies at these places. Thus, 

Total waste of energy = ^Ha + -H 

= (Ha - He) ft.-lb. per lb. of water. 

It will be noted that (H^ - He) is simply the difference in surface 
levels of the w'ater in the two tanks, H feet say (Fig. 650). Hence, in 
the case before us, the total waste of energy per pound of water is 
represented by H foot-lb. 

Venturi water meter. In Fig. 651 is shown a straight horizontal 
pipe, which converges from A to B and then enlarges again between 
B and C. As the pipe is horizontal, there will be no change in the 
potential energy of the water flowing through it ^ there will, however* 
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be interchanges of pressure and kinetic energies, and if pressure 
gauges be fitted as shown so that the pressure heads may be measured, 
it is possible to calculate the velocity of flow, and hence the quantity 
of water flowing, from a knowledge of the pipe diameters. 



The same quantity of water, Q cubic feet, will pass all sections of 
the pipe per second. If the sectional areas be A^, Ag and A^ square 
feet at A, B and C respectively, and if the velocities and Vq be 

measured in feet per second, we have 

Q ~ A I = ~ ^ 3^3 (^) 

Applying Bernoulli’s law and neglecting any frictional waste, we 
have ^,2 y . 2 « , 2 

(2^ 




" 2 ^ " 

Hi, H2 and Hjj being the pressure heads in feet. 

If the pipe diameters at A and C are equal, as is usually the case, 
and €^3 will be equal, and Hi and Hg will also be equal, neglecting 
friction. Using the first two terms of (2), 




I 2 _ . 


2ir 


From (i), 


Hence, 


or 


^^2 






2^ 




2 

1 > 


(a/-a/)’ 

Aq 


Q = t-iAj 


sec. 


‘•(3) 


Now 
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Practically, the quantity flowing differs somewhat from the result 
calculated from equation (3). A coefficient, the value of which is 
approximately 0*98, may be used for multiplying the right-hand 
side of (3). Small Venturi meters used in laboratories for testing 
purposes usually require calibration, especially for low heads and 
velocities. 

Steady motion. Steady motion of a fluid may be defined as that 
state of motion when all particles passing through any fixed point 
arrive at the point with the same velocity, both as regards magnitude 
and direction. I'hus, in steady motion, the particles will be 
travelling in lines or filaments either straight or curved, these 
filaments being called stream lines. For example, if a fine jet of 
coloured water be injected into a mass of water moving with steady 
motion, the coloured water will follow the stream line which passes 


through the point of injection, and will 
move unbroken through the mass of 
water, giving a coloured band which 
will be straight or curved depending on 
the circumstances of the flow, but will 
appear to remain fixed in position. 

A fluid can only move in straight 
stream lines providc^d there is no resul- 
tant force acting on the boundary of 
the filament in a direction perpendicular 



to that of the motion of the filament. Fig. 652.— Transverse pressures on 

, curved stream lines. 

Any such force will produce a change in 

the direction cf the motion, and the path of the filament will be 
curved, the resultant force being found on the convex side of the 


filament (Fig. 6^2). 

In a mass of fluid moving in curved stream lines, each stream 
line communicates pressures to the adjacent stream lines and is 
itself reacted on. As the concave side of any stream line is in 
contact with the convex side of the adjacent stream line, the pressure 
on the concave side ab of the first will be equal to that on the convex 
side ab of the second; let this pressure Dc p (Fig. 652 (a)). The 
pressure on the concave side cd will be less than p by an amount 
and that on (?/will be greater than / by another small amount 8/. 
Applying the same reasoning to all stream lines in a body of fluid 
moving steadily in a curved path (Fig. 652 (^)), we see that the 
pressure p^ on the convex boundary ab will diminish gradually across 
tlie stream, attaining a lower value ^2 concave boundary cd. 
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Discharge from an orihce. One of the simplest cases of the flow of 
water is found in a jet discharged through a small sharp*edged circular 

hole in a thin plate. In Fig. 653 
such a hole is formed in the 
vertical side of a tank, WL being 
the free surface level, giving a 
steady head H feet over the 
orifice de. OX may be taken 
as a datum level. At A, a pound 
of water being at rest will have 
a total energy given by 
Pa 





IV 


(0 


Fig. 


653. — Discharge through 
orifice. 


a shar pledged 


Pa being, as before, the atmo- 
spheric pressure in lb. per square 
foot, and w the weight of the 
water in lb. per cubic foot. 
Passing to a point B on the same level as the centre of the orifice, 
some of the potential energy posse.ssed at A will have been converted 
into pressure energy, giving a total energy at B of 


w 


(2) 


As the motion of a particle passing from A to B will be very 
slow, it is reasonable to suppose that frictional losses may be 
disregarded. Hence, Ea=Eb 


or 


H 


Again, 


Is 

w 


= H 


Lb. 

7V' 

Fa + zv¥L ; 


Ha + ^^ = Hb + — +H, 

W 7V 


or (3) 

This equation simply expresses the fact that the superatmospheric 
pressure head at B is H. 

Assuming that the motion inside the region of important velocity, 
abc^ is stream line, we may state that a particle situated at level 
with the centre of the orifice, will move along a straight horizontal 
stream line and so pass out ; particles crossing the boundary ahc at 
other points will approach the orifice in curved stream lines. Clearly 
the sharp edges of the orifice de cannot produce a sudden change in 
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the direction of any stream line ; hence the curvature will be main- 
tained for some distance after the plane of the orifice has been 
passed. This leads to contraction of the issuing jet, and such 
contraction will not be complete until a section CD has been 
reached ; this section is called the contracted vein. 

In the body of water between de and CD, the stream lines are 
convex towards the axis of the jet ; hence there must be resultant 
fluid pressures acting transversely to each stream line and directed 
outwards towards the boundary of the jet. As the boundary is 
exposed to atmospheric pressure /a, it follows that superatmospheric 
pressure, of values gradually increasing towards the axis of the jet, 
wdll be found in the interior of the jet, the maximum pressure 
occurring at the axis. From CD onwards the stream lines will be 
parallel ; hence the water in the jet beyond CD will be under 
uniform pressure equal to Pa, and will possess pressure energy 


p 

given by — ft. lb. per pound. 


w 

7’he velocity of any particle has been increased gradually in passing 
from the boundary ah to the section CD, and hence the particle has 
been acquiring kinetic energy gradually, this being obtained at the 
expense of its other kinds of energy. For example, a pound of water 
at b has had its su[)cratmo.spljeric pressure energy, H fool lb, changed 
into an equal quantity of kinetic energy (neglecting frictional losses) 
while passing from b to CD. The conversion is completed on arriving 
at CD, and hence we find the maximum velocity at this section. 
Supposing V feet per second to be the velocity of the jet at CD, 
then the total energy per pound of water at CD will be 

P V2 

Ecu-Hcd + ^ + — (4) 


Applying Bernoulli’s lav, and neglecting frictional effects, the total 
energies at A and CD will be equal. Hence, 

p p V- 

^ 7V W 2g 

V2 

Ha - Hci> = — > 

V2 

or H = — 

2g 

This equation may be written 

or V = \/ipI. 


( 5 ) 


.( 6 ) 
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The actual velocity at CD will be somewhat less than V, due to 
waste of energy in overcoming frictional resistances in the flow 
between €d?c and CD. 

Experimentally it is found that the actual velocity V<i is about 
0-9 7 V, this number being called the coefficient of velocity, written r®. 
Hence, 

(7) 

The quantity of water discharged can be obtained, provided we 
know the area of the section CD. For a small round orifice this will 
be about 0-64 of the area of the orifice ; this number is called the 
coefficient of contraction, written Cc. 

Let Q = the quantity discharged per second, in cubic feet. 

A = the area of the orifice, in square feet. 

H = the head over the centre of the orifice, in feet. 

Then Q = rcAV^ 

= ^c^i,AV 

^ca^^sj2gYi ( 8 ) 

In this result, Cd — cg^ is called the coefficient of discharge. For a 
round orifice its value will be 

^^ = 0-64 X 0-97 

= 0*62. 

The discharge from a small round sharp- edged orifice therefore will 
be given by 0'62A\/2^'^H cubic feet per second. 

If the orifice is situated in the tank bottom so that the jet dis- 
charges vertically downwards (Fig. 654), contraction does not cease 
at CD. This is owing to the potential 
energy of the water in the falling jet con- 
tinually diminishing ; hence the kinetic energy, 
and therefore the velocity, must be increasing 
continually. In a steady jet (prior to its 
breaking up into drops) the same quantity of 
v/ater passes each section per second, and there- 

diminishing 

as the jet recedes from the orifice. The 
approximate velocity at any section may be estimated from 

V = Cv\/2gH, 

where H is the head measured from the free surface level in the tank 
to the section considered. 
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Contraction of the jet after passing the orifice may be got rid of by 
mqans of a trumpet orifice (Fig. 655). In this case the discharge is 
estimated by applying a coefficient of velocity only. 

Thus, Q = I 

Flow of a gas through an orifice. Assuming that ^ 

the pressure in the reservoir containing the gas is 

only slightly greater than the pressure in the space ^ 

into which the jet of gas is discharged, and that I 

there is no change in temperature, there will be Fig. ess .—Trumpet 

very little change in the weight of the gas per cubic 

foot, and the flow through the orifice may be estimated in the same 

manner as for a liquid. 

Let 7;^ = 0 = the velocity in the reservoir. 

7^2 = the maximum velocity of the jet, in feet per second. 

= the pressure in the reservoir, in lb. per square foot. 

= the pressure in the space which the jet enters, in lb. 
per square foot. 

7/y = the weight of a cubic foot of the gas, in lb., under the 
conditions existing in the reservoir. 

A = the area of the orifice, in square feet. 

Then + + 

W W 2g 

2g W 




Hence, applying a coefficient of discharge C^, we have 
Q = CdAv^ 

7~. T~ \ 

cubic feet per sec. 


Experiments show that for circular sharp-edged orifices discharging 
air, the value of is in the neighbourhood of o-6. 

Reaction of a jet, In Fig. 656 is shown a tank mounted on 
wheels and discharging water through a trumpet 
"f orifice in one side. The issuing water has 

acquired momentum in passing out of the 
orifice, and a resultant force acting towards 
^ the right on the water in the mouthpiece is 
required in order to produce this change of 
Fig. 656.— Reaction of a jet. momentum. There must also be an equal 
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opposite reaction, and hence there will be a tendency to move the 
tank towards the left when the jet is flowing. The magnitude, of 
this force may be found by estimating the change of momentum 
per second. 

Let H the head over the centre of the orifice, in feet. 

2; = velocity of jet, in feet per second. 

A = area of jet, in square feet. 
w = mass in pounds of a cubic foot of water. 

Then Quantity flowing per second = Kvw pounds ; 

momentum acquired per second = Kvw . v. 

Force required — lb. 

Neglecting the coefficient of velocity, we have 

Hence, Force required — 

= 2 A 7 £^H lb. 






If the orifice be closed by a plate, the pressure on the plate would 
be KwH lb ; hence the reaction of the jet is double the pressure on 
a plate closing the orifice. 

In the Borda mouthpiece, a short tube projects into the interior of 
the tank, and has its inner edge sharpened (Fig. 657). This orifice 
I produces an effect differing considerably from a 

trumpet orifice or from a simple hole in the tank 
side. In the latter cases, owing to the curvature of 
the stream lines in the vicinity of the orifice, the 
walls of the tank there are somewhat relieved of 
pressure, the pressure diminishing from a maximum 
at the axis of the orifice to a minimum at the 
boundary. In the Borda mouthpiece, the curved 
portions of the stream lines are removed sufficiently from the tank 
side as not to modify the pressures on the sides. Hence, the force 
producing change of momentum in the issuing water will be simply 
that which would exist on a plate closing the orifice. 

A = area of orifice, in square feet. 

H = head of water, in feet. 

a = area of jet, in square feet. 

V = velocity of jet, in feet per sec* 


Fig. 657. — Borda 
moutopiece. 
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Then Force producing change of momentum = w/H A lb. 

Quantity flowing per second ^ 7vav pounds ; 
Change of momentum per second — wav ^ ; 


Hence, 


, wav^ 

reaction of jet = lb. 

„ . wav^ 
wVLA ■- 


Neglecting the coefficient of velocity, we have 

TT A TT 

.. wHA — — • 

g 

or A = 2fl, 

a^lA, 

This mouthpiece has therefore a coefficient of contraction of 0-5. 

Thomson’s principle of similar flow. Prof. James Thomson’s 
principle of similarity is of importance in dealing with the flow 
through orifices and over weirs; it may be stated as follows. 
Supposing we have a drawing of a vessel containing a frictionless 
liquid up to a fixed* level, and that the liquid is flowing out through 
an orifice, the stream lines being shown on the drawing. The 
principle states that this drawing will serve for the discharge from 
any similar vessel containing the same liquid, the vessel having 
been constructed by merely altering the seals of the drawing ; the 
stream lines in the similar vessel will also have the form shown in 
the original drawing to the altered scale. Further, 

Let ^=any linear dimension on the drawing. 

Z) = velocity of flow at any point. 

a = sectional area of a stream line at this point. 

q — discharge through this stream line. 

1 

Then v oc 

and a oc 

Also, 


q-=^va\ 


J5 

.’. qcfzd"^. 

A convenient linear dimension to choose is the head of liquid H 
from the point considered up to the free surface level. Then 


rOcH^. 
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Gauge notches. A gauge notch is a device used for measuring 
the quantity of water flowing along a stream. The stream is 
dammed by vertical boards, and a notch is cut in the dam to 
permit the water to flow through. The usual form is triangular 
(Fig. 658) or rectangular (Fig. 659). In the case of a triangular notch, 
it will be evident that the streams flowing through the notch will be 


H 

Jl. 


■M"" 



Fig. 658. — Triangular gauge notch. 

similar, whatever may be the head ; hence Thomson's principle may 
be applied to any filament such as ab. Thus, 

B 

where a is an experimental coefficient. 

The same expression will serve for any other filament in the 
stream. Hence the total quantity flowing will be given by 

Q = (i) 

The value of a for a notch having an angle of 90® may be taken 
as 2-635 ; H be measured in feet, we have for such a notch : 

Q = 2-635H- cubic feet per second. 

Care must be taken in measuring H ; this must be the head from 
the bottom of the notch to the level of still water. As the water in 
the stream approaching the notch is increasing its velocity, its kinetic 
energy is increasing, and consequently its potential energy is dim- 
inishing. Hence there will be a gradual fall of surface level in the 
water in the vicinity of the notch. The still water level will be 
found at some distance from the notch. 

The water flowing over a rectangular notch under different heads 
will not present the same similarity which would exist in a triangular 
notch in the same circumstances. Reference to Fig. 659 shows 
that the water may be divided into three portions, one in the middle 
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L — 

T‘ 

H 

Jc.^ 


of the notch, in which the stream lines as seen in front elevation are 
moving parallel and vertically, together with two side portions in 
which the water is moving partly inwards, due to the contraction 
produced by the sharp vertical edges of the notch. The breadth of 
the middle portion evidently will increase if 
the quantity of water flowing diminishes by 
reason of a reduction in head. Hence the 
lack of similarity when the entire section of 
the stream is considered. 

The side contracted portions may be got 
rid of by having sides fitted on the up- 
stream face. In Fig. 660 (a) and (6) such 
a notch is shown discharging water under a 
head in (a) and imder a smaller head Hg 
in (6). Let the whole section in {a) be 
divided into Nj portions by vertical sections, 
and let that of (b) be divided in the same 
manner into Ng portions. The discharges through all the portions 
in (a) will be equal, as wdll also be the discharges through all the 
portions in (i>). Further, any one portion in (a) will be similar 
to any one portion in {/j) provided the following proportion is 
complied with : Nj ; Nj = : Hj <»^ 


1 .. 

1 

, ! 

Tl 

IJ 


Fig f>59. — Rcctanpular gauge 
notch having two side contrac- 
tions. 


!<-— L — - 



- - - L 

i i r n Tir : 

(b) 


Fig. 660. —Rectangular gauge notches having both side contractions suppressed. 


Let jTj and be the discharges per portion in (a) and ib) 
respectively. Then, by Thomson’s principle of similarity, we have 




fl 

ft 



or 


’••V3) 
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The total discharges Qj and in {a) and respectively may be 
obtained by multiplying and and Ng respectively. Hence, 




(from (2) and (3) above) 


It is therefore apparent that Q varies as H- in a notch of this type, 
and is also proportional to the width L. Hence, 

.(s) 

where r, is an experimental coefficient. 

Suppose that, in the rectangular notch shown in Fig. 659, the 
relation of L and H is such that there is no central portion showing 
parallel flow, the side contracted portions filling the whole section of » 
the stream. It is evident that this drawing would serve for a notch 
of this type, having any dimensions by merely altering the scale. 
Hence, Thomson’s principle of similarity may be applied at once, 
and we may write 

Q = (6) 

Consider now the notch shown in Fig. 659, having side contractions. 

- L . Let be the w^idth of the middle portion which 

I — is unaffected by the contractions, and let Lg be 

\ I H width of each side contracted portion. Lg 

- 4 —- I P--*" will depend upon H, and may be written aH, 

L I tl II where a is a constant. If there be n side 

contracted portions. 

I = 

A I =L-W^ 7 H. 

' — The values of n will be 2, i and o in the 
gauffc’no^tciTJJfr^^^^ notches shown in P"igs. 659, 661 and 660 

contraction suppressed. respectively; the value may be greater than 2 

if the notch is divided into several portions by means of vertical 
posts. 

From (5) above, 

Flow through the middle portion = 

= <rj(L-«<2H}H^. (7) 
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From (6), Flow through each side portion oc ; 
flow through n side portions 

Hence, Total flow = (L - noH) H '^ + 

- - n{ac-^ - ^o) 

= {^jL -niac^- ^2)H} 

, a and being constant coefficients, this result may be simplified 
by using other coefficients a and giving 

Total flow = a(L - nf^U) : (8) 

This is the Francis or Lowell formula. Experiments show that 
the value of a is 3*33, and that of /? is o-i. L and H being in feet, 
we have 

Total flow in cubic feet per second = 3*33 (L - ...(9) 

Pitot tube. The Pitot tube may be used for determining the 
velocity of flow in a stream ; the principle may be understood by 
reference to Fig. 662. A, B and 
C are similar tubes, each having a 
small hole at the end of the hori- 
zontal limb. A points uj) stream, 

C points down stream and B is at 
right angles to the stream. On 
account of impact, the head shown 
in A will be greater than in B or 
C; a certain amount of suction 
occurs in C, and B will show the pressure head nearly. Experiment 
shows that, if //j, and //g are the heads in feet shown by A, B and 
C respectively, and if v is the velocity of the stream in feet per 

second, then , . 

h^-h.2^ — very nearly ( i ) 


K i 




J-4 



ABC 

Fiu 662.— Pitot tubes. 


Also, 


2 .^ 

^2 

= - - very nearly. 


..(2) 


In Fig. 662, the gauges are supposed to be inserted in a pipe, 
with the mouths of the tubes in the axis of the pipe. If the velocity 
be calculated from (2), the result will be the maximum velocity in the 
pipe ; the velocity diminishes near the boundary of the pipe and the 
average velocity may be taken as 0*84 of the calculated result for the 
maximum velocity. 
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Flow through a unifonn pipe. Let A and B (Fig. 663) be two 
tanks or reservoirs connected by a pipe of uniform bore through 
which the water is flowing from A into B. Let the free surface 
levels at a and b be preserved at constant heights Ha and Hj, 
respectively above the datum level OX, and let the difference 
in levels be H = (Ha - Ht) feet. The diminution in energy of a 
pound of water in j)assing from a to b will be H foot-lb. (p, 595), 
and this quantity represents the total energy wasted per pound 
of water. 



The wasted energy is made up of three quantities : 

{a) The kinetic energy possessed by the water flowing in the pipe 
is wasted when the water enters B by the production of surging and 
eddies. It may be noted tliat, as the pipe is uniform in bore and is 
assumed to be filled completely throughout its length, the velocity, 
and hence the kinetic energy of the water, will be constant while it is 
in the pipe. 

(b) The water entering the pipe from A loses energy by the 
production of eddies in the pipe, especially if the pipe entrance 
is sharp-edged. 

(c) Energy is wasted in ov^ercoming frictional resistances to motion 
in the pij>e. 

Of these sources of waste, (a) and (b) are of importance in a 
short pipe, but become negligible by comparison with (c) in a pipe 
of great length. 

If a number of glass tubes be inserted in the toji of the pipe, 
it will be found that the water stands in these tubes at levels as 
shown at c, d, e and / (Fig. 663). These heights above the pipe 
indicate the pressure heads of the water in the pipe. A line joining 
edef is called the hydraulic gradient. The sloj)e of the hydraulic 
gradient between two points, c and / say, measured by dividing the 
difference in level of c and /, say h feet, by the total length of 
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the pipe between m and n, say L feet, is called the virtual slope 
of the pipe, and is written i. Hence, 

h 


Note that, in measuring the virtual slope, the actual length of 
the pipe, whether straight or curved, must be taken. 

We have the following expressions for the total energy of one 
pound of water at m and «. 

Let Hm = elevation of m over OX in feet. 

Hn = ,, n ,, 

Pm ~ pressure at m, in lb per square foot’. 

cm = height of column at m, in feet. 

w = weight of one cubic foot of water. 

V = the constant velocity, in feet per sec. 

Then 

P V" 

Total energy per lb. of water at w = Hm + — ^ — 

W 2g 

«Hm + ^W + — (2) 


Total energy per lb. of water at « = H„ + - - H — 
O-' r' w 2g 


reduction of energy between m and n 

= (Hm + cm) - (Hn +/«) 

= h foot-lb. per lb. of water. . . .(4) 

This reduction is clearly owing to frictional resistances having 
to be overcome in the pipe between m and n. Hence we may write, 
from (i) : 

Virtual slope of a pipe = head lost in overcoming frictional 
resistances divided by the total length of the pipe. 

In Fig. 664 (a) and (b) are shown the forms of the hydraulic 
gradient ab and aV/ for a bell-mouthed and for a sharp-edged 
entrance respectively. The more rapid drop near the entrance 
in both is owing to some of the pressure head being utilised in 
giving velocity to the water entering the pipe, and is complicated 
further in (b) by the contraction and eddies set up by the sharp- 
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edged entrance. In a very long pipe, the drop at entrance may 
be disregarded, and the virtual slope may be measured by dividing 



(a) (b) 


Fig. 664. — Hydraulic gradients for bell-mouthed and sharp-edged entrances. 

the difference in free surface levels in the two reservoirs by the 
total length of the pipe. 

Frictional resistance in a uniform pipe. Consider a uniform 
horizontal pipe (Fig. 665) in which water is flowing steadily with 
velocity v feet per second. As both the velocity and the elevation 
over datum level are constant, it follows that the water will possess 
constant kinetic energy and also constant potential energy; the 


d c c 



Fig. 665. — Frictional resistance in a uniform horizontal pipe. 


pressure energy alone will show variation. Let the portion of water 
between cross sections ab and cd flow until ab reaches cd^ and cd 
reaches cd' \ let / feet be the length of ac = cc. During this 
movement, the energy required to overcome frictional resistances 
will be obtained at the expense of the pressure energy of the w^ater, 
which accordingly will show a diminution. The pressure at cd will 
therefore be less than that at ab. 

Let Area of section of stream = A square feet. 

Wetted perimeter of pipe *= B feet. 

Weight of water per cubic foot — w lb. 

Pressure at ab per square foot ~ P lb. 

Pressure at cd per square foot ~ (P - SP) lb. 

Frictional resistance per square foot 

of wetted surface = F lb. 
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Then 


Net pressure urging the water 
Hence, 


along the pipe = P - (P - 8 ?) 

= 6P lb. per sq. foot. 


Resultant pressure acting on abdc =8?. A lb. 

Work done through a length I feet - 5P . A/ foot-Ib. ( i ) 

Again, 


Total frictional resistance on abdc^Y x wetted surface 


= FB/ lb. 

Work done against this resistance = FB/^ foot-lb. ...(2) 
Equating (i) and (2), we have 


SP. A/ = FB/2 ( 3 ) 

In this equation, the whole weight of water in the portion abdc has 
been included. To reduce it to the form for one pound of water, 
divide each side by the weight of water in abdcr. Thus, 


Weight of abdc— AIw lb. 


Hence, from (3), 


3P. A/_^FB^ 
Ahv Aiw * 


or 


w 


FB^ 

Aw 


foot-lb. 


(4) 


5P 

Now — is the pressure energy lost by one pound of water in 

flowing through a distance / feet along the pipe. The pressure head 
h feet lost will therefore be 



FJB^ 

Aw 


feet. 


(s) 


It will be noted that this quantity is simply proportional to the 
length L If the pipe has a total length L feet, the total pressure 
head lost will be given by 

A = feet (6) 

Aw 

The taydraulio mean deptb of a pipe or channel is defined as the 
result of dividing the cross-sectional area of the stream by the wetted 
perimeter. The idea is obtained by substitution of a stream of 
rectangular section for tlie actual stream. The breadth being B and 
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the depth being made equal to the hydraulic mean depth the 
cross-sectional area will remain unaltered, and we have 

A «= 


or 


A m 


( 7 ) 


Substitution of this in (6) gives 


nav 


feet. 


,( 8 ) 


The case of a sloping pipe may be examined by reference to 
Fig. 666. The pipe is still of uniform cross section, and the water 



will therefore possess uniform velocity and also uniform kinetic 
energy, provided the bore of the pipe is filled completely everywhere 
with water. Hence, 

( p ^2 \ 

+ “ + — J ft.-lb. per lb. of water. 

/ p ^2\ 

Total energy at "I* ^ ^ ft.-lb. per lb. of water. 

Energy expended in overcoming frictional resistances 

-^feet, {9) 

an equation having the same form as (8) above for a horizontal pipe. 
The result may be written in terms of the virtual slope, giving 

h F 
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Practical formulae for the calculation of the flow through pipes 
may be devised by making various assumptions regarding F. 

Chezy formula. In this well-known formula it is assumed that 
F is proportional to the square of the velocity. Hence, for a given 
liquid such as water, for which w is constant, we may write, from 
equation (10), 


m 


where A is sl coefficient. Let ^ = ■ 


2/2 = c^fnz\ 
v=^c\/nu. 


This is the Chezy formula. In using it, v will be in feet per 
second if w is in feet. The value of c vanes considerably, increasing 
with the diameter of the pipe, and diminishing if the pipe surface 
becomes roughened by incrustation. 

Example. Find the velocity of flow in an old cast-iron pipe, 24 inches 
bore and 10,000 feet long, connecting two reservoirs in which the free 
surface levels differ by 120 feet. Take ^=100. 

. 120 

' 10,000’ 


^ 2 10,000 

= 774 feet per second. 


The pressure head lost in overcoming frictional resistances may be 
expressed conveniently in terms of the kinetic energy of the water. 
Taking equation (n) multiplying both numerator and de- 

nominator by we obtain 

. h 22 


m 
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in which the coefficient / is written instead of 2 kg. To obtain the 
relation of /with the coefficient ^ in equation (12), we may proceed 
as follows : 

V = t\/mz ; 

. 

— 

Equating this result to the right-hand side of (13) gives 

_ f\jV^ 
c^m m . 2g^ 

^2-2/ 


An equation suitable for a round pipe running full bore may be 

obtained from (13). Thus, 

, 1* j .1 area of section 

Hydraulic mean depth . 

^ ^ wetted perimeter 


where d is the diameter of the pipe. Hence, from (13), 


In using equations (13) and (15) L, m and d should be in feet, 
V in feet per second, and may be taken as 32-2. In choosing values 
of c and /it is safer to assume that the pipe is encrusted, or will be 
very soon after it is put into service. 

Darcy formula. The experiments of Darcy show that the value 
of /in equation (15) can be expressed in the form 





In this formula d is the diameter of the pipe in feet, and a and b 
are coefficients. For clean pipes, a may be taken as 0*005 and 
^ as 12 ; for old pipes, the values are 0*01 and 12 respectively. 
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Inserting these values in (t6), we have 
For clean pipes, /= 0-005 ( i 


For old pipes, 


^ . I 

= 001 1+ — 


Values of /calculated thus may be used in equation (15). As has 
been stated already, it is better to employ the value of f for old or 
encrusted pipes, and inserting this in (15) gives 


1 2 dj d 2 g 


Example. A pipe 18 inches in diameter and 4 miles long connects 
two reservoirs, in which the difference in level is 200 feet Find the 
velocity of flow and the quantity discharged per hour. 

Inserting the given quantities in (19), we have 

200 = 0.01(1+ >14x5280,^ 

12x1-5/ 1*5 64*4 

\joo i8 i-5x64-4/ 

=--9-23 

v — 4 - 6 ^ feet per second. 

Cross-sectional area of stream x 1-5 x 1-5 

4 2o 

= I *77 square feet 

Volume flowing per liour= 1-77 x 4-65 x 3600 
— 29,600 cubic feet 
= t85,ooo gallons. 

Flow through a pipe having two different diameters. In 

Fig. 667 (a) are shown two pipes of different diameters joined in 




Fig. 667.— Flow through a pipe having two different diameters. 


series. The length L of a pipe of uniform di&meter d (Fig. 667 (^)), 
which would discharge the same quantity per second, may be found 
in the following manner. 
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The virtiial slope of the separate parts of (a) will be given by 


L,’ 


* Ljj’ 


.. — fjLj, ^2 — ^2^2* 

/• total loss of head in 

= /iL^ + /2^2* 

From (13) above, 


-ija.?.’, (a.) 

and a corresponding expression for Assuming that f has the 
same value for both portions of the pipe in Fig. 667 (a), 

(„) 

■'\d^ 2 g 2 g) 

Assuming that the uniform pipe in Fig. 667 {l>) will have the same 
total loss of head and the same value of f, then 

Uaanvl Jw ! i,\ — ^ ( -> 9\ 


Total loss of head in {b) = - 


Equating (22) and (23) gives 

^ ^ f(^- ^ + 4^2 . ^2* \ 

d ' 2 g -^Kd^ 2 g d^ 2 g)’ 


d 2 g 




Let Q be the quantity flowing per second in both (a) and (b). Then 




■ '■■-(I)’'’- 

Inserting these values in (24) gives 

d di\dj ^ ^ d^\dj ^ ’ 

■ h.=ry/*{hl +l‘s\ 


L = ^f» 


4 - — ifi 
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7 ?i, + m. 


If the value chosen for d be the same as we may write 



Example. Two pipes are arranged in series, the first being i foot 
in diameter and looo feet long and the second pipe being 9 inches in 
diameter and 500 feet long. Find the length of an equivalent pipe of 
diameter 12 inches. 

From (27), L=^iooo-f-^~^ 500 

= 1000 + 2 107 = 3107 feet. 

Impact of inelastic bodies. When two inelastic bodies collide, 
deformation will occur during the impact, and, as there will be no 
effort whatever to recover the original shapes, the bodies will move 
on together after the impact as one body. 

In Fig. 668 (a) a body having a mass and a velocity is 
travelling in the same straight line as another body having a mass 
W2 and a velocity v,y 
After has overtaken ^ 
w.j and ini[)act is com- 
plete, the bodies will 
move as shown at (l>) and . . . 

will possess a common i^) (^) 

velocity V. During im- Fic. 668.— impact of inela' o bodies, 

pact, it is evident that 

equal forces have acted forwards on and backwards on and 
these forces have acted during the same inter\'al of time; hence the 
total change of momentum during impact will be zero (p. 41 1), or we 
may say that the total momentum before collision is equal to the total 
momentum after collision. Hence, 

m^Vc, = (nix + 

(i) 

Energy will be wasted during the collision, and the amount of this 

may be calculated as follows : 

, PloVo^ /\ 

Before impact, total energy = K 3 ) 

After impact, total energy = ^ ^ 

(pix + nio) + ^2^2 Y 

2g \ Wi + fWg / 



2^(OTi+OT2) 


m, 

n~r. 
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Subtracting (4) from (3) gives 
Energy wasted = 

2g 2g 2g{m^ + m^ 

2g(m^ + m,^) 

= (V - g, )». (5) 

2i’-(Wj+OT2) ' 

Now (z'i - 2^2) is the relative velocity of the two bodies. Hence, 


Energy wasted = ; 


X the square of the relative velocity. 


2g(mj^ + ^ 2 ) 

For example, a jet of water falls into a pool of water (Fig. 669) 
with velocity relative to the earth or pool of v feet per second. 



Consider a mass Wj pounds of water in the jet ; this will be very 
small as compared with the mass of the water in the pool, backed 
as it is by the mass of the earth. In this case, 

Energy wasted - — ^^--2 - 
+ ^2) 




(Vh. 

Vw., 


+ 1 


2 g(p -t- l) 

That is, the energy wasted is simply the kinetic energy of the 
water in the jet. 


Waste of energy at a sudden enlargement in a pipe. This case is 
illustrated in Fig. 670. Water flowing from the small into the larger 
pipe has its velocity diminished from to v., and mingles with the 
water already in the larger pipe. Eddies will be set up in the 
water as indicated in the illustration, and there will be a waste of 
energy produced in a somewhat similar manner to the case of one 
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body overtaking another which has been discussed above* The 
relative velocity will be {v^ — and the waste of energy will be 
given by 

Energy wasted = ^ ft-lb. per pound of water* 

2^ 


c 



d 

Fig. 670. — A sudden enlargement in a pipe 


St. Venant calculates the wasted energy by adding to the above 
result i • ^ 

9 2g 

Waste of energy at a sudden contraction in a pipe. Referring to 
Fig. 671, the water flows in the larger pipe with velocity and will 
contract as shown at cd on entering the smaller pipe. The velocity 
V at cd will be greater than 7 \ ; hence, up to this section, the water 
has not overtaken any water moving in front of it, and therefore 


Fin. 671.— Sudden contraction in a pipe. 

there has been no impact and consequently no waste of energy from 
this cause between ah and cd. Between cd and ef^ the velocity of 
the w^ater is diminishing again, and ii will therefore be between these 
sections that w^aste of energy will occur. Hence, 

Energy wasted = ft.-lb. per pound of water. 

If a value for the coefficient of contraction be assumed, it becomes 
possible to calculate v. Thus, let the sectional areas of the stream 
at cd and <^be A and Ag square feet respectively, and let Co be the 
coefficient of contraction. Then 

A. “ 
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The quantities of water flowing through cd and ef per second 
will be equal. Hence, 

V Ag ^1 . 


^2 


/. energy w^asted 



I \ ^ “ 

- - ij ft. -lb. per pound of water. 


The coefficient is not w'ell known ; the waste of energy at the pipe 
entrance from a reservoir or tank, if sharp-edged, may be taken as 


Waste of energy = 0*5 ~ ft.-lb. per pound of water. 


where v is the velocity in the pipe in feet per second. 

Energy is wasted also in pipe lines at bends and elbows. This is 
a subject for experimental investigation, .see pp. 671 and 672, and 
there is not much definite information available. The energy thus 
wasted is small compared with the frictional waste in a long pipe line. 

Resistance of ships. The principal causes of resistance to the 
passage of a ship through water are (a) the friction of the wetted 
surfice, (/^) the formation of waves owing to the vessel pushing the 
water laterally near the bow, and the return of the water near the 
stern to fill the space left by the vessel, (r) the formation of 
eddies, owing principally to swirls set up in the water closing in at 
the stern. 

The first of these, viz. skin friction, may be taken as proportional 
to the area of the wetted surface and to the square of the speed. 
Wave formation resistances may be taken to be proportional to the 
sixth power of the speed. Eddy resistances are proportional to 
the area of the wetted skin and to the square of the speed. 

The relation of the resistances of a ship and of those of a scale 
model of the ship may be deduced from these laws. Let the scales 
be such that any linear dimension of the ship is D times the corre- 
sponding dimension of the model. Then if A* and A^i are the wetted 
surfaces of the ship and model respectively, we have 


= i. 


(i) 
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The frictional resistances will be given by 

F*=/A.V^ 

where is a coefficient which may be assumed to have the same 
value for both ship and model, and and Vm are the speeds of the 
ship and model respectively. We may write 

or, from (i), = '• (2) 


The relation of the wave-forming resistances may be written 
W, /V.\« 

W,„ VV,„; 


■(3) 


The relation of the eddy-forming resistances will be 

E„, a,Av,J 

( 4 ) 

Now, supposing D = or ys-YmJVy the results (2), (3) 

and (4) may be written 

|?=IXD = D 3 (5) 

■I m 



|l = D*.D=D 3 (7) 


That is, the relation of each of the three kinds of resistance is 
proportional to D® j hence their sum, which gives the total resistance, 
will also be proportional to The law' has been expressed by 

Mr. Froude as follows, and is known by his name : If the ship be 
I) times the linear dimensions of the model, and if at the speeds 
Vp Vg, Vg, etc., the measured resistances of the model are Rj, Rg, Rg, 
etc,, then for speeds Vj\/D, V^n/D, VgV^, etc,, of the ship, the 
resistances will be D^Rj, D-^Rg, D^Rg, etc. The speeds of the model 
and of the ship so related are called oomspoadlng speeds. 
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EXERCISES ON CHAPTER XXIII. 

1 . A straight horizontal pipe 6 inches in diameter gradually becomes 

2 inches in diameter, and then diverges again to 6 inches diameter. 
Water is flowing steadily through it with a velocity of 4 feet pyer second 
in the larger portions. Find the velocity in the throat of the pipe, and 
hence calculate the difference in pressures at the largest and smallest 
sections of the pipe, neglecting friction. 

2 . In a pipe having the same dimensions as that in Question i, the 
difference in head is observed to be 4 feet of water at a certain velocity 
of flow. Calculate the flow of water in cubic feet per second, neglecting 
friction. 

3 . Water is discharged through a circular sharp-edged orifice i inch 
in diameter in the vertical side of a tank. The water-level in the tank is 

3 feet above the level of the centre of the orifice. Calculate the discharge 
in cubic feet per second and also in gallons per hour. 

4 . Answer Question 3 if a trumpet mouthpiece is fitted giving a jet 

1 inch in diameter. Take the coefficient of velocity to be 0*95. 

5 . A circular sharp-edged orifice is situated in a tank bottom and 
discharges a jet vertically downwards. The water level in the tank is 

2 feet above the plane of the orifice. Calculate the velocity at a section 
of the jet 6 inches below the plane of the orifice, neglecting friction. 

6. A reservoir contains air at a pressure of 157 lb. per square inch 
absolute, and one pound weight of it may be taken to occupy a volume of 
13 cubic feet. The air is being discharged through a sharp-edged orifice 
2 inches in diameter into the atmosphere, the pressure of which is 147 lb. 
per square inch. Calculate the flow in cubic feet per second. 

7 . A jet of water is discharged from a trumpet orifice 3 inches in 
diameter under a head of 200 feet. Calculate the reaction of the jet in lb., 
neglecting any reduction in velocity owing to friction. 

8. Taking the coefficient of velocity to be 0-96, calculate the flow in 
cubic feet per second through a Borda mouthpiece 2 inches in diameter 
under a head of ro feet. 

9 . Water is flowing over a triangular gauge notch of 90“ under a 
head of 10 inches. Calculate the flow in gallons per hour. 

10. A rectangular gauge notch has a width of 2 feet, and water is 
flowing through it under a head of 6 inches. Calculate the flow in cubic 
feet per second, {a) for two side contractions, {b) for one side contraction, 
{c) for no side contractions. 

11 . Calculate the virtual slope of a pipe 2*5 miles long connecting tw<^ 
reservoirs, m which the difference in levels is 35 feet. 

12 . A circular pipe 4 feet in diameter is running half full of water. 
Find the hydraulic mean depth. 

13 . Use the Chezy formula to calculate the velocity of flow for a pipe 
30 inches diameter and 10 miles long connecting two reservoirs, for which 
the fall in level is 150 feet. Take £7=105. Calculate also the quantity 
flowing per day of 24 hours. 
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14 . Suppose in Question 13 that a sluice valve in the pipe close to the 
lower reservoir is closed partially and that it is found that water rises in 
a tube connected to the pipe side of the valve to a level 40 feet below the 
water level in the upper reservoir. Calculate the velocity of flow, using 

100, 

15 . Use the Darcy formula to calculate the velocity of flow and the 
discharge in cubic feet per second in a pipe 24 inches in diameter and 
having a virtual slope of o-oi. Give the answers both for a new pipe and 
for an old one. 

16 . A pipe 18 inches in diameter and 2 miles long is connected to a 
.second pipe 15 inches in diameter and 0*5 mile long. Find the length of 
an equivalent pipe of diameter 18 inches. 

17 . A pipe is enlarged suddenly from 4 inches to 6 inches diameter. 
The velocity of flow in the smaller portion is 4 feet per second. Calculate 
the energy wasted per pound of water. 

18 . Suppose in Question 17 that the direction of flow is reversed and 
that the velocity in the smaller portion of the pipe is still 4 feel per second. 
Calculate the energy wasted per pound of water, assuming that the 
coefficient of contraction is 07. 

T 9 . Describe, with a sketch, the Venturi water meter, and state the 
principle of its action. (B.E.) 

20 . A particle of water is at a place A, where the pressure is o, its 

height above datum is 50 feet, its velocity is 5 feet per second, and it finds 
its way without friction to a place B, where the pressure is o and height 
above datum 30 feet. What is its velocity at B? (B.E.) 

21 . A particle of air flows without friction. Its pressure p (in lb. per 

square foot) and its speed 7/ (in feet per second) may both alter, but the 
sum 7/2 p 

remains constant. If w is the average weight of a cubic foot of air, g is 
32*2. At a place A, / is i i atmospheres and v is o ; a particle finds its 
way from A to B. At B the pressure is i atmosphere ; what is the speed 
at B .? Take w as 0 07 5 lb. per cubic foot. (B.E.) 

22 . A fan drives air vertically downwards through a horizontal circular 

opening 8 feet in diameter and so exerts a lifting force of 200 lb. What 
is the average downward velocity of the air in the opening? The 
weight of i cubic foot of the air is o-o8 lb. (B.E.) 

23 . A pipe, inches in diameter, is enlarged gradually to 3 inches in 

diameter; the pipe has a falling gradient of i in 15. At the point 
where the diameter begins to enlarge, the velocity of flow is 4 feet per 
second and the pressure is 30 Ib. per square inch. Find the velocity and 
pressure in the 3 inch portion of the pipe at a point distant 45 feet, 
measured along the horizontal from the point where the enlargement 
began. Neglect all frictional losses. (B.E.) 

24 . A Venturi meter is fitted on to a 50-inch diameter main. The 

diameter of the throat of the meter is 20 inches. It is found that at a 
certain instant the pressure in the main at the point of entry to the meter 
is equal to a head of 1 10 feet of water, and in the throat of the meter it is 
equal to a head of 97 feet of water. How many gallons of water is this 
50-inch main delivering per hour under these conditions? (B.E.) 



624 


MACHINES AND HYDRAULICS 


25 . FrOude’s law of corresponding speeds, which is used in model 

experiments upon ships, applies also to flying machines. A certain flying 
machine is to be constructed, weighing 2 tons and travelling at 100 
miles per hour. The model is ^ full size. Find its weight and corre- 
sponding speed. (See p. 621 for Froude’s law.) (B.E.) 

26 . In the horizontal floor of a tank, in which the water is 3 feet deep 

and in which the water-surface is 15 square feet in area, a sharp-edged 
circular orifice 2 inches in diameter is opened. In what time will the 
water-level in the tank sink i inch, if there be no supply of water to the 
tank? In answering make no attempt at correction for the time spent 
in starting the flow, that is, upon initial acceleration of the mass of the 
first parts of the flow. (I.C.E.) 

27 . Water flows down a sloping pipe (running full) from a point where 
the velocity is 10 feet per second and the pressure 15 lb. per square inch 
absolute to a point 100 feet lower, where the pipe diameter is three times 
as great. Calculate the pressure at this point, neglecting losses. (I.C.E.) 

28 . A straight pipe of circular section is 400 feet long and 4 inches 

internal diameter. Its down gradient is r in 200. It discharges full-bore 
into the atmosphere at the level of the lower end of the pipe, and draws 
by a bell mouth from a reservoir with 12 feet head of water over the 
mouth of the pipe. The gradient of the frictional loss of head in the pipe 
is 0-00012 times the square of the velocity divided by the mean hydraulic 
depth, the units being feet and seconds. Find the linear velocity 
through the pipe and the discharge in gallon's per hour. (I.C.E.) 

29 . A pipe of circular section of 30 inch diameter has a fall of 16 feet 

in a straight run of 2000 feet. In the formula for loss of head in feet per 
foot run its coefficient is 0-00009, the units being feet and seconds. 

What volumetric flow in cubic feet per second must there be through 
this pipe to maintain throughout its length the level of the water at the 
centre of the circular section ? (I.C.E.) 

30 . State the nature of the losses that occur when a stream of water in 
a pipe running full encounters, (a) a sudden enlargement, {//) a sudden 
contraction of the channel area. A surface condenser contains 530 tubes 

9 ft. 3 in. long and 0-65 inch internal diameter, through which 450 gallons 

of water are pumped per minute. The water flows through half the 
number of tubes and then back again througli the other half. Calculate 
the total loss of head in the condenser, assuming that the coefficient of 
contraction at entrance to the tubes is 0-59 and /—o-ooy. What horse- 
power is required to force the water through the condenser? (L.U.) 

31 . Two reservoirs are connected by a straight pipe r mile long. For 

the first half of its length the pipe is 6 inches diameter ; its diameter is 
then suddenly reduced to 3 inches. The surface of the water in the 
upper reservoir is too feet above that in the lower. Tabulate the losses 
of head which occur, including that at a sharp-edged entry, and determine 
the flow in gallons per minute. (Assume o-oi). (L U.) 

32 . A Venturi meter is placed in a horizontal 6 inch pipe, the diameter 
of the throat being 2 inches. If the difference of head is equivalent to 

10 inches of mercury, find the flow in gallons per minute, and the 

velocities. Assume the coefficient of the meter to be 1*00 (Lr.U.) 
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HYDRAULICS. PRESSURES OF JETS. TURBINES. 
CENTRIFUGAL PUMPS. 

Pressure caused by a jet impinging on a fixed plate. A jet ut 

water impinging on a fixed plate or vane will arrive at the plate with 
a certain velocity, and will leave the plate with a velocity changed in 
direction and also reduced in magnitude, owing to friction and 
eddies. Disregarding the latter, we may examine the examples 
shown in Fig. 672. The pressure in each case may be found by first 



estimating the change in velocity, and hence the change of momentum 
per second. The jet section is assumed to be A .square feet, and 
is the velocity of the jet in feet per second. 


(a) The jet impinges on a plate fixed at 90" to the axis of the jet. 
The water spreads and leaves the plate tangentially in all directions. 
Hence the whole of z/j has been eliminated. 

Mass of water reaching plate per second = ki\w pounds. 


Change of momentum per second — hsWi 


Picssure on plate = -• lb. 

o 


m 


{h) The plate is fixed at an angle 6 to the axis of the jet. As i 
(rt), the water will spread and leave the plate tangentially in all 
directions. The change in velocity will be the component of 
perpendicular to the plate, viz. Vy sin 0. 


D.M. 
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Mass of water reaching plate per second === Kv^w pounds. 

Change of momentum per second = sin 0 

— Aztw^^ sin ft 

1 ^ ATiw^ sin 6 
Pressure on plate = L ip. 

(r) The jet impinges on a hemispherical cup fixed so as to oppose 
the jet axially. The leaving water will he directed backwards with a 
velocity equal to Vy, Hence the total change in velocity will be 2Vi, 
Mass of water reaching plate per second = pounds. 
Change of momentum per second — 2Awv^. 

iAwik^ 

Pressure on plate — lb. 


(d) A similar cup to that in case (^), but the tangent at the cup 
exit makes an angle 6/ with the jet. The total change in velocity 
will be cos 6). 

Mass of water reaching plate per second = pounds. 

Change of momentum per seconds 4- cos 0) 

— Attw^^{i +COS 6 ). 

Anw ^ 

Pressure on plate = (i + cos B), 


In each of the above cases there has been impact, which may be 
eliminated by the device of so shaping the vane as to allow of the jet 
sliding on to it, i,e. the jet enters the vane tangentially. Fig. 673 



Fig. 673. — Pressures of jets 



(e\ (/) and {g) are examples. The pressures in the cases Of (e) and 
(/) will be given by the same expression as that found in case (r). 


VIZ. 


Pressure on plate = lb. 


{g) Here the water enters a curved vane with a velocity and 
leaves it with an equal velocity z// (neglecting friction). The change 
in velocity is found from the diagram OAB, in which OA represents 
and OB represents AB will give the change in velocity Vc^ Let 
B be the angle between the entering and leaving jets. Then the angle 
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AOB will be (i8o° - and as the triangle AOB is isosceles, each of 
the angles OAB and OB A will be equal to Mence, 

^ _ AB _ sin ( 1 8o - _ sin S 
Vj OA sin sin ^B 


2 sin -l^B cos ^ 


= 2 cos ^B ; 


2Z/^COS IB. 

Mass of water reaching the vane per second = Av^w pounds. 

Change of momentum per second = x 2V^ cos ^B 

= 2 Azm/y^coslB. 

^ 2Aiin).^ 

Pressure on vane L cos 

g 

This pressure acts in the same line as Vc- 

Pressure of jets on moving vanes. In Fig. 674 is shown a vane 
AB making 90“ with the axis of a jet of water having a velocity z/j 
f6et per second and a sectional area of A 
square feet. The vane is travelling in the 
same direction as the jet and has a velocity 

feet per second. 

It is evident that the spreading water in 
contact with the plate still possesses a forward 
velocity 7*2 equal to that of the plate; hence 
the change in velocity in the direction of 

motion of the plate will be (t'j - feet per second. Further, owing 
to the plate moving away from the jet, the length of jet arriving at 
the plate per second will be {v^ - v^. Hence, 

Mass of water reaching the vane per second = A (z/j - pounds. 

Change of momentum per second = A (z/j - " ^2) 

= A 7 r'(z;j 

Pressure on vane = lb. . . . ( 1 ) 

o 

This case as stated above has no ])ractical value, but becomes of 
importance if we have a succession of vanes 
brought perpendicularly into the jet one 
after another, such as might be realised 
by having a number of vanes mounted 
on the circumference of a rotating wheel 
(Fig. 675). In one second a length of jet 
equal to z/j feet will reach the wheel now. 

Fig. 67s . — A succession of ' 

moving plates. Hence, 
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Mass reaching wheel per second = Av^iv pounds. 

Change of momentum = - v^. 

* Aut) 

Pressure on vanes = P = — • - v^v-^ lb (2) 

Work will be done on the wheel by P to the amount of Pz^g foot-lb. 
per second, or 

Work done per second = (3) 

The efficiency of the arrangement may be found by evaluating the 
energy available in the jet. Since Av^w pounds of water reach the 
wheel per second with a velocity 

Kinetic energy available per second = — -L 


Hence, 


Efficiency = 


wwk done 
energy supplied 


(4) 


- 

Aw o 

— 

2g ’ 

_ 2 

“ 


•(5) 


With a constant supply of water, the w^ork done may be varied by 
varying the velocity of the vanes. 

Using (3), the work done per second will be greatest w^hen 
( 7 j^ attains its maximum value. Assuming a steady velocity 

of supply, will be constant, and maximum work will occur when 

“ ^2)^2 maximum value. To obtain this value, differentiate 

{v^ - and equate the result to zero, giving 

- 2Z/g = o, 

or 

The efficiency under these conditions may be obtained by substi- 
tution in (5), giving 

Maximum efficiency === 

= J- = 5o per cent (7) 

In connection with hydraulic machines, the term hydraulic efficiency 
is employed often, and may be defined thus : Let H » the energy 
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supplied per pound of water, and let h = the energy carried away in 
the water leaving the machine. Then 

Hydraulic efficiency = * 

If it is known that there are hydraulic losses in the machine which 
produce a waste of hf foot-lb. of energy per lb. of water, then 

Hydraulic efficiency = ^ — -- • 

Poncelet wheel blade. An efficiency much better than that 
possible with a flat vane can be obtained by using vanes suitably 
curved. Thus, in Fig. 676, All 
is one of a number of vanes 
attached to the circumference of 
a revolving wheel and receiving 
a jet of water at A. 'Fhe velocity 
of the jet being and that of 
the vane at A being V,*, the 
relative velocity may be obtained 
from the parallelogram ADPX, 
in which DA represents -Vt 
and CA represents Vi, The 
diagonal EA then gives the 
relative velocity Vr. If the tan- 
gent to the vane at A coincides 
with EA, the water will slide on 
to the vane without impact, and 
hence there will be nc wasted energy owing to shock, a waste which 
must occur with the vane shown in hig. 675. 

'Fhe water travels round the curve of the vane, preserving unaltered 
its relative velocity Vr- At the point of exit, B, therelore it will 
possess velocities represented by BF = Vr and BG = Vo, the latter 
being the velocity of the vane at B relative to the earth. Ihe 
absolute velocity Vo of the leaving water may be found by completing 
the parallelogram BGHF, giving 7^o=^BH. 

Since the water enters with the velocity n and leaves with a 
velocity 7^0, the change of velocity may be found by making CK 
equal and parallel to BH, when AK^Vc will be the change in 
velocity. The Tesultant pressure P on the vane will be m a line 
parallel to r/o, and may be estimated by taking the change m 
momentum per second. 



Fig. 676.— Blade of a Poncelet water wheel. 
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The energy supplied per pound of water in the jet is — foot-lb. j 

assuming the pressure throughout the stream to be constant and 
equal to that of the atmosphere, and disregarding any change in 
potential energy, the energy carried away in the water leaving the 

vane will be -- foot-lb. per pound. The difference between these, viz. 

^ converted into work done on the wheel. This 

difference would be -- - if Vo were zero, 7 ,e, if Vr and were equal, 

opposite, and in the same straight line ; in this case the whole of the 
energy supplied would be converted into mechanical work, and the 
efficiency would be loo per cent. This, of course, neglects frictional 
losses and the inevitable lashing of the water, which must occur as 
the vanes successively enter the jet. In the Ponoelet water wheel, 
constructed after this method, an efficiency of nearly 70 per cent, 
has been obtained 

Pelton wheel. In the Pelton wheel (Fig. 677), the vanes are similar 
to those shown in Fig. 673 (/" ). Let the velocities of the jet and of 

the vane be 7 \ and V respectively, and 
let the shape of the vane be such as to 
cause the direction of the leaving water 
to be p«arallel to the entering jet ; usually 
Vo is not quite parallel to the blade 
being shaped so as to throw the leaving 
water clear of the entering jet as shown 
in Fig. 677. 

Relative velocity of entering jet and 
vane = - V. This relative velocity will 

be preserved unaltered as the water 
travels round tfie curved vane. At exit, 
the water will have therefore a velocity 
(z'l -V) towards the left, together with a velocity V towards the right, 
and its absolute velocity will be 



Fig. 677.— Action in a PcUon wheel. 


»2 = V-(z;i-V)-2V-Wi. 

As the in tial velocity is , we have 

Change in velocity == t/j - ^2 

= (2 V - »j) 

= 2(v,-V). ... 


(0 
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Mass of water reaching the wheel per second = whVy 

Change in momentum per second = wAv-^ x 2 {v^- V). 

Pressure on vane = P = — — ^ lb. 

g 

Work done on the wheel per second = PV 

lb . ) 

g 

Assuming a constant velocity of supply, the work done will have 
a maximum value when V {v^ - V) is a maximum. Differentiating 
and equating to zero, we have 

7 \ ~ 2 V = o, 

: (3) 

Substitution of this value in (2) gives 

Maximum w'ork per second = x {v^ - \v-^ 

= wAv^ • ft.db (4) 

Since wAvy is the mass of water reaching the wheel per second, 
it follows from (4) that the whole of the kinetic energy available 
in the jet has been converted into work done on the wheel, i,e. 
the efficiency in these circumstances is 100 per cent. Actual 
efficiencies of from 70 to 90 per cent, have been obtained. 

The hydraulic efficiency may be obtained by dividing the result 
given in (2) for the work done per second by the energy supplied 


in the jet Thus, 


Hydraulic efficiency = 


2 WAVyY {Vy ~ V) 


g ^ ^g 




( 5 ) 


This will become unity w^hen 
y^lVy, 

Other types of water wheels, in 
which gravity plays the most im- 
portant part, have been much used. 
In the over-Bliot water wheel (Fig. 678), 
the w^ater is led to the top of the 
wheel, and there partially fills a 
number of buckets fixed to the 
wheel. The weight of these descend- 
ing buckets enables work to be done 



on the wheel. In the toreaet-Bhot Fic. 67B.— Ovcr-shot water wheel. 
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the water enters the buckets on a level about the same as that 
of the wheel centre. The Poncelet wheel is an improved form of 

under-shot wheel. 

Hydraulic turbines. A hydraulic turbine is a machine in which the 
energy of a supply of water is converted into mechanical work by 
passage of the water through a wheel furnished with blades or vanes. 
In general, the action consists of causing the water to whirl before it 
enters the wheel. In this condition it possesses angular momentum, 
and the function of the wheel blades is to abstract this angular 
momentum and to discharge the water without whirl. A couple will 
thus act on the revolving wheel (p. 430), and will produce mechanical 
work. 

"rurbines may be classed generally as impulse turbines and reaction 
or pressure turbines. In impulse turbines, the energy of the water is 
practically entirely in the kinetic form before the water enters the 
wheel, a result obtained by reduction of the pressure head to that of 
the atmosphere and by giving the water a corresponding velocity. 
In reaction turbines, the energy of the water at the wheel entrance is 
partly in the pressure form and partly kinetic'. 

Turbines may be classed further with reference to the princij^al 
direction of flow of the water. In axial-flow turbines, the flow is 
parallel to the axis of rotation of the wheel ; in Inward-flow turbines, 
the flow is radial towards the wheel centre ; in outward-flow turbines, 
the flow is radial from the centre to the circumference of the wheel ; 
in mixed-flow turbines, the flow is partly radial and partly axial. 

'rhe energy available in a given stream or river depends on the 
quantity of water flowing per second and on the height of the 
available fall. 

Let W = flow of water per second, in pounds. 

H - height of fall, in feet. 

E = the efficiency of the turbine, all sources of waste bemg 
included. 

Then Energy available = WH foot-lb. per second. 

Energy produced by the turbine = WHE foot-lb. per second. 

H.p. delivered bv the turbine = 

550 

If a given horse power has to be delivered by the turbine, then the 
quantity of water which must be passed through the wheel will be 

given by 550 x h.p. 

W — pounds per second. 
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The turbine must be proportioned so as to permit of this quantity 
of water being dealt with per second. If the efficiency is not known 
with precision, a value of from 70 to 75 per cent, may be assumed. 

Ihe croneral condltiona of effloiency in any hydraulic turbine include 
the entrance of the water into the wheel without shock, and its 
leaving the wheel without whirl and with as little residual velocity as 
possible. Further, the guide passages and the passages through the 
wheel must be shaped so as to offer the minimum frictional and 
eddy-forming resistance to the flow of water. 

Impulse turbines. The Girard turbine shown in outline in Fig. 679 
is an example of an impulse turbine. 'The water-supply flows from a 





Fig. 67q. —Action of n C.irard impulse turbine 

chamber AA through a ring of guide orifices HH. These orifices are 
furnished with guide blades which cause the water to leave the orifices 
wuth whirling velocity. The water then passes through a revolving 
wheel C(3 fixed to a vertical shaft 1)1), and is discharged into the tail 
water EE. 'J1ie wheel passages are furnished with blades having 
such a shape as to abstract the velocity of whirl from the water. The 
guide passages BB run full of water, and at their discharge edges the 
pressure of the water is equal to that of the atmosphere. The main- 
tenance of atmospheric pressure in the wheel passages is obtained {a) 
by having thin streams of water on the concave sides of the blades 
only, (fi) by having side openings in the wheel as shown at EE in 
Fig. 680 ; these openings permit of free access of air to the streams of 
water passing through the wheel. 

It will be evident that the wheel of a turbine of this type must be 
situated above the level of the tail water, so as to permit of the access 
of air. If feet is the height of the lower edges of the guide 
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orifices above the tail water (Fig. 679), then the head available for 
giving velocity to the water at these edges will be (H - h) feet, where 
H is the difference in levels of the supply and the tail water. 



Fig. 68a — Blades of an axial-flow impulse turbine. 


Assuming a coefficient of velocity of 0-95, we have for the velocity 
Vi of the water leaving the guide blade : 

= (i) 

In Fig. 680, AB and CD are the guide blade and the wheel blade 
respectively. Let a be the angle to the horizontal made by the 
tangent to the guide blade at B. will have horizontal and vertical 
components, represented by tvi - da and = ba respectively in 
Fig. 681 {a\ the parallelogram of velocities being abed. Hence, 


«t = r/tsina, (2) 

«^i = 7ACOSa, (3) 


I.ret V be the circumferential velocity of the wheel at its mean 
radius. Then the relative velocity Vh of the inlet water and the wheel 



maybe found by making ea represent -V (Fig. 681 (a)) and com- 
pleting the parallelogram of velocities aefc, fa then represents vh- 
I^t B be the angle which fa makes with the horizontal. Then the 
angle with the horizontal made by the tangent to the wheel blade at 
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C (Fig. 680) should be made equal to 6 ; the inlet water will then 
slide on to the wheel blade without shock. Referring again to 
Fig. 681 (a), we have 

cot 0 


Wi-Y 


Also, ^ = ^ = cosec 

«i oa * 

Vri — Ui cosec 0 ( ^ ) 

The relative velocity remains unchanged in magnitude by passage 
over the wheel blades ; hence, at the exit D of the blade (Fig. 680), 
the water will have an absolute velocity 7'o, which is the resultant of 
component velocities Vro~ and V, the mean circumferential velocity 
of the wneel at the outlet. In Fig. 681 (/>), make V, draw 
vertical (as is required for the condition of no whirl at the outlet), 
and describe an arc with centre / and radius /m-Vroi the parallelo- 
gram of velocities for the exit water will then be ^/mn. v^o is at an 
angle to the horizontal, and the tangent to the wheel blade at D 
(Fig. 680) should be at the same angle. In Fig. 681 {d\ we have 
Y kl 

Vto iTH 


cos ^ = - 


Also, — = y = sin ; 

Vro /W 

Vo = Vfo sin sf) = Vrx (7) 

Having found «, 0 and </>, the guide and wheel blades may be 
constructed by drawing easy curves tangential to these directions. 

Since the pressure at I) (Fig, 680) is atmospheric, we may wTite 

Total energy carried away by one pound of exit water =■- — ft.-lb. 

Total energy available in the fall, per pound of water = H ft.-lb. 

Hence the hydraulic efficiency, i.e. the efficiency disregarding all 
sources of waste excepting the energy carried away in the leaving 
water, is given by 

H ■" — 

Hydraulic efficiency = — (8) 
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ExamfIe. Taking practical values as follows : 

Ui=04S 

V=o.s^/2ir(H->i), 

find the other velocities and angles of an axial -flow impulse turbine 
Find also the hydraulic efficiency. 


From (i) and (2), 

ui 0*45 

, sin tt = -- =—^=0-474 ; 

' 7 /i 0*95 


a = 29° nearly. 

From (3), 

w^ — Vi cos a = (0-95 X 0-875) -h) 


=o-83<v'2ir(H-A). 

From (4), 

, ^ Wi - V 0-83 - 0*5 
cot 6 = =— ^=0*735 ; 

Ui 0-45 

From (S), 

^=54'’ nearly. 

Vn-Vro-Ui coscc <>-(o- 45 >«o.gQg)\^ 2 e(H-, 


= 0-557 V 2 ^(H-/J). 

From (6), 

V 0-5 

^ Vro 0-557 ^ ' 

From (7)- 

<^ = 26“ nearly. 

7/0 = 7/7-4 sin <^ = (0*557 X 0-438) -^) 


= 0-244 ^)- 

Taking 

7/0 = 0-24 we have, from (8), 


H - ^ 

yy 1 , rr * 2/'’ H— 0-0576 H 

Hydraulic efficiency = — ^ - — 

H H 

=0-9424 

= 94 per cent, nearly. 

The actual efficiency after all sources of waste are taken account of in 
this type of turbine is about 75 per cent. 


Impulse wheel passages. It will be noted from the above example 


that the ratio 


U; ^ 0-45 
z/o 0*244 


1-84. 


Now Ui is the component velocity of the water entering the wheel 
taken at 90“ to the inlet surfaces of the wheel ; the quantity of water 
flowing into the wheel will be given by 

Qt = UiAi cubic feet per second, 
where At is the total inlet surface in .square feet. 

Again Vo is the leaving velocity of the water, perpendicular to the 
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exit surfaces of the wheel ; hence the quantity of water leaving 
the wheel will be 

Qo = VoAo cubic feet per second, 

Ao being the exit surface in square feet. 

It is evident that Qi and Qo must be equal. Hence^ 

UiAi = VoAo, 


or 


Aj Z/o 


1*84. 


In practice, this increase of outlet surface is obtained by splaying 
the wheel passages as shown in the section in Fig. 680. If Q, the 
quantity of water in cubic feet per second which must be passed 
through the wheel, be known, the dimensions of wheel required 
may be calculated from 

Q = u^Ai 

= (9) 

where R^ and R2 feet are the external and internal radii respectively 
of the wheel at the inlet surface. A correction must be applied to 
this for the area abstracted owing to the thickness of the wheel blades 
at entry. 

Work done and horse-power developed. In Fig. 682 is showm 
roughly the actual path, or the path relative to the earth, of a particle 
of water passing along the 
guide blade AB and then 
pursuing the curve CPD 
through the wheel. At any 
point P, the resultant velocity 
7^ of the w’^ater is made up of 
components in the direc- 
tion of the motion of the 
wheel, and z<? in a direction 
])arallel to the axis of rota 
tion. The water enters the 
wheel with a velocity f',- at 
an angle ai to the inlet 
surface, and leaves with a 
velocity making an angle 
ttn with the outlet surface. The whirl components at the inlet 
and outlet respectively will be 

Wt == Z/£ cos ctj , 
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Let R = the mean radius of the wheel, in feet. 

V=the circumferential velocity of the wheel at its mean 

radius, in feet per second. ; 

V . . . 

<D«~*:the angular velocity of the wheel, in radians per 

second. 

W = the flow of water passing through the wheel per 
second, in pounds. 

Then, considering the momentum of the water in the direction 
of motion of the wheel, we have 

Momentum of one pound of water at the inlet = i y^Wi — Vx cos a*. 

„ „ „ „ outlet = I X Wo Vo cos a^. 

Angular momentum per lb. of water at the inlet = cos a*. 

,, „ „ „ outlet =• Rvo cos oq. 

Change in angular momentum per lb. of water 
= R (vi cos ttj - Vo cos ao). 

Total change in angular momentum per .second 
= \VR(f/i cos a^ - Vo cos a^,). 

Couple required to effect this change (p. 431) 

- aj - V o co s ap) ^ 

Work done per second by this couple 

WR ( 7 '^ cos ai - Vo cos tto) 

— ^ (O 

^ W (Vi cos aj - Vo COS cIq) ^ 

If Vo is parallel to the axis of the wheel, as is required by the 
condition of no whirl at the outlet, then 

Work done per second on the wheel = ft-lb. ...(10) 

jt 1 j WVz;£COsai . V 

H.p. developed = (11) 

^ 550^ 


In this result, no allowance has been made for wasted energy 
while the water is passing through the wheel, nor for the frictional 
waste in the wheel bearings, etc. 

Regulation of the power developed in this type of turbine is 
effected by means of gates or sluices, which close as many as may be 
required of the guide orifices. 
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Fig. 683 shows in outline part of an outward flow impulse turbine 
suitable for high falls. The water flows from a passage A through 
nozzles B, and thence through the wheel 
passages. As before, the water flows in 
streams along the concave sides of the wheel 
blades, and the pressure is kept equal to 
that of the atmosphere by means of side 
openings. 

Beaction turbines. The Jonyai turbine 

may be taken as an example of an axial-flow 
reaction turbine, and is shown in outline in 
Fig. 684. The water flows from AA through 
a ring of guide orifices BB, and thence 
through the wheel passages CC. Both guide 

passages and wheel passages run full of water, and the turbine wheel 
may be below the level of the tail water, as shown. Hence the 



Fig. 684. — ^Action in a Jonval reaction turbine. 

whole head H is available in this type of turbine. For greater 
accessibility, the turbine may be inclosed in a casing and placed 
above the level of the tail water ; the whole head H will be available 
still if the discharge from the turbine casing is arranged through a 
suction tube which has its mouth opening below the level of the 
tail water. The suction tube must run full bore. 

The diagrams showing the velocities of the water and the angles 
of the guide and wheel blades are given in Figs. 685 {a) and (^). 
The constructions are the same as for the axial-flow impulse turbine 
already described (p. 634), and the diagrams are lettered in the sme 
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manner. The guide and wheel blades are shown separately in 
Fig. 686. 



Pressure vaxiation in an axial-flow reaction wheel. In this type 
the inlet and discharge areas of the wJieel are cciual ; hence the inlet 
and outlet velocities of flow and Uo in Fig. 685 (a) and (^) are equal. 
It will be evident therefore from these diagrams that the relative 
velocity at the outlet, represented by /v^, must be considerably 
larger than the relative velocity at the inlet, Vrt represented by fa. 



In Fig. 687, CPD is the wheel blade, and EPF shows approximately 
the path of the water through the wheel, the discharge velocity 
Uo = Vo at F being axial. At any point P, the actual velocity v of the 
water is made up of a constant component V, equal to the circum- 
ferential velocity of the wheel and a component Vr tangential to the 
blade, and increasing from a value vh at the inlet to Vro at the outlet. 
In consequence of this increase in velocity, there will be a decrease 
in pressure from the inlet to the outlet. 

Let OX be taken as a datum level, the top of the wheel being at 
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an elevation hm above OX, and apply Bernoulli’s equation, neglecting 
friction. Let and Po be the pressures in lb. per square foot at the 



inlet and outlet respectively, and let w be the weight of a cubic foot 
of water. Then 


p . If' • P ‘IT 

W 2g 7V 2g 


I^t hi and ho be the pressure heads corresponding to Pi and 
Po respectively. Then the above equation may be written : 

hi + h hio = ho-\ > 

2g 2g 


or 


hi-ko = - 


- K. 




'-hu 


(i) 


{hi - ho) represents the portion of the total available head H, which 
is utilised in overcoming the pressure resistance in the wheel ; the 
remainder of H may be used for giving the velocity vi to the water at 
the discharge edge of the guide blade. In Fig. 685 (^) 

As may be seen from inspection of Fig. 685 {<^\ no great error will 
be made by assuming that Ui and Vrt are equal. Hence, 

= + nearly. 


\Ve may therefore write (i), 
hi ho ” 




V2 

* hv> nearly. 


(»> 


1>.M. 
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Hence the head available for producing the velocity Vi is given by 
Velocity head = H - (A£ — 

V2 


= H* 


2^ 


+ 


( 3 ) 


And 




Practical values for the velocities are 


Uo=^Ui- o-i8n/ 2^H feet per second. 

V = 0-64^2^3 feet per second. 

Vi — O'T J 2gH to 0‘8V^2^H feet per second. 


The relations of the velocities and angles may be deduced from 
Fig. 685 (a) and giving equations similar to those already found 
for the Girard turbine (p. 635). If there is no whirl at the outlet, 
the work done per second and the horse-power may be found in the. 
same manner as for the impulse turbine, and will lead to equations 
similar to (10) and (ii) (p. 638). 


W V 

Work done per second on the wheel = foot-lb. 


‘(4) 


Also, 


H.P. 


developed = 


SSog ‘ 


Work done per lb. of water - 



foot-lb. 


(5) 


Energy available per lb. of water ~ H foot-lb. ; 

Viv- 

hydraulic efficiency = 


.( 6 ) 


Inward-flow reaction turbine. The Thomson turbine, of which an 
outline diagram is given in Fig. 688, is an example of the inward-flow 
reaction type. The water enters a large casing furnished with guide 
blades, which cause the water to whirl as it moves tow^ards the centre 
of the casing. The water flow^s through the wheel, and is discharged 
through central orifices which open sideways. Velocity diagrams are 
given in Fig. 689, and a part cross section of the wheel is shown also 
in this illustration. AB is one of the guide blades, and the water is 
delivered from it at B with a velocity Vi . By means of the parallelo- 
gram of velocities Bdclf, Vi is resolved into a radial component ui and 
a tangential component wi. The guide blade at B is tangential to 
^B, which makes an angle a with dB, the latter being tangential to 
the inlet surface of the wheel at C. The circumferential velocity of 
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the wheel at C is V, ; by making «C to represent — V, and completing 
the parallelogram efiC., the relative velocity Vri is found and is reprer 



Fig. 688 —Thomson inwartl-flow reaction turbine. 


sented by yC, making an angle 0 with Cd, The wheel blade CD is 
drawn so as to be tangential to /C at C. 

At the wheel blade outlet D, the water possesses a velocity Vro 
relative to the blade, together with a velocity V*,, thri latter being the 



circumferential velocity of the wheel at D. The resultant of these 
will give Voy the absolute velocity of the water discharged from the 
wheel. To meet the condition of no whirl at the wheel outlet, Vo 
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should be radial. Draw Dm radial and equal to make /D equal 
to Vo and complete the parallelogram D/mn ; Vro will be given then 
by «D, making an angle <#> with the tangent ID to the wheel at D. 
The wheel blade at D should be made tangential to «D. 

The dimensions of a w^heel of this type are determined from the 
required flow of water and the area of the outlet passages required to 
accommodate this flow. In Fig. 689, let 

Ri and R© = the inlet and outlet radii respectively, in feet. 

Bi and Bo == „ „ breadths „ „ 

Then, since the velocity of the water perpendicular to the exit 
circumference of the wheel is we have 

Flow of water = t/o x 27 rRoBo cubic feet per second. 

It is usual to have the same values for the radial components of 
the inlet and outlet water ; hence Ui and Vo will be equal. Now, is 
the velocity of the water perpendicular to the wheel inlet surface. 
Hence, 

Flow of water = Ui x 27rR^Bt* 

= z^o X 27rRtB^ cubic feet per second. 

As the inlet and outlet flows must be equal, it follows that 
sttRoBo = 2?rR^Bi, 

or RoBo = RiBi. 

It is advantageous in the Thomson turbine to make R{ double of 
Ro ; hence Bo will be double of B^. In making the above calcula- 
tions of the flow of water, no allowance has been made for the area 
abstracted by reason of the thickness of the wheel blades. The 
wheel shown in section in Fig. 689 is double, and has two side 
discharge orifices at the centre, each of radius Ro ; assuming that the 
velocity of the water through these is we have 

Flow of water ~ x 27rRo^ cubic feet per second, 
a result which enables R®, and hence the other wheel dimensions, to 
be calculated when Vo is known. 

Variation of pressure in a radial-flow reaction wheel. It will be 
noted from the diagrams of velocity in Fig. 689 that the outlet 
relative velocity Vro is considerably larger than the inlet relative 
velocity Vri. Hence, as explained on p. 640, there will be a fall in 
pressure as the water passes through the wheel, the fall being given by 

2 2 

V — • 

Fall in pressure due to the change in relative velocity « feet 
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There is also centrifugal action on the water which is passing 
through the wheel, the effect being also to cause the inlet.pressure to 
be greater than the outlet pressure. 

In Fig. 690, the actual path of the water through the wheel is 
BPE, and CD is the wheel blade. At any point P, the absolute 
velocity V of the water may be resolved into components Vr tangential 
to the blade, and V in the direction of motion of the wheel. The 
magnitude of V will be proportional to the wheel radius at P, and the 




centrifugal effects owing to V may be examined by reference to 
Fig. 691 (a), ABCD is a closed tube full of water and rotates with 
angular velocity w about a vertical axis XY. The cross section of 
the water is taken as one sejuare foot in area, and the radii are 
measured in feet. At any radius r, the pressure on the section EF 
may be found from the general equation : 


S 


(p- 425)- 


In the present case, 

M = mass of water in AEFD 


^ i xrxw pounds. 
R^o-sr. 


Hence, 


P- 


rwu)- - 
2 




lb. per square foot. 
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Now, the circumferential velocity of the tube at radius r is given by 


/. P = lb. per square foot. 

Let h be the pressure head corresponding to P. Then 
P 7^ 

y^ = - = ^feet. 

W 2g 

At sections BC and GH, where the circumferential velocities are 
and 7/2 respectively, the pressure heads will be 

» » 2 7/2 

feet, = — feet. 

^ 2^ ^ 2 g 

The difference in pressure heads at BC and GH will be 

7/ 2 _ yf 2 

^ -- feet. 

1 2 

In Fig. 691 (/A, h and r have been plotted; it is evident that, as- 
h varies as 7'^, and v varies as r, the shape of the curve is parabolic. 

Application of this result to the radial flow turbine (Fig. 690) gives 
for the difference in pressure caused by centrifugal action 

V.-2 _ V 2 

- Kl = feet. 

1 ^ 2 g 

Taking account of the change in pressure head due to the change 
in relative velocity, we have for the total difference in pressure heads 
at inlet and outlet 2 « 


This expression gives the portion of the total available head H 
which is required in order to overcome the pressure in the wheel ; 
the remainder is available for giving the velocity Vi to the water 
leaving the guide blade. The result is apf)licable to both inward and 
outward radial-flow turbines. 

It will be noticed that any increase in the speed of rotation of the 

wheel will cause ( — ^ ) to increase, and hence the difference m 

the pressures at the inlet and the outlet also will increase. In 
inward-flow turbines, the effect of this increase in pressure will be to 
diminish the flow of water through the wheel ; the water is held 
back, as it were, by the increase in centrifugal force. Now, a 
diminished flow of water results in less power being developed, and 
thus will tend to lower the speed of the wheel ; hence inward-flow 
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turbines are to a certain extent self governing. In the Thomson 
wheel, advantage is taken of the self-regulating centrifugal action by 
making the outer diameter of the wheel double of the inner diameter. 

In outward-flow turbines, the centrifugal action causes an increase 
in flow if the speed of rotation of the wheel becomes greater, and 
thus is entirely opposed to self-regulation. For this reason, outward- 
flow turbines have the wheel diameters at outlet and inlet more 
nearly equal; the outer diameter in practice may be from 1-2 to 
1*25 times the inner diameter. Practical values of the velocities 
may be as follows : 

Ui = Uo~o*\2^sI 2g\rl feet per second. 

Vi — o-66v/ 2;^»-H feet per second. 

= feet per second. 


Efliiciencies in practice of from 75 to 80 per cent, have been 
obtained with Thomson turbines. 

Power developed in radial-flow reaction wheels. Let Wi and 
Wo be the inlet and outlet velocities of whirl respectively, and consider 
one pound of water passing through the wheel. 

Angular momentum of inlet water = zt'iR, . 

„ „ outlet „ 

Change in angular momentum per pound of water ^ z£/,Ri - te/oRo. 
Let W be the flow of water in pounds per second Then 
Total change in angular momentum, per second = W(zf/jRi - ze/oRo). 

Couple acting on the wheel = Ib.-feet. 

Work done by this couple — — ^ — *~~~g — ~ — ft. -lb. per sec. 


Vi/(7aiRi - WoRn) (0 
55 og 

If there is no whirl at the outlet, Wo will be zero, and w may be 

Vt 


written 




H.p. developed ~- 

3 whir 
Hence, 


H.p. developed = 


Also, Work done per pound of water = 


\V7ViRi Yj 
WwjVi 

550 f 

7ViVi 


ft.-lb. per sec. 
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If H is the total fall available, then in each pound of water supplied 
there is energy represented by H foot-lb. Hence, 

WiVi 


Hydraulic efficiency = 




These results are applicable to both inward and outward-flow 
turbines. 



Outward-flow reaction turbine. A part section of an outward- 
flow turbine is given in Fig. 692. The water flows through 

I 

0 A 


I 



Fig. 693. — Velocity diagrams for an outward-flow reaction wheel. 


a passage A furnished w'lth guide blades, and passes through 
the wheel C, which has blades at B. In this wheel, the passages 



at B are divided into three 
com[)artmcnts by means of 
horizontal partitions, the effect 
being to produce three w'heels. 
Regulation of the power is 
effected by means of a cylin- 
drical gate or sluice, shown in 
section at I), and capable of 
vertical movement. By adjust- 
ing D, one, two or alL of the 
wheel compartments may be 
used, thus giving considerable 
variation in the power. 
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The velocity diagrams are given in Fig, 693 {a) and (^), and the 
guides and wheel blades are shown separately in Fig. 694. These 
diagrams are lettered to correspond with those already given, and will 
be understood readily. The following practical values may be 

assumed . ^ o-25V2^^»-H feet per second. 

Vi = o*55\/2^Ti feet per second. 

Vi— 0-6 feet per second. 

Centrifugal pumps. Water may be raised from a lower to a higher 
level by means of a centrifugal pump, in which the water flows 
through a revolving wheel driven from some 
source of power; the function of the wheel is 
to impart additional energy to the water, and 
this is converted into potential energy by 
allowing the water to flow up a discharge 
pipe into an elevated reservoir. The general 
arrangement will be understood by reference 
to Fig. 695, in which the wheel is situated at 
B and takes its supply of water from A. 

The water is discharged at C into a pij)e which 
opens at 1) into a tank E. A back-pressure 
valve at A prevents the water flowing back 
into the lower tank when the wheel is at rest. 

T'lie pump may be situated below the level of 
the supply water, or above this level, as shown 
in Fig. 695 ; in the latter case, the pressure of 
the atmosphere causes a flow up the pipe AB. 

Before tiny centrifugal pump will start dis- 
charging, it must be charged fully with w^ater. 

In Fig. 696 is shown a centrifugal pump 
in more detail ; water enters at A, and is led 
to central orifices situated on both sides of the centn^^rpump. 
w heel B. The wheel is furnished with curved 

blades, and is driven in the contra-clockwise direction T he water 
is discharged at the outer circumference of the wheel into a chamber 
C ; the discharge pipe is connected to this chamber at D. I he 
action is very similar to that of a reversed inward-flow reaction 
turbine, and the theory is also similar. 

Velocity diagrams for a centrifugal pump. Velocity diagrams are 
given in Fig. 697. At the inlet edge A of the w’^heel blade AB, the 
absolute velocity Vi of the inlet water may be assumed to be radiah 
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and hence is equal to ui. The circumferential velocity of the wheel 
at A is ; if cA be made equal to - and tangential to the circum- 
ference at A, and aA drawn radial and equal to vu then the diagonal 
fiA will represent the relative velocity of the water and the wheel 
blade at the inlet. The tangent to the blade at A should coincide 
with ^A in order that the water may enter the wheel without shock. 



Let Q — flow of water through the wheel, in cubic feet 

per second. 

Ri and R<, == the inlet and outlet radii respectively of the 
wheel, in feet. 

Bi and Bp == the inlet and outlet widths respectively of the 
wheel, in feet. 

Then Q = 27 rR^Bi//i 

= 27 rRiBi;z^i for radial velocity of inlet (i) 

The wheel is made less in breadth at the outlet surface usually, and 
as the same quantity Q is discharged, we have 

Q«27rRoBo//o. 
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Hence, 


27rR^BiWt =: 27rRf,BoUo, 


It is usuaI to preserve the velocity of flow constant, 


Also, 


— RqBo • *(2) 

Vi Ri^ 



(3) 


The velocity diagram may be constructed for the outlet B (Fig. 697) 
as follows : Make H// equal to and tangential to the wheel circum- 
ference ; draw e/ parallel to B^/ and at a distance Uq = 2^,,, repre.sented 



by from it. A value is then chosen for the angle which the 
tangent to the blade at B makes with the outer circumference of 
the wheel, and de is drawn at the angle ^ to dB . . Completion of the 
parallelogram B^tf/will give the relative velocity Vro, represented by 
B/ and the absolute velocity v„ of the water leaving the wheel, repre- 
sented by The wheel blade at B is drawn tangentially to B/ 
Vo has a radial component and a whirl component 

represented by 

Work done on the wheel. 

Let W = the flow of water, in pounds per second. 

01 — the angular velocity of the wheel, in radians per second 
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Then, as there is no whirl, and therefore no angular momentum in 
the inlet water, we have 

Change in angular momentum per second ==Wz«/<,Ro. 

W 7 V R 

Couple which must be applied to the wheel = Ib.-feet. 


Also, 


\Ww R 

Work done per second by this couple = w foot. -lb. 


Ro ^ 


Wf£/ V 

work done per second by the couple = foot-lb. ...(4) 


H.p. required -= (c;) 

It will be noticed that these results take no account of any sources 
of waste. 

If represents the maximum height through which the water 
could be raised, neglecting wasted energy, then 

\V7ef V 

Work done per second = WH^/i (from 4) ; 

cS 

• IT ^ /-V 

.. feet (6) 

Let H feet be the actual height through which the water is raised 
(Fig. 695), and let be the velocity in the discharge pipe. The 
discharge energy at D will be 

Energy of discharge = H + foot-lb. per pound of water. 

It will be evident that the kinetic energy at discharge is entirely 

wasted in surging and eddies in the upper tank. Other sources of 
wasted energy external to the pump casing are owing to frictional 
re.sistances in the suction and discharge pipes. Let Hp feet represent 
the head equivalent to the frictional w\aste of energy in these pipes, 
'rhen the gross lift of the pump will be defined as 

Gross lift = Hg = H + Hp + feet (7) 

The total disposal of energy outside the pump casing will be 
represented by 

Energy disposed of outside the pump casing « WHg foot-lb. per sec. (8) 
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The ratio of this quantity to the work done per second in the 
wheel, given by (4), is the hydraulio effldeiioy of tbe pump. Hence, 
for radial flow at the wheel inlet, we have 

Hydraulic efficiency ^ ^ WH. ~ (q) 

^ 

Within the wheel casing, in addition to frictional waste in the 
passages, there is waste from shock due to the velocity Vo at the 
wheel exit being greater than the velocity in the discharge 
pipe. It is rarely the case that any effective means arc taken for 
ensuring that 7 Jo shall diminish to Vyy in su(‘h a manner as to produce 
an effective increase in the pressure head. More usually the waste is 
complete, and the pressure head at the connection of the discharge 
pipe to the wheel case is equal to that at the exit circumference of 
the wffieel. As has been noted already, the kinetic energy of the 
water in the discharge pipe is wasted entirely in the upper tank ; it 
therefore follows that the waste, in addition to that due to friction, 
will be the whole kinetic energy of the water leaving the wheel exit, 

viz. --- foot-lb. per pound, and the maximum height of lift given in 

(6) will be reduced to this extent. 

Again, a centrifugal pump, having been designed for a constant 
speed of rotation and for a given flow of water, will have a definite 
angle 6 (Fig. 697) for the wheel blade at the entrance A. If any 
change be made in the speed of the wheel or in the vtlocity of flow% 
the fixed angle 6 will not .suit the altered conditions, and there will 
be w’aste of energy by reason of shock at A. Further, the assumption 
of radial velocity of the entering water is approximate only, as there 
are no guides in the central orifices of the wheel to ensure constant 
direction in the flow of water. 

In obtaining the actual efficiency of the whole arrangement, the 
energy wasted in overcoming the frictional resistances of the wheel 
bearings also must be considered. Taking, as before, a flow of W 
pounds per second raised through an actual height H feet, we have 
Useful work done = WH foot-lb. per sec. 

The energy which must be supplied to the pump shaft will be 
given by 

Energy supplied to pump = -^— foot-lb. per sec (10) 


Horse-power required to drive the pump = 


WH 

55oEa 
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Variation in pressure in the wheel. The change in pressure head 
of the water passing through the wheel may be deduced in the same 
manner as for the inward-flow turbine discussed on p. 644. Referring 
to Fig, 697, it will be noted that the centrifugal action is to cause 
the pressure to increase in flowing from A to B ; being greater 
than Vri, there will be a decrease in pressure owing to the change in 
relative velocity. Hence, the total difference in pressure heads at 
A and B respectively will be 




>=) 


The changes of pressure w^hich occur in the whirling mass of water 
passing through the wheel and casing of a centrifugal pump may be 

studied in more detail. In Fig. 
698 is shown a tank A containing 
a pump wheel B, which may be 
rotated by means of a shaft and a 
pulley at C. Water may flow into 
the wheel through the pipe D. 
Suppose that the wheel is revolving 
at a given speed, sufficiently large 
to cause the water to rise to the 
level EF, and to remain constant 
at this level. No more water will 
flow^ into the wheel ; the water 
F.G.fi,8.-fe»u« vajb.bn^|„a contained in the wheel passages 

will whirl with the wheel, and the 
water in the tank w’ill be at rest, save for the frictional drag given 
to it by the revolving wheel. As there is no flow, the changes 
in pressure head inside the wheel will be owing entirely to centri- 
fugal action, and these will follow the law already explained on p. 645, 
The pressure heads are shown by the sliaded diagrams a/jt'd and 
ab'dd' ; if the water were whirled in a revolving open cuj^ instead of 
in the wheel, the form of the vertical section of its surface would be 
that of the curves ad and a'd\ and the state of motion is called 
a forced vortex. It will be noted from what has been said on p. 645 
that the condition for a forced vortex is that the whole of the whirling 
water possesses the same angular velocity. 

The conditions illustrated in Fig. 698 are realised in a centrifugal 
pump often if the sjieed of the wheel be insufficient to cause the 
water to reach the level of the mouth of the discharge pipe. In such 
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a case, there is, of course, no flow, and hence no work is done other 
than that against frictional resistances. 

Free vortex. A free vortex may be produced easily by filling 
with water a circular vessel having a central plug, stirring the water 


and then drawing the plug. The shape 

assumed by the water will be found % . ^ ^ ^ 

to resemble that shown in Fig, 699, I 

which has been plotted from calculated I ".111 \ 

results. In such a vortex, the condition I 

is that although interchanges of kinetic, I 

pressure, and potential energies may I 

take fjlace freely throughout the mass I 

of water, the total energy per pound V J 

water remains constant. 

In Fig. 7oo(«), AB is a portion of 
the surface of a free vortex. At any iij|P 

point P, at a distance y feet from the 699.-A free vortex, 

free surface level OX, and at radius 

X feet from the axis of the vortex, the resultant R of the centrifugal 
force F and the weight W of a particle of water must cut the surface 
of the vortex normally. This is owing to the fact that the surface at 
P is exposed to the pressure of the atmosphere, which is a force 
acting normally on the surface. 



Fig. 700.— Forces acting in a free vortex. 


Consider a mass of pounds of water at P. The centrifugal force 
F will be poundals, where v is the velocity of whirl in feet per 

second ; the weight W will be mg poundals. Hence. 

W mg gx 
~F ’ 


Now, owing to the change of potential energy mto kinetic energy 
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caused by the water descending through a height y at constant atmos- 
pheric pressure, we have 2,2 2gy ; 

• ^ = = ^ fr\ 

F 2 ^ 2y ^ ' 

In Fig. 700 (p) another point P' has been taken very close to P ; 
y is increased now by a small amount represented by PV, and x 
is diminished by a corresponding small amount ( - represented 
by Vd, The triangles dFc in Fig. *joo(a) and ^t^'P in Fig. 700 (<^) 
are similar. Hence, 


and, from (i). 


Let ^x and ^y become very small, and integrate both sides, giving 


w 

ac 

Vd 

T" 

Mp““ 

Yd^ 

w 

X 

Sx 

F 





Sx 


2y 

X 




i Iog,>'= -log,a:-l-t, 

where ^ is a constant to be determined by the given conditions. 
The result may be written _i ^ 



KlG. 70X.— a free vortex formed outside a revolving wheel 
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In Fig. 701, water is discharged from a rotating wheel into a 
circular tank, and allowed to form a free vortex If H is the height 
in feet of the free surface level above the wheel centre, R the radius 
of the wheel in feet and V its rim velocity in feet per second, then 

V2 = 2^H, 

V2 

or H = — . 


Hence, from (2), 


H = 


^ _V2 


or 


a = 


Hence, equation (2) becomes, in this case, 

V‘2R2 

■ ■■ 


•(3) 


, This is the equation used in plotting the vortices shown in 
Figs. 699 and 70 t. 


In Fig. 702 is shown a wheel A surrounded 
which is open to an ordinary volute chamber C. 


by a chamber B, 
'I'he water whirled 



out of the wheel moves through the chamber B in spiral stream lines, 
and the changes in pressure follow the free vortex law approximately. 
This is shown in the pressure diagrams by the curves cdand-^d'. 


D.M. 
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The water in the wheel itself follows the forced vortex law approxi- 
mately, riiown by the curves de and d‘e\ The chamber B, called 
the whirlpool chamber, was suggested by Prof. James Thomson ; it 
has not been used to any great extent in practice on account of the 
very large dimensions required if the chamber is to be effective in 
permitting the changes from kinetic to pressure energy to be effected 
gradually.* 

High lift centriftigal pumps. The lift which can be obtained by 
use of an ordinary centrifugal pump is limited by the speed at which 
the wheel can be run without exceeding safe limits of stress in the 
material. By the use of several wheels in series, so that the water 
leaving one wheel is delivered to the next wheel of the series, almost 
any lift can be obtained. Fig. 703 shows such a pump constructed 



Kig. 703. — Multiple-wheel centrifugal pump for high lifts. 


by Messrs. Mather & Platt, for the purpose of mine drainage, t There 
are seven wheels in series, the first being that on the right-hand end 
of the shaft. This pump is capable of delivering 2500 gallons per 
minute to a height of 2000 feet when running at 1450 revolutions 
per minute, and absorbs over 1900 horse-power at the spindle. 

Students desirous of further information in hydraulics are referred 
to the following standard works : 

(fl) Hydraulics^ Prof. A, H. Gibson (Constable); {b) ffydrauHcSy 
Prof. W. C. Unwin (Black) ; (r) Hydrauliesy F. C. Lea (Arnold). 

*See “Experiments on the Efficiency of Centrifugal Pumps,’* by Dr. Stanton. 
Proc. Inst. Mech. Eng., 1903, p. 726. 

t “ The Evolution of the Turbine Pump** ; Hopkinson & Chorlton- Proc. Inst 
Mech. Eng., January 1912, 
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EXERCISES ON CHAPTER XXIV. 

1 . A jet of water having a sectional area of 0*5 square inch and 
moving with a velocity of 40 feet per second impinges on a fixed flat plate. 
Find the pressure on the plate when the jet makes angles of o®, 30 , 45% 
60 and 90 with it. Plot a djagram showing the relation of pressure and 
angles. 

2 . The jet of water in Question 1 slides tangentially on to a fixed vane. 
Find the pressures on the following vanes, given that the tangents to the 
vanes at J;he leaving edges make angles with the jet of 0“, 30% 6o^ 

120®, 150“, 180“. Plot a diagram showing the relation of pressures ana 
angles. 

3 . A jet of water issues horizontally from a trumpet orifice one inch 
diameter under a head of 4 feet. It impinges normally on a flat plate ; 
calculate the pressure on the plate (n) when the plate is receding from the 
orifice with a velocity of 2 feet per second, (d) when the plate is approaching 
the orifice with a velocity of 2 feet per second. 

4 . In Question 3, calculate the work done in each case. Under what 
conditions of plate velocity would there be zero work done ? Sketch a 
diagram showing approximately tlie work done between the limiting 
velocities of plate (a) equal to and of the same sense as the velocity of the 
jet, (d) equal to and of opposite sense to that of the jet. 

5 . An overshot water wheel is supplied with 2 cubic feet of water per 
second. If the fall available is 30 feet and if the efficiency is 60 per cent., 
what horse-power will be developed ? 

6. In an undershot water wheel, the water is supplied under a head of 
3 feet and passes through a sluice 4 feet in width and 6 inches in height. 
Calculate the flow through the sluice, taking the coefficient of discharge 
to be 0-6. Hence calculate the horse-power developed by the wheel if the 
efficiency is 40 per cent. 

7 . In a Poncelet water wheel, the velocity of the jet is 25 feet per 
second and the velocity of the rim of the wheel is 15 feet per second. If 
the direction of the jet makes an angle of 15° wnih the tangent to the 
wheel circumference at the entrance, what angle should the tip of the 
wheel vane make with the same tangent ? 

8 . In a Poncelet water wheel, the velocity and direction of the jet are 
the same as those given in Question 7* The tip of the wheel vane makes 
an angle of 28® with the tangent to the wheel circumference. Find the 
circumferential velocity of the wheel. 

9 . A wheel 3 feet in diameter makes 250 revolutions per minute and 
has radial vanes. Water flows through the wheel from the outside to 
the centre, and has a radial component of 6 feet per second at the inlet. 
If shock is to be avoided, find and show in a diagram the direction angle 
of the entering water. 

10 . A Pelton wheel is 30 inches in mean diameter and is supplied with 
water under a head of 1500 feet. If the jet is i inch in diameter, find the 
best speed in revolutions per minute of the wheel and also the horse-power 
developed if the efficiency is 80 per cent. 
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11 . In a Girard axial-flow impulse turbine having a horizontal wheel, 
the internal and external diameters of the wheel at the inlet are 33 and 39 
inches respectively, the mean diameter being 36 inches. The total 
available fall is 20 feet and the delivery edges of the guide vanes are 
18 inches above the tail race. 

(a) Find the velocity of the water leaving the delivery edges of the 
guide vanes, taking the coefficient of velocity as 0*95. 

{b) The axial component of the velocity {a) is to be 0*45 of the result 
you have found in {a). Find the angle made by the tips of the guide 
blades with the horizontal at the mean diameter. 

{c) Calculate the flow of water through the wheel in lb. per second, 
neglecting the sectional area abstracted by the guide and wheel vanes. 

(d) What is the total energy per second available in the fall? If 
the efficiency of the wheel is 75 per cent., what is its probable horse- 
power ? 

{e) The mean circumferential velocity of the wheel is to be 0*5 of the 
velocity calculated in {a\ and the water leaves the wheel with axial 
velocity only. The relative velocities at inlet and outlet are equal. Find 
the angles to the hoHzontal of the vanes at the mean wheel circumference 
at inlet and outlet respectively. Draw the curve of the vane. Find also 
the speed of the wheel in revolutions per minute. 

(/) Find the absolute velocity of the leaving water, and hence calculate 
the hydraulic efficiency. 

ig) From {b\ find the velocity of whirl of the entering water. 
Assuming no whirl at the outlet, calculate the couple in Ib.-fcet acting on 
the wheel, the work done by this couple in foot-lb. per second and the 
horse power developed by it. 

12 . In an axial-flow reaction turbine having a horizontal wheel, the 
mean circumference velocity V of the wheel vane is 16 feet per second, 
the inlet velocity Vt of the water is i8 feet per second and the axial com- 
ponents Ui and Uq of the velocity of the water at inlet and outlet are each 
equal to 4-5 feet per second. The water is discharged from the wheel 
without whirl. Find the angle of the guide blade ; also the angles of the 
wheel vane at inlet and outlet. Find the relative velocities Vn and Vro at 
inlet and outlet, and calculate the change in pressure head In the wheel 
passages if the depth of the wheel is 8 inches. 

13 . If a plate is inserted in a stream of fluid and held at right angles 
to the direction of the stream, the total pressure on it is equal to the 
momentum per second which would pass through its area if the plate 
were absent, multiplied by a factor which, for the present purpose, may be 
taken to be 0'65. Find the pressure upon a plate 4 feet square due to a 
steady wind of 20 miles per hour. (One cubic foot of air weighs o*o8 lb.) 

(B.E.) 

14 . The radial vanes of an under-shot water wheel are acted upon by 
water moving at a velocity of 45 feet per second. If the quantity of water 
which reaches the wheel per second is 2 cubic feet, and if the vanes 
of the wheel are moving at a velocity of 22*5 feet per second, find 
{a) the pressure of the water on the vanes, {b) the theoretical efficiency 
of the wheel and (c) the horse-power the wheel is capable of developing. 

(B.E0 
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15 . An experiment with a small Pelton water wheel gave results shown 
m the annexed table : 


Mean 

revs. 

per 

min. 

Net 
load on 
brake 
wheel, 
lb. 

Water 
passing 
through the 
turbine, in 
lb. per sec. 

Speed 
of jet, in 
ft. per 
sec., 

V. 

Peripheral 
.speed of wheel 
vanes, in feet 
per second, 

V. 

Ratio, 

V 

V‘ 

Total kinetic 
energy of 
jet, foot-lb. 
per sec., 

Energy taken 
up by brake 
wheel, foot-lb, 
per sec., 
e. 

Efficiency 
of wheel, 
per cent., 

^Xioo. 

1450 

0 

387 







770 

I2*r 

4*20 







660 

14* I 

4*10 







620 

15.1 

4*10 







395 

19*2 

412 







121 

21*9 

4*17 








The cross-sectional area of the nozzle was 0*000764 square feet. The 
mean diameter of the wheel (centre to centre of buckets) was 10*7 inches. 
The mean diameter of the brake wheel was 7*25 inches. Fill in the 
Columns left blank in the table. Plot a curve showing the variation of 

efficiency of wheel with variation of ratio According to simple theory, 

that is, neglecting all losses, what is the value of ^ which should give the 

maximum efficiency, and what value would this maximum efficiency be? 

(B.E.) 

16 . An axial-flow impulse turbine is to be designed. Determine, from 
the data given below, the angles of tips of the guide and of the moving 
blades : 

(ij Original head of water, 169 feet ; 

(2) Head wasted in friction in the guide blades, i foot ; 

(3) Head wasted in the tail race, 8-5 tect. 

The horizontal velocity of the wheel blade is to be taken as half the 
horizontal component of the velocity of the water as it enters the wheel. 

(B.E,) 

17 . An inward-flow turbine, when running steadily, uses 40 cubic feet 

of w'ater per second. The water enters the wheel w^ith an absolute 
velocity of 45 feet per second, and its direction makes an angle of 23 
degrees with the direction of motion of the wheel rim ; it leaves the 
wheel with an abs()lule velocity of 8 feet per second, and its direction makes 
an angle of 112 degrees Avith the direction of motion of the w^heel rim. 
The internal and external radii of the wheel are 1*6 and 2*8 feet re- 
spectively. What horse-power is the turbine receiving? State the 
principle on which you calculate. (B.E.) 

18 . An outward-flow turbine wheel has an internal diameter of 5-35 feet, 
an external diameter of 6*50 feet, and it makes 250 revolutions per minute. 
The wheel has 34 vanes, which may be taken as 0*75 of an inch thick at 
the inlet, and 1-25 inches thick at the outlet. The head available above 
the centre of the wheel is 145 feet, and the wheel exhausts into the 
atmosphere. The eflfectiv'e width of the wheel face at inlet and outlet is 
12 inches, the quantity of water supplied per second is 250 cubic feet. 
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Determine the angles of the tips of the vanes at inlet and outlet, so that 
the water shall leave the wheel radially. You may neglect all friction 
losses. (B.E.) 

19 . The wheel of a centrifugal pump is delivering very little water ; show 
in a curve how the pressure varies from inside the wheel to a point 
some distance outside the rim. Show this when there is a considerable 
delivery of water. Draw the shape of the vane of the wheel. (B.E.) 

20 . The radial speed of the water in the wheel of a centrifugal pump is 
6 feet per second ; the vanes are directed backwards at an angle of 35 
degrees to the rim ; what is the real velocity of the water relatively to the 
vanes What is the component of this which is tangential to the rim ? 
When th€ water has left the wheel, what is its velocity in the tangential 
direction. if the rim of the wheel moves at 20 feet per second? (B.E.) 

21 . The rim of a turbine is travelling at 60 feet per second ; 200 lb. of 
fluid enter the wheel per second with a velocity of 70 feet per second in 
the tangential direction, leaving it at the same radius with no velocity in 
the direction of the wheel’s motion. Find the momentum lost per second 
by the fluid, and calculate the horse power given to the turbine. (l.C.E.) 

22 . In an inward-flow turbine the speed of the wheel at inlet is 

±e velocity of flow, assumed constant throughout, is 0-15?/; the outer 
radius is twice the inner radius, and the flow at outlet is radial. v — ^2ghy 
where h is the head above the turbine centre. Find, in terms of hy the 
centrifugal head in the turbine, the velocity at inlet and the hydraulic 
efficiency. (L.U.) 

23 . A Pelton wheel runs at 900 revs, per min., its diameter being d feet. 

750 gallons of water per minute are supplied from a hydraulic main at 
250 lb. per sq. in at the nozzle. Find the actual horse-power, allowing a 
reasonable efficiency for the wheel. Find also a suitable value for d. 
Sketch the form of bucket and shape of nozzle you would use, showing 
how the sectional area of the jet may be varied. (L.U.) 
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HYDRAULIC EXPERIMENTS. 


Hydraulic experiments. Most laboratories equipped for applied 
mechanics now possess apparatus suitable for carrying out experi- 
ments in hydraulics. Generally speaking, these are on a small 
scale ; to carry out experimental hydraulics on a practical scale 
requires very costly apparatus occupying much space ; owing to the 
nature of the experiments, it is best to have a separate laboratory 
entirely if completeness is aimed at. In this section, the experi- 
ments described are on a small scale usually, and are such as may 
find a place in any mechanical laboratory with great benefit to 
the student. It must be borne in mind however, that the ex- 


perimental results obtained by such apparatus cannot agree well 
with tho.se given by larger apiiaratus. For example, the results 
for the flow through a drawn copper tube 0 5 inch in diameter 
could scarcely be compared with those for a cast-iron or steel 
water main 48 inches in diameter. This, however, does not detract 
seriously from the educational value of the experiments, and the 
student has the satisfaction of having the whole apparatus under 
his own control without the necessity for a multitude of assistants. 

Apparatus for some general hydraulic expeimeuts. In Fig. 704 
is shown apparatus in a compact form for enabling experiments to e 
made on the flow of water through orifices and over gauge notches, 
and also on the power and efficiency of a small Pelton wheel. A 
is a closed vessel supplied with water from a pipe B having a 
regulating valve C. The pipe B inside the vessel has its lower end 
plugged, and is perforated with a number of small holes^ Ihis 
portion is surrounded by a gauze cage, which has the o^oct of 
stilling most of the eddies in the entering water, n , 

the head in the ordinary water main is insufficient for 
purposes, a pump may be used for delivering water un 0^ 
into A. In the author’s laboratory, the pressure of supply may 
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be ICO lb, per square inch. Any head up to this limit may be 
obtained in the vessel A by regulating the valve C, and this head will 
be maintained steadily by the action of the air cushion in the upper 
part of A. If very low heads are required, an air valve D is opened, 
thus reducing the i)ressure on the surface of the water in A to that of 
the atmosphere. The head is measured then by means of a glass 
tube gauge EF, which is connected to A near the top and bottom. 
For higher pressures, the pressure gauge G is used ; this is graduated 
in feet of water. 



For experiments on the flow through orifices, a flange J is secured 
to the tank A, and brass plates having varicms orifices may be bolted 
to it. The discharged jet is caught by a baffle plate K, and is 
directed by it into the trough L, and thence into the measuring 
tank M. The latter tank has a small compartment at one side, and 
the water may be directed into this or into the larger compartment 
as required, by means of a swinging shoot N. Each compartment 
has a plug and waste pipe, and the larger holds a known quantity of 
water when the surface is level wdth the point of the hook O 

A small Pelton wheel is situated at P, and is connected by 
means of a pipe to the tank A and has a regulating cock Q. 
The exhaust water is led by a pipe R into the trough L; baffle 
plates S, S, and a wire gauze screen T get rid of any turbulence 
and ensure that the water will flow quietly in the left-hand portion of 
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L. The Pelton wheel is fitted with a brake and a revolution 
counter for the horse*power estimations. 

The left-hand end of the trough L is fitted with a gauge notch V, 
which may be exchanged for others of different types. The head of 
water in L may be measured by means of the hook gauge U, which 
consists of a graduated rod having a hook at its lower end and sliding 
vertically in a fixed tube. 

Expt. 50. — Plow through various orifices. Shut the cock Q, fix the 
required orifice at J and arrange the shoot N so as to discharge the 
water into the smaller compartment of M. Plug the larger com- 
partment, which should be quite empty, and adjust the -valve C so 
as to secure steady conditions at the required head. When steadi- 
ness has been secured, switch N over so as to discharge into the 
larger compartment of M, and note the time. When M is full up to 
O, again note the time, and record the duration of the test. The 
experiment may be repeated by switching the water into the smaller 
compartment, and then emptying the larger, which may be done 
without any interference with the actual flow from the orifice- The 
mean time of the two experiments should be taken. Several eX' 
periments should be made under different heads, and the results 
tabulated as follows : 


Expertmknt on the Discharge from an Orifice. 


Area of Head of 
orifice, supply 

A square wa ter, 

feet. H feet. 


Duration 
of lest. 


Flow per second, 


Coefficient of 
discharge, 


Jsees, 01 test, q = cubic feet. - = 

Qi cubic /seconds. ^ 


Plot a curve showing the relation of H and Q. Useful shapes of 
orifice are circular, square, rectangular, triangular, trumpet mouth- 
piece and the Borda mouthpiece, ('are must be in measuring 

the dimensions required for calculating the area A. In the imse of 
the trumpet orifice, the coefficient o ‘^’^‘^harge found from the 
experiment will be the coefficient of velocity. In the Borda mouth- 
piece, assume that the coefficient of contraction is 0 5, ^d calcula^ 
ffie coefficient of velocity from your experimental value of the co- 
efficient of discharge. Thus, 


Cff — 2Cd • 


Expt. 51 — Measurement of Cv for a ro^d orifice. It is difficult ^ 
obtain the coefficient of contraction by direct measurement of the ]et 
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diameter in small scale experiments. The following method may be 
used to determine roughly the coefficient of velocity, and the coeffi- 
cient of contraction may be calculated then from the known coefficient 
of discharge. 

Use a circular orifice under low head, which should be maintained 
very steady. The curve of the jet is shown at APB in Fig. 705, and 

the dimensions H and D should 
be measured carefully. The ori- 
fice is at A. At any point P on 
the curve, the actual velocity 
will be tangential to the curve, 
and will have horizontal and 
vertical components Vx and Vff 
respectively. It may be assumed 
that Vx is equal to z;, the velocity 
with which the water leaves the 
orifice, and that Vy follows the law of a body falling freely. Hence, 
if d rmd h are the coordinates of P, and / is the time taken to flow 
from A to P, we have 

d—vt (i) 

(2) 

If H| is the head under which the water leaves the orifice, then 

V = CvJ 2gHy 

Hence (i) becomes d^c^tsj 2gW^y 

and 2 ^Hi .(3) 

Division of (3) by (2) gives 

d^ _ X 2 ^Ht 

h " 

(4) 

This result will be true for all points on the curve. Applying it 
to B, we have ^^2 



or 




D2 

4H,H’ 


2 VhiH 

The experiment should be performed for three or four values of 
H,, and D and H measured for each. The values of Cv calculated 
from each set of measurements should agree fairly well. 


Expt. 52. — ^Plow over gaugre notches. Close the orifices at J 
(Fig. 704) by means of a blank flange. Secure the wheel of the 
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Pelton motor so as to prevent rotation. Get ready the measuring 
tank M as in the previous experiments. Fix the experimental gauge 
notch at V. By means of a longsteel straight edge laid on the sill of 
the notch and ori the point of the hook gauge U, and brought level 
by use of a spirit level, find and note the zero reading of the hook 
gauge. Open and regulate the cock Q until the desired head is 
obtained in the trough L and the water is flowing steadily. Start 
and stop the measurement of the water in M as directed previously. 
The experiment should be repeated for several heads and the results 
tabulated as follows : 


Expkrimi':nt on the Ft.ow over a Gauge Notch. 


No. of 
Expt. 

Descrip* 
tion of 
notch. 

Dimen- Head Flow j-. 

sions by in time 

of hook 1 ^., J‘°" 

notch, gauge, Qj cubic ® 

H feel. feet. ^ 



j 



Plot a curve for each notch showing the relation of Q and H. 

Useful notches for experimental purposes are triangular, having 
angles of 90** and 60"* ; rectangular, having two side contractions, 
another having a vertical plate fitted so as to give one side con- 
traction and a third having two such plates in order to eliminate 
side contraction. 



Kio. 706- Appwatui. fOT lllustrotins («) Iternoulli's law ; (A) Osborn. Reynolds' colour-band. 

Expt. 53. — Benioiiiu’s law. In Fig. 706 (a) is shown a box A of 
varying cross-sectional dimensions and fitted with a glass pwel on 
the front side. Water under a given head may be supplied from a 
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tank B fitted with a glass tube gauge C. Other three tube gauges 
are connected to A, and show the pressure heads at a, b and c. As 
the box A is horizontal, there will be no change in potential energy ; 
hence, neglecting friction, the sum of the pressure and kinetic 
energies at a, b and c will be equal. Thus, 


2g 2g 2g 


■( 


where Aat kb and he are the heads in feet and Va^ vt and Vc are the 
velocities in feet per second at a, b and c respectively. 

ha, hb and he are given by the observed heads in the glass tube. 
Find the quantity of water flowing per second by measuring the time 
taken to discharge a given quantity ; let this be Q cubic feet pei 
second. Measure the cross-sectional areas Aa, A^, Ae, in square 
feet, at b and c respectively. As the same quantity passes each 
section per second, we have * 



Vc - 


Q 

Ar 


Substitution in (i) gives 
Q2 


Q2 




’ he + 




•( 2 ) 


Insert the observed quantities in equation (2) and note the 
divergence from strict equality in the results. 


Expt. 54. — The Venturi meter. A small meter of this type is 
illustrated in Fig. 707. The axis of the meter is arranged horizontally 
in order that the potential energy of the water may remain constant. 





CO 


Fig. 707. —Sections of a Venturi meter. 


The difference in pressure heads at the sections AB and CD is 
measured by means of glass tube gauges containing water or by 
means of a glass U-tube containing mercury. The meter is con- 
nected at E to a water supply, and the discharge pipe, connected 
to the meter at F, should have a regulating valve fitted. Discharge 
takes place into a measuring tank or into a trough fitted with a gauge 
notch. To make an experiment, maintain steady the pressure-head 
difference as shown by the tube gauge, and measure the flow in cubic 
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feet per second. Apply your results to equation (3) (p. 596), and 
so ascertain the value of the coefficient which must be applied to the 
right-hand side. Repeat the experiment with several different rates 
of flow, and obtain the coefficient for each. Plot curves showing 
(a) the relation of the flow in cubic feet per second and the pressure- 
head difference in feet ; (3) the relation of the coefficient and the 
pressure-head difference in feet. 

Expt. 55. — ^The critical velocity in a pipe. Prof. Osborne Reynolds 
has shown that, when water flows in a pipe, the motion may be 
steady, /,e. free from eddies, or unsteady, i e. sinuous or broken up in 
eddies. The critical speed is that at which the flow ceases to be 
steady ; at higher speeds the water is broken up into eddies. In 
Fig. 706 ip) is illustrated a simple form of Reynolds' experiment, 
which serves to illustrate the point. A test tube of glass. A, having 
a bell-mouthed entrance, is inclosed in a larger closed glass tube B 
and discharges into a sink. B is supplied with water from a pipe C 
having a regulating valve ; two gauze screens D serve to prevent 
turbulence in B. A small vessel E contains a coloured liquid (red 
ink serves well), and has a small glass tube which enters B and 
discharges a fine band of coloured liquid into tl)e bell mouth of A. 
At low velocities of flow through A, it will be found that the coloured 
band will travel unbroken throughout A. If the velocity be increased 
slowly, it will be found that the stream becomes broken up at a 
certain velocity, thus showing the presence of eddies. 

Reynolds also investigated the laws of resistance for these different 
methods of flow, and found that the resistance varied the speed at 
speeds below the critical value. At speeds higher than the critical 
value, the resistance varies as some power of the speed, approximately 
the square. 



Fig. 7o8.—Apparatus for investigating frictional resistances in a pipe. 

Expt. 56 — Frictional roslatances in a pipe. 1 he apparatus illustrated 
in Fig. 708 consists of a straight pipe AB of as nearly uniform bore as 
is possible (solid drawn copper or brass does well for a small scale 
experiment), connected to a tap at A and discharging into a 
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measuring vessel C. The pipe is arranged horizontally, and is con- 
nected at D and E by means of rubber tubing to two open-topped 
glass tubes F and G. A scale permits the levels of the water in 
the glass tubes to be observed. The connections 



at D and E are shown in more detail in Fig. 709. 
A collar having a recess inside is soldered to the 
pipe, and has three screw plugs and a nozzle for 
connecting the lubber tube. Four very small 
holes, two of which are shown in Fig. 709, are 
bored through the pipe so as to connect the recess 
in the collar to the interior of the pipe ; care 


Fig. 709.— Section of should be taken that no arras is left round these 


pn^ure ^auge coniiec- the inner skin of the pipe. The water 

rises to heights in the glass tubes proportional to 
the pressures at D and E, and the difference in these heights gives 
the loss in pressure head due to frictional resistances. 

Measure the diameter of the pipe ; this may be done by use of a 
taper gauge inserted into the pipe end, or by filling a measured 
length of pipe with water and removing the water to be weighed ; its 
volume may then be found and the diameter of the pipe may be 
calculated. Measure also the length of the pipe between the small 
holes at D and E. Turn on the water gently, and adjust the flow 
until steady conditions are attained with the desired difference in 
levels in the glass tubes. Care must be taken to get rid of air from 
the pressure gauge tube connections. At a noted time, turn the 
discharge into the measuring vessel and note the lime taken to 
discharge a measured quantity of water. Repeat and take the 
average of the two times. Repeat the experiment several times, 
using different velocities of flow, and note the difference in heads 
and the times of flow for each. Tabulate these as follows : 


Experiment on the Frictional Resistances in a Pipe. 


No. of 
Expt. 

Diam. of 

m. 

Test length 
of pipe, 

L feet. 

Difference 
in heads, 
h feet. 

Flow in lime 
i seconds, 

Qx cubic feet. 

Duration 
of test, 
t seconds. 










HYDRAULIC EXPERIMENTS 


It is useful to experiment on two pipes of different diameters. 
Very fair results may be obtained by use of solid drawn copper tubes 
of f inch and f inch diameters on a length L of 5 feet. 


Expt. 57. — Lose of head at hende. The apparatus is shown in 
Fig. 710. The right-angled bend 
AB is supplied with water at A 
from a tap and discharges into a 
measuring vessel C. Collars similar 
to that in Fig. 709 are soldered 
at the beginning and end of the 
curved part, and are connected to 
two glass tubes. The difference in 
level shows the loss in head. The 
pipe is arranged horizontally in 
order that there shall be no change 
in the potential energy of the water. 

Measure the bore of the pipe 
and the radius of the bend, and 
find the flow in the same manner 
as that used in the previous ex- 
periment. , Do this for several 
different velocities of flow, and 
tabulate. A coefficient for the head lost may be found from 

h — c — , 

2gh 

or 

This result expresses the head lost iii terms of the kinetic energy 
of the flowing water. 



Expkrimknt on the Head lost at a Bend. 


No. 

of Expt. 

Diamctrr 
of pipe, 
d feet. 

Radius 
of houi, 

R feet. 

Difference 
in pressure 
heads, 
h leet. 

Flow in 
time t sec., 

Ql cub. ft. 

Duration 
of te.st, 
t sec. 



1 

1 





Flow per 

Q a=^ cub. ft. 

Cross-sectional 
are.-i of stream, 

ft. 

Velocity of 
stream, 

ft. sec. 

A 

Value of c. 
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Expt, 58. — Lose of head at an elbow. This experiment is carried 
out in the same general manner as for a bend. If the pipe ABC 
(Fig. 711) is cut from a piece similar to that used 
in finding the frictional loss in a straight pipe, the 
frictional loss feet per inch length of pipe will 
be known. Measure AB and BC along the pipe 
axis in inches, and let the sum be /. Then the 
frictional loss apart from shock loss at the elbow 
will be h^l feet. This should be deducted from 
the difference in head shown in the tube gauges, 
and the result will then be the shock loss. The 
calculations in reducing the results are similar to those for the bend, 
and the value of c is found in the same w^ay. 



Fig. 711. 


Expt. 59. — Losses at sudden enlargements and contractions in a pipe. 

The apparatus shown in Fig. 712 consists of a pipe AB having both 
ends plugged and smaller [)ipes AC and BI) fitted to the plugs. 
\^ater is supplied at I) and is discharged into a measuring vessel at 



Fio. 7T 2.— Apparatus for measuriog the losses at sudden enlargements and contractions. 


C. There is thus a sudden enlargement at B and a sudden con- 
traction at A. The pressure heads are measured at E, F, G, H, K 
and L ; collars resembling that in Fig. 709 are fitted at these places 
and are connected to six glass tubes having graduated scales. The 
following record of an actual experiment will illustrate the method of 
recording and reducing the results. 

The pipe diameters were found by filling a measured length *of 
pipe with water, and the areas A^ and Ag of the sections of the small 
and the large pipe respectively were calculated then. These were 
found to be Aj — 0*000331 and Ag — 0*00386 square feet. The pipe 
lengths are given in Fig. 713. 
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Observed Quantities. 


No. 

of 

Test. 

Heads in feet above pip>e centre, shown by gauges. 

Flow in 
/ seconds, 

Qi cubic feet. 

Duration 
of test, 

/ seconds. 

Ae 


Ac 

Ah I 

Ak 


20 

2-875 

1 

2-633 

2-775 

2-775 

2-775 

i 

1-217 

0-08 

33 


It will be noted that the pressure is lower at F than at G ; this is 
owing to the formation of violent eddies at the sudden enlargement 


• 8 - - - 14 ' . 8 '- 

Fig. 713. — Section of ihe tube shown in Fig. 712. 


The pressures at G, H and K were equal so far as could be detected 
by means of the gauges employed. The absence of violent eddies 
at K is shown by the pressure there being equal to that in the body 
.of the large pipe. The velocities of flow are as follows : 

Flow per second = Q = ^ 0-00242 cub. ft. 

Velocity in the small pip- = = = 7-32 feet uer sec. 

Velocity in the large pip<j =2/2 = ■^ = 0-628 feet per sec. 

The pipe being horizontal, there were no changes in potential 
energy, and pressure and kinetic energies alone are considered in 
-the following calculations : 


Sudden Enlargement. 


No. 

of 

Test. 

Velocities, 
ft. per sec. 

Kinetic energies, 
ft. -lb. pel pound. 

Piessure energies, 
ft.-lb. per pound. 

Total energies, 
ft. -lb. per pound. 

Energy 
wasted, by 
expt., 
ft-, lb. per 
pound. 

at E, 

. 

at G, 

r/a. 

at 1 C, 

1 f 
! 6 

at £, 

at G, 

^G- 

at £. 

at G. 

20 i 7-32 

0-628 

0835 

2-875 

2775 

371 

2-781 

0'93 


The energy wasted may be calculated from the equation given on 
p 619 and the result compared with that found by experiment. Thus, 

^ \2 

Energy wasted per lb. of water = ^ ' zg 

6.^ 6g^ foot-lb.' 
644 

_ . experimental waste 

calculated waste 


D.M. 
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Sudden Contraction. 


No. 

Velocities, 
ft. per sec. 

Kinetic energies, 
ft. -lb. per pound. 

Pressure energies, 
ft. -lb. per pound. 

Total energie.s, 
ft.-Jb. per pound. 

Energy 
wasted, oy 

of 

Test. 

' atK, 

Zt-i, 

at L, 

at K, 

at L, 

at K. 

at L, 

^L- 

at K. 

at L. 

expt., 
ft. -lb. per 
pound. 

20 

0-628 

7*32 

o-oo6i5j 

0835 

2-775 

I-2I7 

2-781 

2-052 

0729 


^ energy wasted, by expt. 0-720 

Ratio, — o- = 0 'S 73 - 

kinetic energy at iv 0 835 

c,' 2 

Hence, Energy wasted = 0-873 ^ foot-lb. per lb. of water. 

Compare this result with the equation given on p. 620 

Expt. 60. — Pressure of a jet impinging on a plate. The 
apparatus used is illustrated in Fig. 714. A tank A is furnished with 



Fig. 714. — Apparatus for measuring the impact of jets. 

a trumpet mouthpiece B in the bottom, and discharges a vertical 
downward jet. The head may be observed by means of a glass 
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tube C and a graduated scale. The head is maintained constant 
during the experiment. The jet impinges on a plate D, which is 
screwed to the end of a balance beam E. Equilibrium of E is 
secured by moving the counterpoise F. G is a cylinder of transparent 
celluloid, arranged so as to catch the waste water and deliver it 
into a sink. 

In making an experiment, it is best to proceed as follows. Place 
a known weight, say 0*2 lb., centrally on the plate 1), and move the 
counterpoise until balance is restored. Remove the weight and 
turn on the jet, gradually increasing the head until equilibrium 
of the balance beam is restored. The pressure on the plate will 
now be 0-2 lb., and the head H from the surface level -in the tank 
to the level of the plate should be noted. The experiment 
should be repeated for several different pressures, and also for 
several plates. 

It is useful to have a flat plate, a hemispherical cup and a cup 
having a tip angle of 45“. Equations for these are given on pp. 625 
and 626, and the experimental values of the pressures should be 
compared with the calculated values. 

The flow of water reaching the plate per second should be found 
by a separate series of tests on the tank orifice. This series should 
cover the range of heads used in the above experiments, and should be 
carried out in the same manner as for the discharge from an orifice. 
From the results of this scries. 

Let M « mass of ^vater discharged under a head /q feet, in pounds 
per sec. 

>&i = the head over the plane of the orifice, in feet. 

^ the height from the plate to the orifice, in feet. 

V = the velocity of the water reaching the plate, in feet per sec. 

Then . K-/q + /^2- 

Also = nearly. 

Momentum reaching the plate per second = 

= Mv/2^H. 


This result will take the place of m the equations given on 

pp. 625 and 626, and will enable the pressures on the various plates 

to be calculated. 

ExPT. 61. Horse-power sad efficiency of a Pelton vmeel. Fig. 715 

illustrates a small Felton wheel specially 

work. There is one nozzle only, and the supp > , ■ ^ _ 

bv means of a needle valve. The buckets aie of the Dome type, 
SaSS to receive the jet with as little shock as ^ssible, and cut 
tTi The eSrenS edge as shown in the side elevation, in order 
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that the bucket entering the jet may do so with the minimum 
disturbance. The exhaust water is discharged from the lower part 
of the casing into a trough having a gauge notch, thus enabling the 
water consumption to be measured. 

The brake horse-power is measured by a simple pattern of band 
brake, consisting of a band lapped round half the circumference 
of the brake wheel ; the ends of the band are connected to a 
pivoted wooden lever which is under the control of a spring 
balance. A revolution counter driven by the shaft enables the 




Fig. 715. — An experinnental Pelton wheel. 


wheel speed to be measured. Provision is made for running water 
into the interior of the brake wheel should it show any tendency to 
become hot. 

The supply water may be taken from an overhead tank, or from a 
tank similar to that in Fig. 704. In the former case, the head H feet 
may be measured from the constant surface level in the tank to the 
level of the jet ; each pound of water leaving the nozzle will possess 
H foot-lb. of energy, neglecting the frictional waste in the pipe and 
nozzle. In the latter case, the head H feet in the tank (Fig. 704) 
may be measured by means of a pressure gauge, and, as the water in 
the tank is practically at rest, this head will represent the energy 
supplied to the wheel per pound of water, again neglecting friction m 
the pipe connecting the tank to the wheel casing as well as the friction 
of the nozzle. 

Sometimes the arrangement consists of a power-driven centrifugal 
pump, which delivers water to the nozzle of the Pelton wheel without 
any tank intervening. In this case, the pressure head feet of the 
supply water may be measured by means of a pressure gauge con- 
nected to the supply pipe. From a knowledge of the diameter of the 
pipe at the point of connection of the gauge and also of the flow of 
water, the velocity v feet per second may be calculated, and hence 
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the kinetic energy ~ foot-lb. per pound of water may be found. 

Suppose also that the point of connection of the gauge is h feet above 
the nozzle level. The total energy of supply will then be 

H = pressure energy + kinetic energy + potential energy 

= fooMb. per pound of water. 

Constants required in reducing the results of the tests are the 
radius R| feet from the centre of the wheel to the axis of the jet, and 
the radius from the wheel centre R2 feet at which the brake spring 
balance exerts its pull. We also have 

Velocity of the jet = Vj — 0*93 to o-95\/2^H feet per sec. 

Let N be the revolutions per minute. Then 

2'3rR. 

Velocity of the bucket = Vg — — - feet per sec. 


If the brake is of the type shown in Fig. 715, and if the spring 
balance is exerting a pull P lb., then 


B.H.P. 


P X 27 rR.^ X N 

33000 


Let 


W = the flow in pounds pei minute. 


Then Energy available in the supply water = WH foot-lb. per min. 


Horse-power supplied 


WH 

33000' 


^ , B.H.P. 

Actual emciency = 

33000 

_ P X ztt R^N 
“ W"H ‘ 

To make a series of tests, maintain constant the head of the supply 
water and keep constant the setting of the needle valve; the flow 
will then be constant, as indicated by the ^uge notch re^m^^ 
Put a given load on the brake and read the revolution counter 
every minute for, say, five minutes. 1 his completes one test. Alter 
the Lake load and again note the revolutions ; this 
be repeated until information has been obtained r^ardmg t^ 
revolutions per minute corresponding to brake l<»ds 
zero up to a load which nearly stops the wheel fr §• 
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new series of tests can then be made by altering the nead of the 
supply water. The results should be tabulated as follows : 


Tests on a Pelton Wheel. 


No. 

of 

Test. 

Speed of 
wheel 
in revs, 
per min., 
N. 

Net 
brake 
load, 
in lb. , 
P. 

Total 
head 
available 
in feet, 
H. 

Water 
supplied, 
in |b. per 
minute, 
W. 

Ener^ 
available, 
ft.'lb. per 
minute, 
WH. 

B.H.P. 








Actual 

efficiency. 

Velocity of jet, 
in fect^er sec., 

Velocity of 
buckets, 
in fect^5cr sec., 

Ratio, ^ 






Plot the B.H.P. and the revolutions per minute; plot also the 
efficiency and ratios 


EXERCISES ON CHAPTER XXV. 

1 . An experiment on the discharge through a round orifice in a thin 
vertical plate gave the following results : Diameter of orifice, 0-5 inch ; 
head of water over the centre of the orifice, 25 feet ; time tak^n to 
discharge 450 pounds of water, 216 seconds. Find the coefficient of 
discharge. 

2 . A vertical jet discharged through a trumpet orifice i inch in 
diameter. Under a head of 22-68 inches of water, the discharge was 
found to be 112 pounds in 31 seconds. Find the coefficient of velocity. 

3 . In an experimental Borda mouthpiece, the internal diameter of the 
tube was 0-89 inch. Experiments were made under heads of i*6 and 
2- 1 2 feet, when the discharge was found to be 450 pounds in 314 and 
278 seconds respectively. Assume the coefficient of velocity to be 0-98, 
and calculate the coefficient of contraction in each case. 

4 . Experiments were made on the discharge over a 90 degree V notch. 

At heads of 0*123 and 0*165 th® times taken to discharge 

450 pounds were found to be 537 and 259 seconds respectively. Calculate 
the values of the coefficient of discharge. 

6. An experimental rectangular gauge notch, 4 inches long, had both 
end contractions suppressed by means of vertical plates. At heads of 
0*08 and 0*093 times taken to discharge 450 pounds were 296 and 

240 seconds respectively. Calculate the values of the coefficient of 
discharge. 
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measurements were made in calibration tests on a 
o™7S inch ‘“I*®’ 0-75 inch ; diameter at throat, 


^ Total 
discharge, 
gallons. 

Time 

taken, 

seconds. 

— 

Difference in heads. 

Actual discharge, 
Q« 

cubic feet per sec. 

Theoretical 

discharge, 

Q cubic ft. per sec. 

,_Q» 

Inches of 
mercury. 

Feet of 
water. 

30 

775 

I 





30 

534 

2 





30 

378 

4 





30 

338 

5 





30 

307 

6 





30 

269 

8 





46-31 

365 

10 





46-31 

334 

12 





46-31 

318 

14 






Fill in the columns left blank. Find the average value of the coefficient 
c. Plot a curve showing the relation of the actual discharge in cubic feet 
per second and the difference in pressure heads in inches of mercury. 


7 . Experiments were made on the frictional loss of bead in a smooth 
solid drawn copper tube, 077 inch bore and 5 feet between the gauge 
branches. The following observations were made : 


Flow in 
giillons. 

Time taken. 

^ I.oss of head, 
inches of water. 

Velocity, 
feet per sec. 

V 


min. 

sec. 




30 

9 

45 

2-76 



30 

5 

35 

7-56 



30 

3 

38 

16-68 



46-31 

4 

19 

27-2 



46-31 

2 

47 

62-56 




Fill in the blank columns ; c is the coefficient in the Chezy formula. 
Plot a curve showing the relation of the heads lost and the velocities. 


8 . Two pieces of smooth solid drawn copper tube, 0-337 inch bore, 
were soldered together so as to form a right-angled elbow. A gauge 
branch was attached in each portion at 4 inches from the junction. In 
one experiment, the difference in head was 8 inches of water and 5 pounds 
of water passed in 29 seconds. It was known that zf — Sos/ffti for a 
straight pipe of the same bore and material. Express the head lost at 
the elbow in terms of the kinetic energy per pound of water flowing. 

9 . In the apparatus illustrated in Fig. 714 for determining the pr^sufe 
plates, preliminary tests showed that the coefficient of discharge 

through the trumpet orifice had an average value of o-888. The orifice is 
0*25 inch diameter. Tests were made on three plates : A, a flat plate at 




68o 


MACHINES AND HYDRAULICS 


90 degrees to the jet ; B, a hemispherical cup, the Jet discharging into its 
centre ; C, a cup having its sides at 45 degrees to the horizontal, the jet 
discharging into its centre. The following observations were taken : 


£xpt. 

No. 

Plate. 

Head of water, 

Observed 
pressure 
on plate, 
lb. 

to plane of 
orifice, 
h] feet. 

to plate from 
orifice, 
^feet. 

I 

A 

1-972 

0-028 

0-07 

n 

A 

2*2 32 

0-028 

o-o8 

3 

A 

2-542 

0-028 

0-09 

4 

B 

1-572 

0-028 

0-10 

5 

B 

1-672 

0-028 

0-1 1 

6 

B 

00 

0-028 

0-13 

7 

C 

1-672 

0-028 

o-o8 

8 

C 

00 

0 

0-028 

0-09 

9 

C 

1-972 

0-028 

O-IO 


Find the pressures on the plates in each case by calculation. 


tables. 


UsefW Constants. 

-•34 centimetres = 2 5'4 millimetres. 

39-37 inrhes. 

I mile. 

I fathom. 

66 feet. 

I mile. 

0-621 mile. 

6-45 square centimetres. 

1550 square inches. 

16-39 cubic centimetres. 

61,025 cubic inches = 1-308 cubic yards 
1000 cubic centimetres^ 1-762 -cnt. 

0- 1605 cubic foot =4-541 litres. 

1- 284 cubic feet. 

57-3 degrees. 

3-1416. 

I knot =6080 feet per hour. 

60 miles per hour= i mile per minute=88 feet per second- 
The value o{£ at London = 32- 182 feet per sec. per sec. 

One pound avoirdupois = 7000 grains=^453-6 grams. 

One kilogram =2-205 pounds. 

One gallon of pure water at 62° F. weighs 10 lb. 

One cubic foot of pure water at 62° F. weighs 62-3 lb. 

Weight of I pound in London =-445,000 dynes. 

One cubic foot of air at 0° C. and 1 atmosphere pressure weighs 0-0807 Ib. 

One cubic foot of hydrogen at o'C. and i atmosphere pressure weighs 
0-00559 lb. 

I atmosphere -=14-7 lb. per square inch. 

- 21 16 lb. per square foot 
= 10® dynes per square centimetre nearly, 


I inch 
I metre 
5280 feet 
6 feet 

I Gunter’s chain 
80 Gunter’s chains = 
I kilometre 
I square inch 
I square mctie 
I cubic inch 
J cubic metre 
I litre 
I gallon 
I bushel 
I radian 

TT 
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r kilogram per square centimetre = 14*23 lb. per square inch. 

A column of mercury 760 millimetres ( = 30 inches) high produces at 
its base a pressure of i atmosphere. 

A column of water 2-3 feet high produces at its base a pressure of 
I lb. per sq. inch. 

I foot-lb. = 1*3562 X ergs. 

I metre-kilogram =7-235 foot-lb. 

I horse-power =33,000 foot-lb. per minute = 746 watts. 

I horse-povver-hour= 33,000x60 toot-lb. 

V olts X amperes = watts. 

I electrical unit = 1000 watt-hours. 


I B.T.U. =5 Ib.-degree-Cent. unit 

= 252 gram-calones. 

Absolute temperature t=/“ C.-f 273-7 

= /** F. -1-461 • 


Joule’s equivalent 


/ 778 ft.-lb.= i B.T.IT. 

1 1400 ft.-lb. = I Ib.-degree-Cent. unit. 


To convert common into Napierian or hyperbolic logarithms, multiply 
by 2-3026. 

The base of the Napierian logarithms is ^=2*7183. 


fable of Coefficients of Linear Expansion* 

(These are given as the increase in length which a bar of unit length 
undergoes when heated through one degree Fahrenheit.) 

Steel alloyed with 36 % nickel - - 0-000000483 

Wrought iron and mild steel - - - 0*00000673 

Cast iron 0*0000063 

Copper 0*0000096 

Zinc 0*0000162 

Brass - - - ^ . 0*0000105 

Phosphor bronze - * - . - 0*0000107 




Table of Ultimate Strength and Elasticity of Materials. 
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LOGARITHMS. 

























686 


ANTILOGAniTHMS 


ANTILOGARITHMS. 
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TRIGONOMETRICAL TABLE. 


Angle. 

Radians. 

Sine. 

Tangent. 

Cotangent, 

Cosine. 



0® 

0 

0 

0 

00 

1 

1*5708 

90* 

1 

•0175 

•0176 

*0175 

67-2900 

•9998 

1*5583 

89 

2 

•0349 

•0349 

•0349 

28-6363 

‘9994 

1-5359 

88 

2 

•0524 

•0523 

•0524 

19-0811 

•9986 

1 -5184 

87 

4 

0698 

•0698 

•0699 

14’3006 

•9976 

1-5010 

86 

n 

■0873 

•0872 

•0875 

11-4301 

■9962 

1-4835 

85 

6 

*1047 

•1045 

•1051 

9-5144 

•9945 

1-4661 

84 

7 

•1222 

•1219 

•1228 

8 1443 

•99-25 

1 -4486 

88 

8 

•1396 

•1392 

■1405 

71154 

‘9903 

1-4312 

82 

9 

•1671 

•1564 

•1584 

6-3138 

•9877 

1-4137 

81 

10 

•1746 

*1736 

•1763 

6 -6713 

•9848 

1-8963 

80 

n 

•1920 

•1908 

•1044 

51446 

•9S16 

1 -3768 

79 

12 

*2094 

•2079 

•2126 

4*7046 

■0781 

1-3614 

78 

13 

■2269 

•2250 

•2309 

4-3315 

‘0744 

1 -3439 

77 

14 

•2443 

*2419 

•2493 

4 0108 

•9703 

1-3265 

76 

15 

•2618 

•2588 

•2679 

8*7.321 

•9659 

l-aOilO 

76 

16 

•2793 

•8766 

•2867 

8-4874 

•9013 

1-2915 

74 

17 

•2967 

•2924 

•3057 

3-2709 

•9563 

1-2741 

73 

18 

•3142 

■8090 

•3249 

3-0777 

*9611 

3*2566 

72 

19 

•8316 

•3250 

•3443 

2-9042 

■9456 

1*2892 

71 

20 

•3491 

•3420 

•3640 

2-7475 

•9397 

3*2217 

70 

21 

•3665 

•3584 

•8839 

2 -Of /Ml 

•9836 

1*2043 

69 

22 

•3840 

•8746 

•4040 

2-4751 

•0272 

1*1868 

68 

23 

•4014 

•3007 

•4245 

2*3559 

•9205 

1-1694 

67 

24 

•4189 

*4067 

•4452 

2-24<i0 

'0136 

1-1619 

66 

25 

•4303 

•4226 

•4663 

2-1445 

'9003 

11845 

65 

26 

•4538 

•4384 

•4877 

2 0503 

•8988 

1-1170 

64 

27 

■4712 

•4540 

•5095 

l-9fS20 

•8910 

1-0996 

68 

23 

•4887 

■4095 

•5317 

1-8807 

•8830 

1-0821 

62 

29 

•6061 

•4848 

•5543 

1-8040 

•8746 

1-0647 

61 

30 

•5236 

•6000 

•5774 

1-7321 

•8660 

1-0472 

00 

31 

•5411 

•5150 

•ri{»09 

1-6643 

•8572 

1-0297 

59 

32 

•5585 

*5299 

•6249 

1-6003 

•8480 

1-0123 

58 

33 

•5760 

*5446 

•6494 

1 6399 

•8387 

•9948 

57 

34 

•5934 

•5592 

•6745 

1-4826 

•8290 

•9774 

66 

35 

'0109 

■5730 

•7002 

1-4281 

•8192 

•9599 

56 

36 

•62S3 

•5878 

*7205 

1-.3764 

•8090 

‘9425 

54 

37 

•6458 

•6018 

•7536 

1-3270 

•7986 

•9250 

53 

38 

•6632 

■6157 

•7H13 

1*2799 

•7880 

•9076 

5‘2 

39 

*6807 

‘6293 

•8098 

1-2349 

•7771 

■8901 

51 

40 

•6981 

•6428 

•8391 

1-1018 

•7600 

•8727 

50 

41 

•7156 

•6561 

•S60S 

1-15C4 

•7547 

•8562 

49 

42 

•7330 

•6691 

•1KK)4 

1*1100 

•74.31 

•8.378 

48 

43 

*7505 

•6820 

fj325 

1 0724 

•7814 

•8203 

47 

44 

•7679 

•6947 

•9657 

1-0856 

•7193 

'8029 

46 

45 

•7854 

■7071 

1-0000 

1*0000 

•7071 

•7.S54 

45 



Cosine. 

Cot.a/igent. 

Tangent. 

Sino. 

Radians. 

Angle. 




ANSWERS. 


Chapter I. Page 17. 

1. 19,5001b. 2. 4400 square feet. 8. 1200 square feet 

4 . («) IJ*®. {i) dr -35a:*. 

(c) 2 cosr+ 3 sinr. {</) 2 sinrcosr- 2cosr sinr=a 

(c) 3sinSrcosr-3cos*rsmx. (/) 3sec*r+sinr. 

6- I. 6. r =2 ; _j'= 4 . 

(r) 4r-2ra-f^r». 

(rf) ■jr*+sinr. {e) o ^log.^. 

*• 1=30.550- 9. 1=170-7. 


Chapter II. Page 36. 

1 . (a) 12-6 lb. weight at 9° 6' to the 9 lb. force. 

W1215 .. 13° 27' „ 

(<•) 7-8 „ „ 26'’ 21' „ „ 

8- {«) 5 87 „ „ - 19’ 54' .. ,, 

{^) 6-77 .. „ - 24° 35' „ „ 

Wii-5 .. .. -i7‘‘3o' 

3 . 4 9 lb. weiglit. 4 . 2-5 lb. weight. 

6. 90-1 111 weight ; 112 lb. weight at 34° 36' to AC. 

6. 1 5-43 lb. weight. 7 . 2014 lb. weight. 

8. Q=: 19-24 tons weight ; T--=7-76 tons weight 9 . i lb. weight from 0 to D. 


170 

172 

232 

285 



n. I’=28-28 tons weight; 8=45-95 tons weight ; 7=17-67 tons weight 
12 . Tie BO, 5-92 tons weight pull ; strut CO, 7 tons weight push. 


13 . 

Member. 

BA 

BC 

AC 

Reaction at A. 

Reaction at C< 


Force in member,) 
tons weight • j 

4.60 

2*91 

2-63 

3'77 

1-23 


14 . 32-9 tons weight push in each leg } 30 tons weight pull in the backstay. 
D.M. Z 
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16 . Push in AO=si>57 tons weight; push in BO =059 ton weight; push in 
CO =8- 17 tons weight. 

16 . 25 lb. weight. 

17 . 38-8 lb. weight pull ; 86 8 lb. weight push at 26* 40' to the vertical. 

18 . 3-464 lb. weight ; 1*732 lb. weight. 19 . 4-08 lb. weight. 

Chapter m. Page 66. 

1 . iO'29 inches from C, on the same side as D ; 46 lb. weight. 

8. 10-95 inches from A. 8. 45-3 lb. 4 . 23 46 indies. 

6 . Reaction at A = 4-975 ^®ns weight ; reaction at B = 4-275 tons weight. 

«. 6-55 tons weight ; 7-44 tons weight. 

7 . Reaction at A =4-571 tons ; reaction at B = 3-429 tons. 

8. Measure CD = 10 inches along CB ; draw 00 = 3-464 inches at 90® to CB, 

G is the centre of gravity. 

9 . X =0-583 inches ; = I -cSj inches. 10 . 50® 12'. 

11 . 30-5 iu. ; 64-2 lb. ; 17-3 lb. 18 . A, o-i54W ; B, 0-402 W ; C, O-444W. 

Chapter IV. Page 74. 

1 . Top hinge, R = 100 ib. , acting upwards away from the gate at 29® 48' to the 
Horizontal ; bottom hinge, R=ioo lb., acting upwards towards the gate at 
29® 48 ' to the horizontal. 

8. £=2-828 lb., acting downwards towards the right, at an angle of 45® to the 
horizontal and at a perpendicular distance of 3-535 feet from the left lower 
corner of the square and to the left of it. 

3 . R= 1-732 lb., acting downwards towards the left, at an angle of 30® to the 

horizontal and at a perpendicular distance of 1-5 feet from the right-hand 
end of the base. 

4 . An anti-clockwisc couple of 5*196 lb. -feet must be applied. 

5 . Vertical reaction = 1638 lb. ; inclined reaction = 3992 lb. acting at 37® 30' to 

the horizontal. 

6. Reaction at A = 711-1 lb.; reaction at B= 1227 lb. at 54® 35' to the horizontal. 
7 Reaction at B = 825-9 lb.; reaction at A = 950 lb. at 62® 8' to the horizontal. 

18 . 4-47 lb. at 26® 34' to the horizontal. 

14 . Reaction at A = 5-44 tons ; reaction at B = 5-56 tons. 

17 . 42-42 lb. acting along DA from D towards A ; 62-5 lb. at C, downwards 

towards the left at an angle of 36® 54' to BC. 

18 . Let «=side of square ; point required is outside the square, at distances S 

from the 4 lb. force and 0-5^ from the 3 lb. force. 

Chapter V. Page 89. 

1 . See Fig. 7 16 (p. 691). 8. See Fig. 717 (p. 691). 8. See Fig. 718 (p. 692) 

4 . See Fig. 719 (p. 692). 6. See Fig. 720 (p. 693). 6. See Fig. 721 (p. 693). 

8. See Fig. 722 (p. 694). 9 . 2-308 tons. 

10 . The link polygon solution is shown in Fig. 723 (p. 695) ; reaction AB = 2400 lb. ; 

reaction K A = 3440 lb. 

11 . The substituted frame solution is shown in Fig. 723 (p. 695) ; reaclios 

AB = 2400 lb.; reaction KA = 3440 lb. 

18 . Reaction AB = 247 i lb.; reaction KA=3430 ib. 
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18 . See Fig. 723 (p. 6 ,5). 14 . See Fig. 724 (p. 696). 

16 . 16 . See Fig. 725 (,,. 696). 

17 . Q=IIoo lb. pull; P= 12,350 lb. push; R = 14,300 lb. push. Taking the 

bars in order from the bottom, the forces are ; 2i,ooo lb. pull ; 0700 lb. 
push ; 10,500 lb. push ; 21,000 pull. 

18 . AB, 102 tons push; BC. o-2 ton push; CD, 09 ton push; DA, 0*57 ton 

pull ; AC, 0 46 ton push. 

Chapter VI. Page 128. 

1. 1-78 inches. 2. 867 tons. 

3 . g- inch; / = 2j inches; efiricienc3'^=69-6 per cent.; bearing stress — 6-88 
tons per sq. inch. 

4 . d— I g inches ; p — 4 inches ; efficiency = 74 7 per cent. ; l^aring stress = 8*83 

tons per sq. inch. 

6. 1 1 rivets on each side of the joint ; 45-37 tons. 

6. inch ; 3 71 tons per sq. inch ; 1-85 tons per sq. inch. 7. 0-257 inch. 
8. Extension in length =o-i6 inch ; contraction in width =0 000763 inch ; contrac- 
tion in thickness = 00000636 inch. 

. 9 . 0 0485 inch. 

10 . Change in diameter =0 00 1768 inch ; change in length = 0 003635 inch ; change 

in volume = 0-57 1 2 cubic inch. 

11 . Pulls of I -008 tons. 12 . Pushes of 35-2 tons ; 11-32 tons per sq. inch. 

13 . In the copper, o 739 ton per .sq. inch ; in the steel, 1-895 l^^ns per .sq. inch. 

14 . 161,990 lb. ; 53,0251b. 


15 . 

8, degrees 

0 

30 

45 

60 

90 


1 tons per sq. inch 

0 

125 

25 

375 

5 


1 »> 

0 

2 165 

2-5 

2-165 

0 


16 . 67-5 tons ; at i i i feet from the edge having the greatest stress. 

17 . (rt) 36-1 tons; 0-197 ton per sq. inch. ( 3 ) 23-9 tons; 1-905 tons per sq. inch. 
13 . 28,000 lb. per sq. foot ; 7500 lb. per sq. foot ; 15,000 lb. per sq. foot at 45* 

to*the horizontal. 


Thickness of plate, inch 

M 

1 

‘Z 

B 

w 

3 

■4 

7 

w 

Safe load per 

r Single shear 

4 13 

432 

4-32 

432 

4*32 

rivet, tons 

L Double shear 

4-13 

5-5 

6-875 

7-57 

7-57 


60 . 3333 lb. per sq. inch ; 1333 lb. per sq. inch. 


Chapter VII. Page 160. 



Section. 

At 6 tons load. 

At 4 tons load. 

At 2 tons load. 

1. 

M, ton feet - 

29-6 

38*0 

27-6 


S, left of lo!\d, tons 

-1 7-4 

+ 1-4 

-2-6 


S, right „ „ 

1 +r '4 

-2-6 

-4.6 
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Distance of section \ 
from A, feet / 

0 

2 

4 

6 

8 

M, ton -feet - 

0 

+ 8-33 

+14-67 

+ 19 

+ 13*33 

S, tons 

+4-67 

+ 367 

■f 2*67 

f +1-671 

1-233/ 

- 3*33 

Distance of section '1 
froi»A, feet j 

10 

12 

14 

16 


M, ton-feet - 

+5-67 

m 

Bi 

0 1 


S, tons 

-433 


m 

0 



Distance from A, feet 

0 

2 

4 

6 

8 

10 

M, lb. -feet 

S, lb. - 

0 

+ 8,000 

13.440 

+5.360 

21,120 

+ 2,240 

22,080 

-1,360 

15.360 

-S.440 

0 

- 10,000 


1-5 inches from the 4*5 inches edge. 7 . 4 inches from the bottom edge. 

10. 900 lb. 

11 . Bar on flat : (a) 2420 lb. per sq. inch ; {b) 1936 lb. per sq. inch. 

»» edge I \cl) 1210 yy yy {b) 968 yy yy 

12 . (a) 2-56 tons per sq. inch; {b) 233 tons per sq. inch.; <7=0-228 ton per 

sq. inch. 

18 . 66 2 feet. 14 . Wg : = w® : l. 

15 . {a) Paraliolic ; </= 1*335 \/jc, where jr=the distance of the section from one 

end ; d at centre = 5 67 inches. (/ 5 ) Parallelogram ; ^=0-298^: ; b at centre 
= 5*37 inches. 

16 . 25 lb. per sq. inch. 


Distance from N.A., inches 


Shear stress, tons per sq. in. 0*986 0-94 0 865 


4 

4 f 

In web. 

In flange. 

0-758 

0-7 10 < 

0-0887 


18 . 3r= 1-357 inch units ; ^=0-799 inch. 

19 . R A = 9’4 tons ; Rb = 1 4*6 tons ; I/I = 84-5 ton-feet. 

20. R=i775 tons, passing through the column axis at 5-15 feet from the base and 

inclined at 14-5 degrees to the axis ; M = 9-7 ton -feet. 


a^^pter VIII. Page 188. 


E— 

6 



9 

B 


18 

21 

24 

R, inches 

00 

33»6 oo 

16,800 

I r,2co 

00 

8 

6,720 

5.600 

4,800 

4,200 


2 . *=0-00286 radian ; A =0 0457 inch. 

8 . 0-0515 inch ; 0-00129 radian ; 23,300 inches. 
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4 . 0-0429 inch ; o-ooi 148 radian ; 34*950 inches. 

5 . 2-314 tons ; M at centre = +41-7 ton-inches; M at ends=: -41-7 ton-inches ; 

S for left half of beams: -H 1-157 tons ; S for right half= - 1-157 tons. 

6 . 3*472 tons; M at centre = 20-85 ton-inches; M at ends =41 *7 ton-inches; 

S at left end= 1-736 tons ; S at right end= - 1-736 tons ; S at centre =0. 

7 . 0055 inch ; 0-0415 inch. 8 . A =0-0761 inch ; f =0 00 1096 radian. 

9 , 23-9 lb. -inches ; 1-875 inches. 0-3704 inch. 

II. 64,800 inches ; 0-444 inch. 

18 . 3000 lb. ; M at wall= -8000 lb. -feet ; maximum positive M=4500 Ib.-feet ; 
TOints of contraflexure are at the free end and at 6 feet from the free end ; 
S at free end= - 3000 lb. ; S at wall= 4 - 5000 lb. 

18 . Pa = Pb= 11-25 tons; Pc = 37-5 tons; the points of contraflexure occur at 
5 feet on each side of C ; maximum positive M =42-2 ton-feet ; maximum 
negative M (at C) = - 75 ton-feet ; Sa = + n 25 tons ; S close to C on the 
left= - 18-75 tons ; S close to C on the right = + 18-75 tons ; Sb= - 11-25 
tons. 

14 . 0-06 inch. 

15 . 1-19 tons on each outer beam ; 2-62 tons on inner beam ; 5-36 tons per sq. inch. 

16 . (a) 9600 lb. ; ( 3 ) 25,600 Ib.-feet; 16,000 lb. ; (^) 2 feet from the wall. 

17 . 1:816. 

18 . Maximum M (at ends)= - 23 625 ton-feet ; M at centre = + 17-625 ton-feet ; 

points of contraflexure at 5-45 feet from each end. 

19 . Wa:W6=l-l6S; /a:/6 = 0-984; Aer:Aft=i-i8; maximum /a =5*66 tons 

per sq. inch. 

80 . At X feet from one end, M = (i3jr-^jr*- 70) ton-feet for the end portions; 
M = (io4:--|jc®~4o) ton -feet for the centre portion; maximum M is at 
the ends and is 70 Ion-feet 


1 . 

8 . 

4 . 

5 . 

6 . 
7 . 


Chapter IX. Fa^e 224. 

128 inch-tons ; 0-00133 inch-ton per cubic inch. 

12 tons per sq. inch ; 0-213 inch. 8. 0-283 inch. 

7-083 tons per sq. inch ; 11-29 sq. inches. 

Maximum M (at centre) = 75 ton-feet ; maximum S (at ends) = i 10 tons. 

^ = 1687 ton-feet ; ,, =±22-5 tons. 

Maximum combined M = ios ton-feet; at the left end, S varies from +14 
to -H4 tons ; at the right end, S varies from - 14 to -4 tons ; the central 


Distance of section from'^ 
one end, feet - - J 

0 

i; 

10 

15 

20 

25 

30 

35 

40 

Maximum Mat section, 1 
ton-feet - - * i 

o 

71 

no 

« 33 l 

1 

I4I 

133 

no 1 

1 

71 

0 


9. Ma=o; MB=ot)*7 — ^ 

10. Ra = 16-665 tons; RB=3rSoS ton* 5 Rc = ia-io6 tons ; Rd- 6-724 tons. 
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12. At =9*64 sq. inches; Ac =11*25 sq. inches; two plates in tension flange, 
each Yz ' thick ; two plates in compression flange, inner plate thick, 
outer plate thick ; web plate thick ; pitch of rivets, 3 inches. 

IS. Moments of resistance ; —Compression flange : angles, 39'6 ton-feet ; plate, 
50*5 ton -feet ; 2"^ plate, 45*6 ton -feet ; total, 1357 ton-feet. Tension 
flange : angles, 36*4 ton-feet ; i®* plate, 51 ’4 ton-feet ; plate, 54*0 ton- 
feet ; total, 141-8 ton-feet. 

14 . Central bars, upper boom, 36 tons push ; central bars, lower boom, 32 tons 

pull ; inclined Imr nearest support, 28-28 tons push ; inclined bar second 
from support, 16-97 tons pull ; vertical bar second from support, 4 tons push. 

15 . 45 tons push ; 40 tons pull ; 42-42 tons ; 23-57 tons pull ; 10 ions push. 

16 . /> = o- 675 percent.: A^ = 0-I004sq. inch; n.a. is 1-53 inches from the top; 

M=6o^ lb. -inches. 

17 . N.A. is 907 inches from the top; use stresses Cc = 6oo, /c =8865 Ih. per 

sq. inch ; M =489,000 lb. -inches. 

18 . 6 foot-lb. 19 . 5-72 sq. inches. 

20. 9-13 tons per sq. inch. 21. 7-33 tons per sq. inch ; 1-86. 

22. + denotes push ; ' - denotes pull. 


Panel No. 

I 

2 

3 

4 

5 

Upper boom, tons 

■f 14 4 

+ 33-6 

+384 

+ 33-6 

+ 14-4 

Lower ,, ,, 

- 9-6 

- 26-4 

-336 

- 26 4 

- 9-6 

End posts, ,, 

+ 14-4 

__ 


■— 

+ 14-4 

Diagonals, ,, / 

>- + I J 58 

34 

X- 34 

X--1358 

X - 20-38 


V - 20 38 

V-I3S8 

V- 3.4 . 

N+ 3-4 

^ +13-58 


Chapter X. Page 248. 


1 . 

3 . 

4 . 


0114 ton. 2. 0-3305 ton. 


Ratio L : >& 

1 1 

1 ^ 1 

1 80 

100 I 

120 

1 1 

1 1 

1 

1 200 

p tons per sq. in. 

I 80-2 1 

35-64 1 

0 

6 

Oi 

1 12-84 

8-91 

6-55 

[s-oi 

3-96 

3-21 


Ratio L : 

40 

60 

80 

100 

120 

140 

160 

180 

200 

p tons per scj. in. 

321 

142-6 

1 8o-2 j 

S» 36 

35-64 

1 26-2 

1 20-04 

15-84 

1 12-84 


6. 01325 ton. 6. 3 576 tons. 7 . 41 -3 tons. 

8. 5-1 tons. 9 . 143-5 inches. 

10, 0-2395 ton per sq. inch push ; 0-0521 ton per sq. inch pull. 

11. 0-882 inch. 12. 1000 lb. -feet. 

13 . H= 130 tons ; 137 tons ; 143 tons. 

14 . 57,700 lb.; 52,100 lb. 16 . 103-84 feet; 0-38 inch. 

16 . 1-98 tons per sq. inch push ; o*6i8 tons per sq. inch push. 

(<*) 35 tons ; (d) 32 tons ; 1-667 inches from the top edge. 

18 . 4-67 inches; 0-466 inch. 19 . ^a;~4; ^2/ =4-42, inch units ; 183 tons. 
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Cliapter XI. Page 270. 

I- 35 f 3 ^ lb. -feet. 2. 1-89 inches. 8. 5090 ton-inches. 

4 . 4320 ton-inches ; i*i 79 * 16,240 lb. -inches. 6. to- 58 degrees. 

7 . 6 25 degrees. 8. 807. 9 . 142 inches. 

7*54 tons per sq. inch pull on a section at 40® 16' to AB ; 

*46 „ „ „ 130® 16' „ . 

11 . 4-905 tons per sq. inch pull on a section at 73® 9' to AB ; 

5 905 M push „ „ 163® 9' „ . 

12. {a) 11,210 lb. -inches; {d) 7210 Ih. -inches ; (c) 2110 lb. per sq. inch push; 

605 lb. per sq. inch pull ; {d) 1357 lb. per sq. inch. 

18 . 52,800 !b. -inches. 


14 . 


15 . 

18 . 

20 . 

22 . 

24 . 


Angle with axis, degrees 

0 

30 

45 

60 

.90 

Stress, lb. per sq. inch - 

1 8400 1 

7570 

6620 

5550 

1 4200 


{b) 4200 lb. per sfj. inch. 

3125 lb. 16 . 0 48 inch. 17 . 61 lb. -inches. 

1 10-4 lb. 19 . 0-76 inch ; 0-603 inch. 

9 plates ; o 77 inch. 21. 1-745 tons per sq. inch. 

366 lb. 28 . 8-534 inches. 

6-26 tons per sq. inch pull acting on a section inclined at 18® 28' to horizontal ; 
5-252 tons per sq. inch push acting on a section inclined at 108® 28' to 
horizontal. 


Ohapter XII. Page 290. 

1 . 19-27 degrees. • 

2. 1740 lb. at 4 feet from the base, and horizontal. 

3 . 2160 lb. „ ,, at 20® to the horizontal. 

4 . 1752 lb, „ ,, horizontal. 

6. 2180 lb. ,, ,, >9 

6. 2215 lb. at 4 feet from the tsise and inclined at 40® to the horizontal. 

7. 3340 lb. at 3 feet from the base, and horizontal. 

8 . K falls outside the middle third, at 1-97 feet from the centre of tlie base ; 

maximum stress = 2543 lb. per sq. foot push; minimum stress =1031 tb. 
per sq. foot pull. 

9 . 4-48 feet. 10 . 5-91 feet. 3*84 feet. 

12 . ResulUnt cuts the base at 9- 5 5 feet from the earth face, hence outside the 

middle third. 

13 . 41® 50'. 

Chapter XIII. Page 322. 

1. 6000 Ions per sq. inch. 

2. 4950 tons per sq. inch ; 2-39 tons per sq. inch ; 0-00097 inch. 

3 . Ultimate tensile strength, 10-98 tons per sq. inch; elastic limit as indicated 

by the beam dropping, 7*2 tons per sq. inch; percentage stretch on 8 inches, 
10-6 ; percentage stretch on 2 inches at fracture, 15 ; contraction of area at 
fracture, 19-5 per cent. 

4 . 12,650 tons per sq. inch ; 19*6 tons per sq. inch. 

5 . Calculated ratio, 10-87; experimental ratio, 11-65. 

0 . 23-4 tons per sq. inch. 
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7. At elastic break-down, ce=68olb. per sq. inch; c«=:io,200 lb. per sq. inch; 

at rupture, co=X5^ lb. per sq. inch; 23,420 lb. per sq. inch; 
X >3^5,000 lb. per sq. inch. 

8 . 5120 tons per sq. inch ; 7*5 tons per sq. inch ; 6'I9 inch-lb. per cubic inch. 

9. 2880 tons per sq. inch. 10. 12,220 tons per sq. inch. 

II. 4860 tons per sq. inch. 18. 8390 tons per sq. inch ; 

Chapter XIV. Page 350. 

1. 600,000 foot-lb. ; 0727 ; 1*32. 8. 1,656,000 foot-lb. 

8. 475,200 foot-Ib. ; 1,584,000 foot-lb. 

4. 0-00000735^/; o<>ooo8o4i/; o oo©o667flr; 0 000565^. 

6. 15 ; 360 lb. ; 33 33 per cent. ; no. 6. 142,400 foot-lb. 7. 823 H.P. 

8 . 111-4 lb. 26,250 lb. -feet, 10. 0-828 degree. 


Test 

No. 

Torque, 
lb. -inches. 

DifTerence in 
vernier readings, 
inches. 

Angle of twist, 
L = 5 i inches 
by verniers, 
radian. 

Torsion 

meter 

readings. 

Angle of twist, 
Lt= 35.5 inches, 
by torsion-meter, 
radian. 

1 

0 

0 

0 

0 

0 

2 

80,640 

0-1 725 

0001642 

19-85 

0000827 

3 

108,864 

02300 

0002190 

26-75 

0-001114 

4 

181,440 

0*3875 

0003692 

44-60 

0001857 

5 

254,016 

05425 

0005165 

62 65 

0002595 

6 

338,668 

1 07200 

0006860 

82-75 

0-003450 

7 

43 *.424 

09250 

0008810 

105-50 

0004396 


(^) 49,180 lb. 'inches ; {d) 48,940 Ib. -inches ; {e) €=11,935,000 lb. per sq. 
inch ; (/) shaft-horse-power = o o647«N ; {^} shaft* horse- power =4250. 

18. 74 6 ton-inches. 13. 7450 H. p. 14. 225 foot-lb. 

18' 48 ; 31*33 lb. ; 53-1 per cent, 16. 20 units ; 33-8 per cent 

Chapter XV. Page 378. 

1. 40 lb. -feet; 37,700 foot-lb. ; 48-5 B.T.U. 

8. {a) 3 lb. -inches; 00143 H.P.; {6) 2-25 Ib.-inches; 00107 H.P. 8. 10 77 H.P. 


degrees 

0 

1.5 

30 

45 

60 

7S 

P, lb. . 

Work done, foot-lb. 

o-2SW 

0-25W 

6 6 

0-252W 
0-2 i8W 

0.283W 

0-2W 

o-3SW 

0-174W 

0.5W 

0129W 


Of degrees 

0 

15 

30 

45 

60 

75 

90 

P, lb. - 

Work done, foot-lb. 

0-25W 

00 

0- 5W 

1- 933W 

O716W 

1-433W 

0- 884W 

1- 25W 

o-99iW 

l•I44W 

1-031W 

1067W 

W 

W 


Of degrees 

0 

15 

30 

45 

60 

75 

90 

P, lb. . 

Work done, foot-lb. 

0-25W 

00 

0-556W 

2-07W 

0-967 W 
1675WJ 

I-667W 

I-667W 

3-5W 

j 2-02W 

S9SW 

I5-92W 

QO 


psoo when ^=76 degrees. 
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7. 91 lb. ; 28 per cent. 8. 38-5 lb. 

9 . 232 lb. -inches. 10. 19-57 lb. 

11. 730 lb. 12. (a) goo lb. ; {i) 875 lb. 

18 . (a) 4242 lb. -inches ; (^) 3660 lb. -inches. 

14 . 16,860 lb. ‘inches ; inner angle 2"" ; outer angle 2-2^ 16 . 89*6. 


Chapter XVI. Page 403. 

1, 8 and 8. 


Crank, angle, 
degrees. 

Distance, 

feet. 

Average vel., 
feet per sec. 

Vel. at interval, 
feet per sec. 


Accel, at interval, 
ft. per sec. per sec. 

0 

0 


0 


445 



594 


413 


30 

O' 16s 


11-84 


354 



15-48 


249 


60 

0 'S 9 S 


18-4 


* 33-5 



1915 


16-18 


90 

1-127 


18*85 


-92 



16-85 


- 166-5 


120 

1 - 59 S 


14-22 


- 222 



10-87 


- 246-2 


150 

1-897 


7'37 


- 262-2 



371 


-265 


180 

2-000 


0 


-267 


Crank angle, 
degrees. 



Distance, 

feet. 

Average vel., 
feet per sec 

Vel. at interval, 
feet per sec. 

Average accel., 
ft. per sec. per sec. 

0 

0-0 


1-8 




8-24 


454 

30 

0-229 


14-4 




>7-85 


169 

60 

0*725 


19-I 




19-25 


- 10-8 

.90 

I 26 


18-8 




16-2 


-208-5 

120 

I- 7 I 


13-0 




936 


-273 s 

*50 

1-97 


5-4 




108 


-291-5 

180 

2-00 


- 2-7 




-6-12 


- 248-1 

210 

183 


-96 




- 12-6 


-198 

240 

1-48 


-15-1 




- 17-27 


-*33 

1 270 

1-00 


-18-8 




-187 


4 > 64’8 

1 300 

0-48 


- 170 


1 


- 13-95 


+ 306 

1 .330 

0-092 


- 8-5 




- 3 * 3 * 


+ 335 

1 360 

0-0 


1-8 
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6 . 

6 . 

7 . 

9. 

Ih 

12 . 


13 . 

14 . 

15 . 

16 . 
18 . 


21 . 

23 . 


1 . 

3 . 

5 . 

7 . 

8 . 
9 . 

10 . 

11 . 

13 . 


15 . 


17 . 

19 . 

21 . 


23 . 


217 -4 seconds. 

3-32 feet ; o*i6 feet per sec. ; 0-04 feet per sec. per sec. 

334 feet. 8 . 2-66 seconds ; 57-8 feet per sec. 

5-59 feet per sec. per sec. ; ii '56 feet per sec. 10. 0-667 per sec. 
1088 feet per sec. ; 912 feet per sec. ; 1003-8 feet per sec. at 84® 58' to the 
line of motion of the train. 

1 047 radian per sec. ; 0-0087 radian per sec. per sec. 

0-5236 radian per sec. per sec. ; 37-5 revolutions. 

3-75 radians per sec. per sec. ; 30 radians per sec. 

2-07 feet per sec. at 105® to original direction. 

1,778,000 feet per sec. per sec. 17 . 1-358 feet per sec. per sec. 

20*94 feet per sec. 19 . 49 5 radians per sec. ; 19-8 radians per sec. per sec. 
{a) 8-8 feet per sec. forwards ; 8-8 feet per sec. backwards ; (d) 17-6 feet per 
sec. forwards ; o. 

58*2 miles per hour at 20® to B. 22. 0 328 second. 

2 h. II m. A.M. to 3 h. 16-9 m. a.m. 


Chapter XVH. Page 428. 

932 lb. weight. 2. 976 cms. per sec. per sec 

9-77 tons weight. 4 . 7*99 feet per sec. per sec. ; 2-237 seconds. 

9767 lb. weight. 6. ‘?I2 foot- tons ; 26 tons weight 

13-38 ton -foot -second ; 20-8 tons weight 

Truck has a velocity of 6 feet per sec. in direction opposite to that of the man. 
54 4 lb. weight 

49-5 feet per sec. ; 76-9 lb. weight ; l)oth at 135® to direction of jet 


260 lb. -feet 

12. 

860 pounds and feet units. 

9 49 tons and /eet units. 

14 . 

82*5 pounds and feet units. 

26-2 pounds and feet units. 

16 . 

1*414 feet ; 9 7 foot-tons. 

1*25 foot-tons. 

18 . 

2- 147 feet per sec. per sec. 

3270 lb. weight. 

20. 

49" 29'. 


(^) 57-8 foot-tons ; [^) 2* 138 foot-tons ; {c) 59-94 foot-tons. 

28-9 lb. weight, at 59® to the tangent * 

1601 feet. 24 . 29*4 tons weight ; 25-5 tons weight 


Chapter XVIIl. Page 451 . 

1 . 226, 100 pound-toot-sec. ; 312 lb. -feet 

2. 1-84 lb. -feet 3 . 0-533 radian per sec. 

4 . 176-4 lb. weight ; 18-85 feel per sec. 5 . 3-9 second. 

6 . 1-5 feet ; 1-36 second. 7 . 2 feet from the top end. 

8 . 0*97 foot from the 4 pound mass ; 44 42 pound and foot units. 

9. 8-1 pounds at end of bar; 24*78 pounds at 2*694 feet from the 8*1 found 

mass. 

10. {a) 98 feet per sec. per sec. {b) 98 feet per sec. per sec. ; i8*i radians per 

sec. per sec. 

11. 113,500 pound-foot -sec. 12. iia 

16. 198 lb. weight 14 . 1-255 pound and foot units 
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15. 248 lb. weight at 4 inches from the mass centre. 

16. 1 2-41 seconds ; 323 lb, weight 17 . 0*392 second. 

15. 540 pounds at axis ; 60 pounds at 5 feet from axis and on same side of it M 
the centre of gravity ; 465*8 lb. -feet. 

19 . (a) Car turning towards the right, front axle relieved by 5*725 lb. weight, 
l)ack axle loaded to same extent 5 {b) car turning towards the left, the 
former forces are reversed. 

90 . 0*69 radians per sec. 


Chapter XIX. Page 491. 

1. 7'7 ^cet per sec., upwards to right at 23* 28' to AB produced. 

2 . 8*7 feet per sec., upwards to right at 35* 40' to AB. 


3 . Crank angle, degrees 

0 

360 

30 

330 

60 

300 

90 

270 

120 

240 

150 

210 

180 

Vel. of crosshead, feet per sec. 

0 

609 

9 77 

100 

7-55 

3-91 

0 


A {a) 1-33 radians per sec. ; {h) 1012 feet per sec. ; {c) 0*405 radian per sec. 
6. BC produced to E, CE = 0 95 foot. 6. Cl* = 2 531 inches. 


7 . Crank angle, degrees 

0 

30 

21*2 

60 

90 

120 

150 180 

Force in lb. 

j 24-54 

12 27 

0 

- 12*27 

-21*2 -24*54 


Crank angle, degrees 

0 

30 

60 

90 

120 

150 

Torque, lb. -inches 

0 

1445 

2521 

2948 

136^) 

650 


9 . 47*7 lb. weight ; 81-3 lb, weight. 10 . 785 revs, per min. 

11 . Accel, at 60“, 37 5 feet per see. per sec. ; at inner dead point, 1 25 feet per 

sec. per sec. ; at outer dead point, 75 feet per sec. per sec. 58 1 lb. ; 

19401b.; 11621b. 

12. {a) 81770 lb, -feet ; {b) 8200 lb. feet. 13 . 50 feet per sec. per sec. 

14 . R = 223-5 lb., at right angles to rod and feet from the crank pin. 

16 . 1 37S lb. -inches. 

16 . Inner dead point, a> = 3-49; outer dead point, w= 1*497; at 45®, w=I 341, 

all in radians per sec. 

17 . {a) 0*757 sec. ; (^) 0*443 sec. ; 47 "' 

20. 23 7i)W lb. -feet. 21. 286 2 feet per sec. per sec. 

22. 48 inches ; 3480 lb. ; 810 lb. upwards ; 3670 lb. in line of crank. 

23 . 0*965 feet per sec. 24 . 1*46 inches ; -o*i inch ; at 0*89 of the stroke. 
25 . 1496 Ib.-feet. 


1 . 

4. 

8 . 

11 . 


Chapter XX. Page 522. 

6*22 foot-lb. 2 . 6* 18 per cent. 3 . 91*2 revs, per min 

7940 revs, per min 6, 146 feet per sec. 7 . 970 pounds. 

128 foot-lb. 9 . 93*6 revs, per min. 10 . 7*2 pounds. 

171*2 revs, per min. ; 189*2 revs, per min. ; lo per cent. 

D.M. 
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12. lo-i radians per sec. ; 2*8 1 6 lb.>feet 

13 . 106*6 lb. weight ; 17-76 lb. weight per inch compression. / 

14 . 179 revs, per min. ; 17 revs, per min. ; 13*3 lb. weight. 16 . See Fig. 726. 



Fig. 7a6. 


16 . 6-6 pounds at i foot radius ; 90 lb. weight. 

17 . Angles made with the direction of the force at A : C, 166® ; D, 235® ; 

E, 30® ; 147 lb. weight. 

18 . 332 pounds making 159® with the adjacent crank. 

19 . 5-15 tons; angles with No. i crank: No. 2 crank, I44>6® ; No. 3 crank, 

255-6® ; No. 4 crank, 55-5®. 


20 . Cranks A and C diametrically opposite crank B ; mass of A = M ; 


mass of C = 


(fl + r) 


M. 


21. [a) Revolving masBes let = — forces l)alance ; resultant coupl« 

in a plane at 45® to tlie vertical. Reciprocating maBBOB*. let 


primary forces Ijalance ; primary couple =F2X 2/ ; secondary 
forces balance ; secondary couple = F2 x 1 x 2/. 

{b) Revolving massea : forces balance; resultant couple =x2Fi/V2 in the 
horizontal plane. Reciprocating maBBes : primary forces balance ; primary 
couples balance ; no secondary forces ; no secondary couple. 

2?. 1635 revs, per rain. 28 . 822 revs, per min. 

24 . 1870 revs, per min. 26 . 126-2 inches. 


Chapter XXL Page 561. 

1 . (a) 240 and 1080 revs, per min. {b) 228 and 974 7 revs, per min. 

2 . One countershaft, 36 inch pulley on line shaft ; 9 inch and 19-5 inch pulleys 

on countershaft ; countershaft runs at 576 revs, per min. 

8. T2 = 83‘i5ih-; 


Angle, degrees - 30 60 90 

Tull in belt, lb. | 400 | 307 9 236-2 182 


120 150 180 

140 1077 1 8315 


4 . 14,7001b. 6. 15-77 inches. 6. i68 lb. 

7 . 68-2 revs, per min. ; 41-5 inches. 8 . 19 h.p. 9 . 280 lb. 

10. 15 on lathe mandrel, gearing with 36 on stud ; 18 on stud gearing with 4$ on 

lead screw. 

11. 1-75 ; 12 ; 8 gearing with 36, 12 gearing with 32. 

12 . 5-62 ; 9-38 ; 22-5. 14 . 2} clockwise revolutions. 

16 . 1*5 clockwise revolutions ; 3 clockwise revolutions. 16 . 
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Angle, degrees - 

0 

30 

60 

90 

>35 180 

225 

270 

315 

360 

ta of driven sliaft 

1*155 

I 065 

0*924 

1 

0*866 

o- 9 <?[iiS 5 

0*99 1 

0-866 

0*99 

1*155 


Chapter XXII. Page 589. 

1 , 1200 lb.; 400 lb.; 300 lb. 8. 15,000 lb. ; 15,9101b.; 9000 lb. 

8. 1029 tons ; 92 6 tons ; R=936‘4 tons at 10 69 feet from the bottom. 

4. 18851b.; 31441b. 

5 . 16,500 lb. ; 2-o 6 feet below the top edge of the opening. 

6. 670 tons; 7812 feet. 7 . 173*8 tons. 

8. Transverse BM = 9*38 feet ; longitudinal BM=: 104* i feet. 9 . 2*91 degrees. 

10. 57,100 lb. at 23® 30' to the vertical and intersecting the base at a point 
12*25 from the water face, and hence falling within the middle third ; 
52,5001b. intersecting the base vertically at one-third its width from the 
water face. 


11. 

Distance of 
section from top, 
feet. 

Resultant force, reservoir full. 

Resultant force, reservoir empty. 


3 

525 lb. ; vertical ; 

0*833 fo^l from water face. 

525 lb. ; vertical ; 

0*833 fool from water face. 


10 

6030 lb. ; 14*8'’ to vertical ; 
3*4 feet from water face. 

5833 lb. ; vertical ; 

2*78 feet from water face. 


20 

25,000 lb. ; 21*5® to vertical ; 
7*75 <eet from water face. 

23,3001!).; vertical; 

5*55 feet from water face. 


18 . 122*7 gallons per hour ; 2*2 1 pence per hour, 

13 . 4*72 H.P.; 3 075 H.P. 14 . 21,130 foot lb. 15 . 17,550 foot-lb. 

16 . 26,950 lb. ; 5550 cubic inches ; 323,400 foot-lb. 

17 . 6 ; 1467 lb. ; 954 lb. ; 10 feet. 

18 . 8*88 cubic feet ; (a) 533° llj* pwsh ; {d) 5117 lb. pull. 

19 . 14*63 inches diameter ; 21 *94 inches stroke ; 1 20,000 foot-lb. per min. ; 6*07 H.P. 

80 . 1049 lb. ; 707 lb. 88. 1965 lb. 

83 . Accumulator down : 869*3 lb. per sq. inch at the top ; 891 lb. per sq, inch at 
the bottom. Accumulator up : 891 lb. per sq. inch at the top ; 912*7 lb. 
per sq. inch at the bottom. 

8 03 feet. 85 . 166*7 1 ^* ; 10 from the top. 86. 0*39 foot. 

Chapter XXIII. Page 622. 

1. 36 ft. per sec. ; 8 62 lb. per sq. inch. 8. 0*352 cubic feet per sec. 

8. 0*047 cubic feet per sec. ; 1057 gallons per hour. 

4 . 0 072 cubic feet per sec. ; 1620 gallons per hour. 

5 . 12*68 feet per sec. 6. 4*54 cubic feet per sec. 7 . 1228 lb. 

8. 0 267 cubic feet per sec. 9 . 37,6oo gallons per hour. 

10. 2*233 ? 2*29 ; 2*35, all in cubic feet per sec. 

11. 0*00265. 10* * foot. 

18 . 4*42 feet per sec. ; 1,880,000 cubic feet per day. 14 . 2*17 feet per sec. 
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16 . 7 85 feet per sec. ; 24 65 cubic feet per sec. ; 5 *56 feet per sec. ; 17^45 cubic 

feet per sec. 

18 . 3 244 miles. 17 . 00767 foot-lb. 18 . 0 046 foot-lD. 

80 . 36-2 feet per sec. 21. 426 feet per sec. 22. 40 feet per sec, 

23 . 1 foot per sec. ; 31-4 Cb. per sq. inch. 24 . [,440,000 gallons per hour. 

26 . i o9<j lb. ; 25 miles per hour. 26 . 6*69 seconds. 

27 . 59 lb. per sq. inch. 28 . 5 feet per sec. ; 9800 gallons per hour. 

29 . 18-3 cubic feet per sec. 80 . 074 foot ; o ioi H.P. 

81 . Frictional loss in the 6 inch pipe - - -- 3 03 feet head. 

” 3 »» - - =9b'96 „ 

Loss at pipe entrance - • - . = 0 0071 ,, 

,, the contraction - - - - = 0 0257 ,, 

Kinetic energy wasted in the lower reservoir = 0 0572 ,, 

^ „ . 1000800 

70-6 gallons per min ■ ■■■■■■ 

32 . 222 gallons per min. ; 3 02 feet per sec. ; 27- 18 feet per sec. 


Chapter XXIV. Page 659. 


Angle, degrees 

0 

30 

45 

60 

90 

Pressure, lb. - I 

0 

5 39 

7 62 

9-34 

1 10-78 


2 . Angle, degrees I o | 30 j 60 | 90 | 120 150 180 

Pressure, lb. - j 2156 | 20 8 j i8*6 j 152 | 1078 5 57 o 

8 . 1*99 lb. ; 3-33 11 ^- 

4 . {a) Work done by the jet = 3'98 foot-lb. per sec. ; {b) work done against the 
jet = 6-66 foot-lb. per sec. 

6. 409 H.P. 6. 16-65 cubic feet per sec. ; 2-27 H.P. 

7 . 35-25 degrees. 8. 12 feet per sec. 

9 . 39-6 feet per sec. , at 8° 4 P to the wheel circumference. 

10 1 184 revs, per min. ; 230-7 H.p. 

11. {a) 32 78 feet per sec. ; {b) 26^” 45' ; (c) 2175 lb. per sec. ; {ef) 43.500 foot- lb. 

59-3 H.p. ; (£) 48“ 49' ; 33° 18' ; 104 revs, per min. ; (/) 10-7 feet per sec. 
91-1 per cent.; (^) 29 2 feet per sec.; 2960 lb. -feet ; 32,300 foot-lb. per sec. 
58 7 H.P. 

12 . 14" 29' ; 72" 23' ; 15“ 42' ; 4 72 feet per sec. ; 16-62 feet per sec. ; 3-27 feet. 

18 22-3 lb. 14 , {a) 87-3 lb. ; {b) 50 per cent. ; {c) 3*57 H.P, 



Z ; 100 per cent. 
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16 . 26^26'; 45“ 18'. 17 . 180H.P. 18 , 73*; 9® 52'. 

20. 10*46 feet per sec. ; 8*57 feet per sec. ; 11-43 ^^et per sec 

21. 14,000 pound -foot-sec. ; 47*4 h.p. 

22. 0*3169^; 6•I5^/A; 97*7 per cent. 28. 98*2 h.p. ; 1*91 feet 


Chapter XXV. Page 678. 

1. o*6o8. 2. 0 964. 8. 0*53 ; 0*52. 

4 . 2*52; 2-51. 5 . 3*226; 317. 


6 . 


Difference in he.'tds, 
feet of water. 


Actual discharge, 
Qa I cubic feet per sec. 


Theoretical discharge, 
Q, cubic feet per sec. 


1*12 

2*24 

4-48 

5*6 

673 

896 

11*2 

1345 

157 


000619 

000673 

0-92 

000899 

0*0095 

0*945 

00127 

00134 

0*948 

00142 

0*015 

0-947 

00156 

00165 

0*947 

001785 

0019 

0939 

0*0203 

002125 

0*962 

0*02218 

0*0233 

0-951 

002325 

002515 

0926 


7. 


8 . 


Average value of r= 0*943. 


Velocity, feet per sec. 2*54 


2-54 

4-43 

6*8i 

SHs 

•3-73 

94-07 1 

9765 

100 44 

102*6i 

105*6 


> 4 = 1*22 


7 ^ 

2^ 


Expt. No. 

i I 1 2 1 3 

4 

5 

6 

7 

8 

9 

Pressure on plate, lb. 

1 0*07 j 0*082! 0*09 

0*095 

0*105 

0-127 

0089 

0097 

0*1 17 
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Absolute units of force, 2, 407. 

Acceleration, 385 ; and force, Law 
for, 406, 446 ; Angular, 391 ; at 
an instant, 386 ; Central, 397 ; 
due to change of direction, 395 ; 
due to gravitation, 389 ; Equa- 
tions for uniforrii, 387 ; image, 
474 ; of the piston, 467 ; -space 
diagrams, 399, 467 ; -time dia- 
grams. 386. 399- 

Accelerations at ends of stroke, 468 ; 
Composition and resolution of, 
390. 

Accumulator, Hydraulic. 584. 

Air-vessel, .587. 

Amplitude of vibration, 400. 

Angle of advance, 481 ; of obliquity 
of stress, 122 ; of repose of 
earth, Natural, 280 ; of resist- 
ance, Limiting, 363 ; of sliding 
friction, 363, 375 ; of torsion, 
254 ; of twist, 318, 

Angular, acceleration, 391 ; and 
linear velocity, Relation of, 391 ; 
momentum, 430 ; motion, Equa- 
tions of, 391. 

Angular velocity, 390 ; at an instant, 
392 ; diagrams, 394 ; Change in, 
400 ; Fluctuations in, 494 ; Re- 
presentation of, 400, 

Anticlastic curvature, 14 4. 

Arch, Linear, 244 ; Three-pin, 243. 

Arches, 241-24O; Bending-moment 
diagrams for, 245 ; Bending- 
moment, shear and thrust in, 
244 : Horizontal thrust in, 242, 
246 : Line of resistance in, ^41 ; 
Masonry, 241 ; Metal, 242 ; Re- 
actions in, 246 ; Stresses in 
joints of, 242, 

Areas, Determination of, 5. 
Autographic recorders, 293^ 305 ; 
records, 294, 31 1, 312, 313, 314, 

315. 316- 


Avery torsion machine. 3 it> 

Azimuth, Motion in, 431. 

Balances, 4. 

Balancing, 509-518 ; Apparatus 
for testing, 513 ; Primary, 515, 
517; problems solved graphi- 
cally, 51 1 ; of locomotives, 510; 
of reciprocating masses, 514 ; of- 
revolving masses, 426, 509; Se- 
condary, 517 ; Static, 427. 

Ball bearings, 361. 

Barr's autographic recorder, 305. 

Beam sections, Modulus of, 147. 

Beams, Bending in, 142 ; Bending- 
moment diagrams, 135, 139, 
140 ; Bending-moment diagrams 
by calculation, 135 ; Bending- 
moment diagrams by graphical 
moments, 140 ; Bending-moment 
diagrams by link polygon, 139; 
Bending moments and shearing 
forces in, 133 ; Continuous, 204 ; 
Curvature in, 163, 165 ; Deflec- 
tion of, 163 ; Determination of 
moment of resistance m, 144 ; 
Elastic bending of, 299 ; Encas- 
tre, 176; Experiments on, 299, 
312 ; four typical cases of, 137 ; 
Graphical solution of slope and 
deflection in, 1 71-173; Longi- 
tudinal strains in, 142 ; Longi- 
tudinal stfesses in, 143 ; Moment 
of resistance in, 134, 144 ; Nature 
of stresses in, 132 ; Neutral axis 
in, 142 ; of I section. Strength of, 
153 ; of uniform curvature, 185 ; 
of uniform strength, 154-156; 
Proportional laws of strength of, 
152 ; Pure bending in, 131 ; 
Propped, 183 : Reactions of, 461 
47» 53. 55 I Reinforced concrete, 
219; Relations of 5l<me and 
curvature in. 166 ; Shearing 
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force at a concentrated load, 
136 ; Shearing force diagrams. 
135 ; Slope and deflection in 
simply supported, 169*171. 175 ; 
Stresses due to bending in, 
146. 

Belt, Driving by, 526-533 ; Friction 
of a. 529 ; Length of. 537 ; pulley 
arrangement, 528 ; striking gears, 
535- 

Belt pulleys. Effects of changing 
diameter of, 532 ; Velocity ratio 
of. 527, 529. 

Belts, Centrifugal tension in, 535 ; 
Horse-power transmitted by, 
532 ; Open and crossed, 526 ; 
Slip of, 527. 

Bending moment, diagram for a 
connecting rod, 478 ; in beams, 
133 ; on a side rod, 465 ; Points 
of zero, i8i. 

Bending of a beam, 131, 142. 

Bending test. Record of reversed, 
312 ; tests. 303, 312. 

Bends, Loss of head at, 671. 

Bernoulli's law, 595, 667. 

Bevel wheels, Friction, 539 ; toothed, 
544- 

Blow, Average force of a, 411. 

Borda mouthpiece, 602. 

Bow’s Notation, 25, 6 ^f. 

Brake. Band. 342 ; High-speed, 
343 ; Hydraulic, 344. 

Brakes, 340-344 ; Rope, 340. 

Brake-wheels, Cooling of, 34^. 

Bridge girders, 2 12-2 19. 

Bridges, Suspension, 246. 

Bucket pump, 587. 

Buffer-stops, Average resistance in, 
409- 

Bulk modulus, 109, 299. 

Bulk modulus from experimental 
data, 299. 

Buoyancy, 569. 

Calculus, 9, 

Cams, 490. 

Cantilevers, Propped, 181 ; Slope 
and deflection in, 167-X69, 173- 

Carnage springs, 273. 

Cast iron, Records of tests on, 313, 

Cement, Composition of, 320 ; Fine- 
ness of, 320 ; Setting time of, 
321 ; Soundness of, 321 ; Speci- 
fic gravity of, 320 ; Strength of, 
321 ; testing. 320. 

Central force, 425. 

Centre, Instantaneous, 457. 
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Centre of gravity, by calculation, 
49-51 \ by experiment, 56 ; gra- 
phically, 52 ; of a floating body. 
575- 

Centre, of mass, 412 ; of parallel 
forces, 48 ; of pressure, 571. 

Centrifugal force, 425. 

Centrifugal pumps, 649-658 ; Gross 
lift in, 652 ; Hydraulic efficiency 
of, 653 ; Multiple wheel, 658 ; 
Variation of pressur3 in, 654 ; 
Velocities in, 649 ; Work done 
on, 651. 

Centrifugal tension in belts, 534. 

Chain, Tension in a hanging, 73. 

Chains, Transmission of motion by. 
537 ; Types of driving, 537, 538 ; 
Work transmitted by, 538. 

Chezy formula for pipes, 613. 

Circle, Motion in a, 395. 

Circular bending, 186. 

Clapeyron’s theorem of three mo- 
ments, 206. 

Coach springs, 273. 

Coefficient, of discharge, 600, 665 ; 
of rupture, 314 ; of velocity, 600, 
6O5. 

Coefficients, of expansion, 115, 68a; 
of friction, 354, 355, 

Collars, Friction of, 359. 

Collision, Waste of energy during. 
617. 

Columns, 227-241 ; Euler's curve 
for, 232 ; Euler's formula for 
long, 228 ; Ewing's formula for, 
233 ; Fixing the ends of, 231 ; 
Gordon's formula for, 236 ; Least 
radius of gyration in, 232 ; 
Maximum shear stress in. 124 ; 
Non-axial loads' on, 237 ; Ran- 
kine’s formula for, 234 ; Rein- 
forced concrete, 119 ; Secondary 
flexure in, 237 ; Straight-line 
formula for, 240 ; Stresses on 
oblique sections of. 1 22 ; Table 
of coefficients for, 235 ; Tests on. 

305- 

Components of a force, 21. 

Compression tests on cement, brick 
and stone, 321. 

Concrete, composition of, 320. 

Conjugate stresses, 280. 

Connecting rod. Acceleration image 
of, 474 ; Bending-moment due 
to inertia on, 477 ; Inertia re- 
actions due to the, 476 ; Infinite, 
d66 ; Motion of. 471 ; Resultant 
force on the, 475. 

Constants, Useful. 68z, 
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Ccntiniious beams, 204-208. 

Contractions in test pieces. Lateral, 
312. 

Contraflexure, Points of, 180 ; in 
columns, Points of, 231. 

Couple, and 1 of a body. Relation 
of, 4T4 ; and rate of change of 
angular momentum, 431 ; de- 
fined, 43 ; Equilibrant of a, 59, 

71 ; Moment of a. 59 ; Resultant 
of a, 61 ; Work done by a. 339. 

Couples, r^operties of, 59 ; Rock- 
ing, 426. 

Couplings for shafts, 558. 

Crab, Experiment on a, 329. 

Crank-effort, 470 ; diagram, 496. 

Crank pin. Friction of a, 371. 

Crank shaft bearings, Friction in, 
373- 

Crank, Turning moment on, 469- 
471. 

Creeping in test pieces, 310, 319. 

Crosshead pin. Friction of a, 372. 

Curvature, 164 ; in beams. Anti- 
clastic, 144 ; in columns, 229 ; 
Uniform, 185. 

Cycloid, 550. 

Cylinders, Thick, 112. 

Darcy formula for pipes, 614. 

Dead angles, 374. 

Deflection and stress. Relation of, 
187. 

Deflection in beams. Measurement 
of, 299 ; of beams, 163. 

Delta metal. Record of tensile 
test on, 312. 

Density, 2, 

Derrick Crane, Forces in a, 33. 

Differential. Calculus, 9 ; co-effi- 

cients, Table of, ii. 

Differential gearing for motor cars, 

545. 

Distance- time diagrams, 381, 383. 

Dynamical systems. Equivalent, 
443-445. 475. 

Earth pressure, 279-290 ; Ran- 
kine*s theory of, 280 ; Wedge | 

theory of, 283. j 

Eccentric, 480. ! 

Eccentrics, Component, 481, 484. 

Efficiency of a screw, 367 ; of 
machines, 328. 

Elastic break-down. Points of, 310, 
319, 

Elastic limit, 108 ; changed by 
overstraining, 311, 313, 

Elasticity. io8* 


Elbows, Loss of head at, 672. 

Electrical horse-power, 344. 

Electromotor arranged as a dyna- 
mometer, 378. 

Ellipse of stress, 262, 281. 

Encastr^ beams, 176-181. 

Energies of flowing water, 593. 

Energy. 326 ; Chemical, 326 ; Con 
servation of, 326 ; Elastic, 326 ; 
Electrical, 326 ; Fluctuations in, 
494, 496 ; Heat, 326 ; Hydraulic 
transmission of, 581 ; Kinetic, 
326, 409, 4T9 ; of a rolling wheel 
420; Potential, 326; transfor- 
mations in flowing water, 593. 

Ei^icyclic reducing gears, 547-549 .* 
trains of wheels, 546-549. 

Epicycloid. 551. 

Equations of equilibrium of uni- 
planar forces, 65. 

Equilibrant, defined, 2i ; of any 
uniplanar fojces, 64 ; of forces 
in the same straight line, 21; 
of two intersecting forces, 22, 25 ; 
of uniplanar forces, at a point, 
29. 

Equilibrium of forces in parallel 
planes, 512. 

Equilibrium, States of, 52. 

Euler's formula for columns, 228. 

Ewing's ex*fcensometer, 307 ; for- 
mula for columns, 233. 

Expansion. Coefficient of, 115 : of 
a gas, Work done during, 580 ; 
Stresses due to, 115. 

Extensions in test pieces, 31 1. 

Extensometers, 307. 

Factors of safety, 194. 

I Falling body. Equations for a, 389. 

Feed pump, 588. 

Flywheel, Dimensions of, 496 : Ex- 
perimental, 418 ; Kinetic energy 
of, 495 ; M of a, 495 ; Moment 
of inertia of, 447 ; Necessary 
moment of inertia of a, 499 ; and 
shaft. Torsional oscillations of, 

438. 

Flywheels, 418, 420, 494*499 I Cen- 
trifugal tension in, 498. 

Flange stress, 153. 

Floating bodies. Centre of gravity 
575 : Pressure on, 569 ; Sta- 
bility of, 572-576. 

Fluctuation in energy, Coefficient 
of. 497- 

Fluid friction, 355, 592. 

Fluid pressure. Resultant, 568 ; 
Total, 567 ; Work done by. 579^ 
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Fluid. Stresses in a. 565 ; stress 
diagiams. 567 ; stress, Equality 
of transmission of, 566. 

Fluids, Normal stresses in, 564 ; 
Properties of, 564. 

Force, Absolute units of. 407 ; 
Centrifugal, 425 ; diagrams. 79- 
89 ; Definition of, i ; Measure- 
ment of, 2, 3 ; Moment of a, 41 ; 
Rectangular components of a, 
23 ; Representation of a, 19 ; 
Space-average of a, 410 ; sys- 
tems in parallel planes, 512 ; 
Time-average of a, 412 ; Units 
of, 2. 

Forces, acting at a point, 19-36; 
External and Internal, 78 ; Im- 
pulsive, 41 1 ; in the same 
straight line. 19 ; Parallel, 40 ; 
Parallelogram of, 21, 22 ; Poly- 
gon of, 28 ; Systems of uniplanar, 
64 ; Systems of uniplanar con- 

. current, 26 ; Triangle of, 24. 

Foundations by Rankine’s theory, 
289. 

F'our-bar chain, 458. 

Friction, 353 ; angles, 363 ; circle 
for journals, 368 ; Coefficients 
of. 354. 355. 356; Effect of speed 
of rubbing on, 35^. 355, 376 ; 
gearing, 538 ; in fluids, 592 ; 
in machine bearings, 355 ; in 
screws, 366 ; of a slider, 375 ; 
of belts, 529 ; of collars. 359 ; of 
dry surfaces, 354 ; of flat pivots, 
358 ; of fluids, 355 ; of journals, 
335-358, 368 ; on inclined planes, 
364 ; Roiling, 361, 375. 

Froude dynamometer, 349. 

Froude'j^ law, 621, 

Gas jet from an orifice. 601. 

Gauge notch. Rectangular, 604 ; 
Triangular, 604. 

Gauge notches, 604-607, 666. 

Girard turbine, 633. 

CJirdcrs, Parallel braced bridge, 212 ; 
Plate, 208 ; of varying depth. 
Bridge, 216 ; Warren, 218, 

Gordon’s formula for columns, 236. 

Governor arms. Effect of, 503 ‘- 505 - 

Governor, Effort of a, 508 ; Hart- 
nell, 507 ; Isochronous, 507 ; 
Parabolic, 506 ; Sensitiveness of 
a. 507 ; Stability of a, 505 ; 
Watt, 499. 

Governors, 495, 499-500 ,* Friction 
in, 503 ; Loaded or Porter, 501 ; 
Simple forms of, 500. 


Gravitational units of force, 2. 

Gravity, 2 ; Specific, 4. 570. 

Gun-metal, Records of tests on, 315, 

Gyration, Radius of, 151, 152, 418, 
449 - 

Gyrostat, Effect of friction in, 435 ; 
Model. 434 ; Schlick’s anti-roll- 
ing, 435 ; wheel, Change of 
velocity in a. 401 . 

Gyrostatic action, 431-436 ; couple. 

Hanging cords, 72. 

Heating, Stresses due to unequal, 
116. 

Helical blocks, 333. 

Helical gearing, 556. 

Hoisting tackle, 332. 

Hopkinson-Thring torsion-meter. 
346. 

Hooke's coupling, 559. 

Hooke's law, 108. 

Horse-power, 326 ; Brake, 339 ; 
Indicated, 337 ; Shaft, 344 ; 
transmitted by belts, 532 ; trans- 
mitted by ropes, 534 ; transmit- 
ted by shafting, 257 ; transmitted 
by toothed wheels, 541. 

Humpage gear, 548. 

Hutton’s formula for wind pres- 
sure, 196. 

Hydrauhe, accumulator, 584 ; effi- 
ciency, 628 ; enf^ine, 579 ; ex- 
periments, 663 ; gradient of a 
pipe, 608 ; intensifier, 585 ; lift, 
583 ; mean depth, 61 1 ; power 
installation, 582 ; press, 583 ; 
pump, 585 ; transmission of 
energy, 581. 

Hydraulic turbine. Axial-flow im- 
pulse, 633-638 ; Axial-flow re- 
action, 639 ; Inward-flow re- 
action, 642 ; Outward-flow im- 
pulse, 639 ; Outward-flow re- 
action, 648. 

Hydraulic turbines, 632-649 ; Im- 
pulse, 632-639 ; Pressure varia- 
tion in, 640, 644 ; Reaction, 639- 
649. 

Hypocycloid, 551. 

Idle wheels, 542. 

Impact of inelastic bodies, 617* 

Impulsive forces, 41 1. 

Impulsive loads. 193. 

Incline, Acceleration on an, 390 ; 
Train running down an, 408 ; 
Wheel rolling down an, 421-424, 

450 
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Inclined planes. Friction on. 364. 
Indicated work and power, 337. 
Indicator. 337 ; diagrams, 337-339 ; 

parallel motion, 336, 461. ^ 

Inertia. 3, 406-454 ; reactions on 
an engine frame, 476. 518 ; Re- 
sistance due to, 407 ; Rotational. 
413- 

In tegral calculus, 13. 

Integrals. Table of, 17. 

Intensifier, Hydraulic, 585 
Instantaneous centre, 457. 
Introductory principles, i. 

Jet, Path of a, 666 ; Work done by 
a, 628. 

Jets, Pressure of impinging, 625- 
629, 674 ; Reaction of. 601. 
Jonval turbine, 630. 

Joule's mechanical equivalent of 
heat, 326. 

Journals, Friction of, 355-3 5^. 3^^ .* 
Heating of, 357 ; Horse-power 
wasted in, 369. 

Kinematic chains, 455. 

Kinematics, Definition of, 1. 

Kinetic energy, 409 ; of rotation, 

419- 

Kinetics, Definition of, i . 

Klein’s construction, 466, 473. 

Lap of a valve, 479* 
Launhardt-Weyrauch formula, 195 
Leather packings. Hydraulic, 583. 
Le Chatelier cement test, 321. 

Lever, Bent, 63. 

Lift, Hydraulic, 583, 

Link, mechanisms, 455 : polygon, 
67-70, 82 ; Possible velocities in 
a, 457- 

Live load forces in bridge girders, 

215. 

Load, A single travelling, 197 A 
uniform travelling, 200. 

Loads, Alternating and varying, 
194 : applied gradually, 19 1 : 
applied impulsively, 1931 ,a^P" 
plied suddenly, 192 ; Combined 
dead and travelling, 201 ; Dead 
and live, iqi ; in columns, Non- 
axial, 237 ; Non-uniform travel- 
ling, 203 ; Working, 191- 
Lock gate, Stresses on a, 367. 
Locomotive, balancing, 5:0 : pick- 
ing up water, 412 ; side rod, 464. 
Logarithms, 684-687. 

Lubricants, testing of, 377. 


Mass, Centre of, 412 ; Measurement 
of, 3 ; Units of, 2. 

Materials, Testing of, 292-322. 

Mathematical formulae, 5. 

Matter, Definition of. i ; Measure- 
ment of, 2. 

Maxwell’s needle, 296. 

Machines, Effect of friction in, 328 ; 
Efficiency of, 328 ; Equations 
for, 332 ; Mechanical advantage 
of, 327 ; Reversal of, 329 ; 
Velocity ratio of, 327, 328, 332, 
333, 334- 

Mechanical advantage, 327. 

Mechanical efficiency, 339. 

Mechanisms, Accelerations in, 463 ; 
Inertia effects in, 462 : Paths in, 
456 : Velocities in, 456. 

Mellanby brake, 342. 

Mensuration, 5. 

Metacentre, 573. 

Middle-third rule, 239. 

Milne's-Daimler differential gear, 
546- 

Mitre wheels, 544. 

Moduli of elasticity, 683 ; Relations 
of, 299. 

Modulus, of beam sections, 147 ; 
of elasticity, 108 ; of rigidity by 
direct torsjpn, 295. 319, 346-349 5 
of rigidity 'by Maxwell’s needle, 
297 ; of rigidity by pulling 
springs, 296 ; of rigidity by 
vibrations of springs, 298. 

Moment, of a force, 41 ; of inertia, 
145 , 414 ; of inertia found 

graphically, 150 ; of resistance 
in beams, 134 ; of resistance to 
torsion, 253. 

Momenta generated by equal forces, 
411- 

Moments, Method of graphical, 46, 
47» 83 ; of inertia, Rules for, 417 ; 
of inertia. Table of, 415 : Prin- 
ciple of, 41, 55. 

Momentum, 3, 410 ; Angular, 430 ; 
Change of, 41 1 ; Moment of, 
430; Rate of change of, 41 1 ; 
Rate of change of angular, 431 ; 
Representation by a vector, 

4”- . . . 

Motion, Average resistance during 

change of, 410. 

Motion equations for uniform ac- 
celeration, 388. 

Motion in a circle, 395, 

Motion, N’f-wton’s laws of, 3 ; Simple 
harmonic, 398. 

Motor car. Gear wheels of a, 543. 
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Motor cars. Gyrostatic action in. 
432 . 

Motor track. Banked. 427. 


Neutral axis, 142 ; found graphi- 
cally, 148 : Position of, 145. 
Neutral lamina, 142. 

Newton’s laws of motion. 3. 


Oblique stress, 122. 

Oldham coupling, 558. 

Orifice, Discharge of a gas from an. 
601 ; in a thin horizontal plate. 
600 : in a thin vertical plate. 

; Trumpet. 601. 

Orifices. Discharge from, 598-603, 
665. 

Oscillating engine, 485. 

Oscillation, Centre of, 442, 449. 

Oscillations, Simple harmonic tor- 
sional, 438. 

Overstraining, 31 1. 

Overturning, Conditions of, 363. 

Parabolic chain. Length of, 248. 

Parallel forces, 40 ; Centre of, 48 ; 
not in the same plane, 53 ; Re- 
sultant of any number of, 43. 

Parallel motions, 460-462. 

Parallelogram, of fcrcSs, 21, 22 ; of 
velocities, 389. 

Paths in mechanisms, 456. 

Pelton wheel, 630, 675. 

Pendulum, Compound, 440 ; Corre- 
sponding simple, 442 ; Forces 
in a, 29 ; Simple, 439. 

Percussion, Centre of, 442, 449. 

Permanent set, 108. 

Pipe. Critical velocity in a. 592, 6^9 ; 
entrances, 609 ; Flow through 
a uniform, 608, 669. 

Pipes, Friction in uniform, 610, 
669 ; Effect of change of dia- 
meter in, 615 ; Flow through, 
608-620 ; Sudden contractions 
in, 619, 674 ; Sudden enlarge- 
ments in, 618, 672. 

Piston rings, 270. 

Pitot tubes, 607. 

Pivots, Friction of flat, 358, 

Pivot, Schiele, 360. 

Plate girders, 208-212. 

Plates, Pressures of jets on fixed, 
625 ; Pressures of jets on moving, 
627. 

Plunger and bucket pum 588. 

Plunger pump, 587* 

Poisson’s ratio, 108, 299, 683. 
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Poncelet ’VV^eel, 629. 

Portland cement, 320. 

Power, 326 ; Electrical units of 
327 - 

Press, Hydraulic, 583. 

Pressure energy of fluids, 593. 

Pressure of a fluid, 567, 

Principal axes. Stress on sections 
inclined to, 261. 

Principal stresses and axes, 259. 

Principal stresses, for pure torque, 
258 ; for simple shear, 128. 

Properties of materials, 683. 

Properties of sections. Table of, 15 1. 

Propped cantilevers and beams, 
181-184. 

Pulley blocks, 332. 

Pulleys, for belts, 526 ; Jockey, 
527 - 

Pull tests, 302, 309. 

Pull, Wires under, 292. 

Pumps, Centrifugal, 649-658 ; Re- 
ciprocating, 585-589. 

Punching nvet hcles, 98. 

Punching tests, 304, 316. 

Pure bending of a beam, 131. 

Pure twist, 251. 

Push or pull in a structural mem*^ 
her. Rule for, 80. 

Push tests, 303. 305. 

Quadratic equations. Solution of, 9. 

Quick-return motions, 487-490. 

Rack. Involute, 556. 

Racks, Wheel between, 460. 

Radius of gyration. 152, 418. 

Rankine's, formula for columns, 
234 ; formula for combined tor- 
sion and bending, 265 ; hypo- 
thesis for shafts, 264 ; theory 
of earth pressure, 280 ; theory of 
foundations, 289. 

Ratchet wheels, 558. 

Reaction defined, 20. 

Reactions of a beam, 46 ; by link 
polygon, 70. 

Reciprocating masses. Inertia of, 
466. 

Reciprocating parts. Equations of 
motion of, 515 ,* Equivalent 
revolving system, 517. 

Rectangular components of a force, 
23 - 

Reducing gears. Epicyclic, 547-549. 

Reinforced concrete, beams, 219- 
224 ; columns, 119. 
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Relative velocities in a link» 457. 

Relative velocity. 402. 

Renold's silent chain, 538. 

Resilience, 191 ; under torsion, 320. 

Reservoir wall, Lines ot pressure in 
a, 578. 

Resistance of ships, 620. 

Resultant, defined, 21 ; of forces at 
a point, 27, 28 ; of forces in 
the same straight line, 21 ; of 
parallel forces, 40, 43 ; of two 
intersecting forces, 21, 24 ; re- 
action between two bodies, 362. 

Retaining walls, for earth, Graphical 
solutions of, 281, 286 ; Ran- 
kine's theory of, 281 ; Wedge 
theory of, 283 ; for water, 576- 
579 : Pressures on base of, 287. 

Reuleaux valve diagram, 481. 

Reversing gear, Belt, 536 ; by 
mitre wheels,' 544. 

Rigidity modulus, ioq. 

Riveted butt joints, 102. 

Riveted joints, 97-ioC ; Efficiency' 
of, 103 ; Methods of failure of, 

09. 

Riveted lap joints, 100 ; tie- bar 
joint, 105. 

Rivets, Rule for diameter of, 103. 

Rocking couples, 426. 

Roof trusses. Calculations of re- 
actions of, 66; Forces in, 30, 79- 
8g. 

Rope pulleys, 533, 534. 

Ropes, Centrifugal tension in, 535 ; 
Driving by, 533. 

Rotating body, Velocity of any 
point in a, 456. 

Rotational inertia, 413 

Rotation, Kinetic energy of, 419 

Routh^s rule for I, 417, 

Rupture, Coefficient of, 314. 

Scalar quantities defined, 19. 

Schiele pivot, 360 

Scolt-Russell parallel motion, 460. 

Screw gearing, 557. 

Screw jack, 377. 

Screws, Efficiency of, 367 ; Friction 
in, 366. 

Second moment of area, 145. 

Sections of beams, Symmetrical 
and unsymmetrical, 132. 

Sections, Properties of, 15 1. 

Shaft-horse-power, 344. 

Shafts, 251-266 ; Calibration of, 
345-349 ; Comparison of hollow 
and solid, 255 ; Couplings for, 
558 ; Distribution of shear 


stress in, 252 ; Horse-power 
transmitted by, 257 ; Maximum 
shear stress formula for, 266 ; 
Moment of resistance to torsion 
in, 253 ; Principal stresses in, 
258 ; Pure torque in, 252 ; Ran- 
kine's formula for, 265 ; Stiffness 
of hollow round, 255 ; Stiffness 
of solid round, 254 ; Strength 
of hollow round, 253 ; Strength 
of solid round, 253 ; Twisting 
moment on, 251 ; under com- 
bined bending and torsion, 264 ; 
Whirling of, 519-522. 

Shaping machine gears, 487-490. 

Shear stresses, in a cube, 127 ; in a 
rectangular plate, 126; produced 
by torque, 252. 

Shearing force in beams, 133. 

Shearing stress, in beams, Distri- 
bution of, 156-160 ; on inclined 
sections, maximum, 262. 

Shearing tests, 303, 315. 

Sheer legs. Forces m a pair of, 34. 

Shells, Stresses in cylindriml, 94 ; 
Stresses in spherical, 06. 

Ships, Resistance of, 620. 

Side contractions in gauge notches, 
605. 

Similar flow in fluids, 603 

Simple harmonic, motion, 398 : 
vibrations, 436. 

Simultaneous equations, Solution 
of, 9. 

Slider-crank chain, 455, 456, 457 ; 
Friction in a, 372 ; Inertia in the, 
466. 

Slide-valve gear, 479. 

Slope and deflection. Experimental 
relations of, 301. 

Slope in beams, 165 ; Measurement 
of, 300. 

Slotted-bar and crank. Friction in 
a, 370 ; Inertia of, 462 ; Velocity 
and acceleration in a, 399. 

Space, velocity, time. Relations of, 
387 - 

Specific gravity, 4, 570. 

Speed, Coefficient of fluctuation 
in, 496 ; cones, 536 ; Fluctuation 
in, 496. 

Spring rings, 270. 

Springs, 266-276 ; carriage, 273 ; 
Longitudinal vibrations of, 298 ; 
Torsional oscillations of, 298 ; 
under pull, 266, 296 ; under 

torsion, 268. 

Sprocket Wheels, 537. 

Stability of floating bodies, 572-576. 
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Stanton's formulae for wind pres* 
sure, 196. 

States of equilibrium, 52. 

Statics, Definition of, i. 

Steady motion of a fluid, 592, 597. 
Steam-distribution diagram, 480. 
Steel, Records of tests on, 309, 312, 

315. 317* 

Stiffening girders, 247. 

Straight-line formula for columns, 
240*. 

Stream lines, 597, 

Strain, 106 ; Longitudinal, Volu- 
metric and Shearing, 106 ; Trans- 
verse, 107. 

Strains in a cylindrical shell, iio- 
112. 

Strength, of beams, 131 ; of wires. 
Ultimate tensile, 294 ; under 
pull. Ultimate, 31 1 ; under 
punching. Ultimate, 316 ; under 
shear. Ultimate, 315 ; under 
torsion. Ultimate, 318 . 

Stress and deflection, Relation of, 
187. 

Stress, Bearing, 99 ; Components 
of, 121 ; Ellipse of, 262; figures, 
125 ; Maximum angle of obli- 
quity of, 281 ; Principal axes 
of, 128, 259 ; produced by fluids, 
565 ; Tensile, comjfl-essive and 
shearing, 93 ; Units of, 93. 
Stresses and strains, Simple, 93. 
Stresses, Classification of, 120 ; 
Conjugate, 280 ; having a vary- 
ing distribution, 124 ; in shells, 
94 ; in thick cylinders, 112 ; 
Normal, tangential, oblique, 120 ; 
Principal, 128, 259 ; jjroduced 
by change in temperature, 115 ; 
Relatidn of, 121 ; Working, 193. 
Structures, Conditions of equili- 
brium in, 78 ; Classifi^tion of, 
77 ; Simple, 77. 

Substituted frames, 89. 
Substitution, of a force and couple 
for a given force, 62 ; of a force 
for a given force and couple, 63. 
Super-elevation of outer rail, 427. 
Suspension bridges, 246 ; Stiffen- 
ing girders for, 247. 

Systems of uni planar forces, 64 ; 
acting at a point, 26. 

Table leM, Forces in, 54. 

Teeth, Cycloidal. 550 ; Involute, 

554 : Path of contact of, 553, 

555 ‘r Proportions of wheel, 541 ; 
Shape of, 549 ; Strength of wheel* 


541 ; of wheels, 540, 541. 549- 

558. 

Tensile strength. Ultimate. 31 1. 

Testing, of materials, 292 ; machino 
accessories, 303-308 ; machine 
Buckton's, 302 ; machine for 
torsion, 316. 

Test pieces, Forms of, 304, 305, 318. 

Thomson’s principle of similar flow, 
603 ; turbine, 642. 

Tie-bar joint, 105. 

Tie, Bent, 227. 

Ties and Struts, 227. 

Tics, Stresses on oblique sections 
of, 124. 

Timber, Records of tests on, 3x4. 

Time of vibration. 400. 

Toothed wheels. Condition of uni- 
form angular velocity in, 549 * 
Driving by, 540 ; Power trans- 
mitted by, 541 ; Velocity ratio 
of, 542 ; Trains of, 542. 

Torques, Equivalent, 265, 266. 

Torsion, Angle of, 254 ; -meter, 344, 
346 ; Moment of resistance to, 
253, 257 ; tests, 317 ; Thin tube 
under, 257 ; Wires under, 294. 

Torsional, oscillations of springs* 
298 ; oscillations of wires, 297 ; 
rigidity, 254 ; strains. Measure- 
ment of, 318. 

Towers* experiments on friction, 

355. 

Tractrix, 360. 

Trains of wheels, 542-549, 

Translation, Conditions of pure. 413. 

I'ransmission dynamometers, 349. 

Travelling load on a suspension 
bridge, 247. 

Travelling loads, 197-204. 

Triangle of forces, 24 ; Relation 
of forces and angles, 26. 

Trigonometrical ratios, 688. 

Trigonometry, 6. 

Tripod, Forces in a, 35. 

Turbines, Horse-power developed 
in, 637, 647 ; Hydraulic* 632- 
649 ; Work done in. 637. 

Turning moment diagrams* 464, 
470. 

Turning moments modified b) 
friction, 370. 372-374- 

Turning moment on crank, 469. 

Twist, Pure, 251, 

Uniplanar concurrent forces, Equu' 
tions for, 27. 

Unwin's formula for varying loada* 
194 . 
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n* 

Valve diagrams, 481. 

Valve. Equation for motion of a. 
482. 

Valve-gear. 479 ; characteristic line 
lor a. 484 ; Hackworth, 482. 

Vector quantities defined, 19. 

Velocities, Composition and resolu- 
tion of, 389 ; in a link, 457 ; in 
a rotating body. 456 ; Parallelo- 
gram and triangle of, 389. 

Velocity, 381 ; at an instant, 382 ; 
changed in direction. 394 ; ratio 
in machines, 327, 328 ; Relative, 
402 : -space diagram, 399 ; 

-time diagrams, 384, 399; Units 
of, 381. 

Venturi water meter, 595, 668. 

Vibrations, Simple harmonic. 436 ; 
Time of. 437, 438, 400, 440. 

Virtual slope of a pipe, 609. 

Viscosity of lubricants, 357. 

Volumes. Determination of, 6. 

Vortex, Forced, 654 ; Free, 655. 

Wall crane. Forces in a. 34. 

Walls, for earth. Retaining. 281 ; 
Stability of. 363. 

Warren girders, 218. 

V/ater wheels. Types of, 631. 

Watt parallel motion, 461. 

Wedge theory of earth pressure, 
283. 

Weight in absolute units, 407. 

Weights and Specific Gravities. 
Table of. 5. 

Westoo’s difieraotiai blocks, 333. 


Wheel and axle, Friction in at 
370. 

Wheel and differential axle, 333. 

Wheel and racks, 460. 

Wheel, Energy of a rolling, 420. 

Wheels, Motion of rolling, 393 ; 
Toothed, 540-558- 

Whirling. of a loaded shaft, 519 ; 
of unloaded shafts. 520. 

Whirlpool chamber. Pressure varia- 
tion in a, 657 . 

Whitworth quick-return motion, 
489. 

Wind pressure, 82-86, ig 6 . 

Wires, Torsional oscillations of, 297 ; 
under pull, 292 ; under torsion. 

Work, 325 ; Diagrams of. 334 ; 
done by a couple, 339 ; done by 
a jet ; 628 ; done in an engine 
cylinder, 337 ; done in elevating 
a body, 335 ; done in hoisting 
a load and rope, 335 ; done in 
punching, 316 ; done in twisting 
a test specimen, 318 ; Units of, 

325- , ^ 

Working loads, 191-197. 

Wrought iron. Records of tests on, 
316. 

Yield, poin^, 310, 318 ; stress, 31X. 

Young’^s modulus, 109 ; by bend- 
ing, Determination of, 300 ; by 
torsional oscillations. Determina- 
tion of. 298 ; by direct pull, 
l^termination of, 293, 3x0. 
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